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Abstract

We consider a boundary value problem driven by the p-fractional Laplacian with nonlocal
Robin boundary conditions and we provide necessary and sufficient conditions which ensure
the existence of a unique positive (weak) solution. The results proved in this paper can be
considered a first step towards a complete generalization of the classical result by Brezis and
Oswald (Nonlinear Anal 10:55-64, 1986) to the nonlocal setting.
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1 Introduction

The celebrated result by Brezis and Oswald [6] states that, given & C R" open and bounded

with smooth boundary and f : Q x [0, oo) — R a “nice function” (see below for the precise

@ is decreasing in (0, 00), the problem

definition) such that the map u +—
—Au= f(x,u) in<,
u>0,u#0, (1.1
u=20 on 0S2.
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has at most one solution, and such a solution exists if and only if

A (—=A —ap(x)) <0 (1.2)
and

AM(=A —axo(x)) > 0, (1.3)

where A1 (—A —a(x)) denotes the first eigenvalue of —A —a(x) with zero Dirichlet condition
and
S e, u) S, u)

and  deo(x) := lim . (1.4)
u utoo u

. i
ap(x) J?S

After the paper of Brezis and Oswald [6] there has been a wide interest in providing necessary
and/or sufficient conditions for the solvability of more general problems, aiming at consider-
ing different operators and boundary conditions. In particular, we refer to [3,9,15-17,21,26]
for the case of semilinear Dirichlet problems, and to [2,5,7,13,20,22] for an extension to
quasilinear problems with Dirichlet boundary conditions, even in the nonlocal case. Finally,
we want to mention the paper [18] where the authors considered the case of Robin bound-
ary conditions for a quite general class of quasilinear operators. Having in mind the last
mentioned paper, we wish now to extend the Brezis—Oswald result to a fractional setting in
presence of nonlocal Robin boundary conditions. To the best of our knowledge, this is one of
the first contributions aiming at considering such kind of boundary conditions in the nonlocal
framework.

Let us now properly introduce the problem we are interested in. Let 1 < p < oo and let
€ C R" be an open and bounded set with smooth boundary. We consider

(=A)pu = f(x,u) in Q
u>0,u#0, (1.5)
Niptt + BO)uP2u =0 in RN\,

where

s lu(x) — u(¥)P~2(u(x) — u(y))
(—A)pu(x) =cp,5,pP.V. /]R" Xy dy

denotes the standard fractional p-Laplacian, while

— PP — )
e =y g

M,pu(x) = Cn,s,p/Q 4 (x)

is the nonlocal normal derivative associated to (—A)3 , see [1,4,8,10,24,25] and [14] for its
introduction in the case p = 2 and ¢y s, , is a suitable positive normalization constant only
depending on n, s and p. Finally, § is a nonnegative given function. We would like to point
out that the Neumann operator N ou recovers the classical Neumann condition as a limit
case, and has a clear probabilistic and variational interpretation as well, see [14] for the
details.

In order to extend the previous result to our setting, we encounter several difficulties,
which make our studies not trivial. First, the fact that we consider a nonlinear nonlocal
operator in presence of nonlinear and nonlocal boundary conditions of Robin type requires
the introduction of an appropriate function space to work with. Second, and probably more
complicated, we have to prove a maximum principle following a rather uncommon path to
prove positivity of weak solutions of our problem. We must mention that this technique has
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been recently used in [10] in a different context, and it is heavily based on previous results
contained in [11]. Third, we completely miss a regularity theory for weak solutions. For this
reason, we can prove the uniqueness and the existence part, the necessity of the analogue
of (1.2), but not the validity of the necessity of the analogue of (1.3). However, if we knew
that any solution to problem (1.5) were bounded, we would have the complete analogue of
the classical Brezis—Oswald result, see Theorem 1.2 for the precise statement of our main
results.

Let us start making precise our framework. Let 2 C R” be an open, connected and
bounded set with smooth boundary 0<2. We further assume that R"*\9€2 is made of a finite
number of connected components. In other words, there exists a positive integer M such that

M
RN\0Q =i
i=1
with C; C R”" open and connected for every i = 1,..., M. We notice that there exists
ip € {1,..., M} such that Q = C;,. We now fix the standing assumptions on the reaction

term f and on B:

(f1) f:Q2 xR — Ris a Carathéodory function.
(f2) Foralltr >0, f(-, 1) € L°°(R2) and there exists ¢; > 0 such that

|f(x,t)|§cl(1+t"_l) forae.x € Q,and allr > 0.

(f3) For a.e. x € Q, the function ¢ w is strictly decreasing on (0, 00).

p—1
(Bl) B e L®R"\Q)and 8 > 0.
Aiming at providing necessary and sufficient conditions which ensure the existence of
a unique positive (weak) solution of (1.5), we need to consider the eigenvalue problem for
(—=A)), plus an indefinite potential § € L () in presence of fractional Robin boundary

conditions, namely
(—A)pu +E@)u|”u = MulP"2u, in Q, (L6)
Ny ptt + B |ulP~2u = 0, in R"\ . '

The necessity of considering indefinite (and possibly unbounded!) weights is a consequence
of the fact that, by (1.9), we have

—o0 < ap(x) <400 and — 00 < an(x) < +oo forae. x € Q,

where the nonlocal quasilinear analogous of the functions defined in (1.4) are

o S S
ap(x) = }4111(} v and  aqo(x) 1= 141ng P

(1.7)

Of course, in the extremal cases, concerning problem (1.1), we would have
AM(=A —ag(x)) = —00 and Aj(—A — dno(x)) = +00.
We stress the following immediate consequences of (f1), (f2) and (f3), (see also [18]):
Jfx, 0

tp—1

> fx, 1) = ~IfC, Do) = —cy, (1.8)
for a.e. x € Q and for every ¢ € (0, 1] and

S, 1)

ap(x) =
0(x) = P

> doo(X) (1.9)
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fora.e. x € Q and for every r > 0 and
f(x,00=0 (1.10)
for a.e. x € Q. To simplify the notation, for any couple of functions u, v, we set

Cn,s,p // Ju(x) — uIP 2w (x) = u()) ) = v(y))
RZ"\(CQ)Z

2 |)C _ y|n+sp

With this at hand, we define weak solutions of (1.5) and (1.6) (see [14] and [25]): we say that
u e Xg’p is a weak solution of (1.5) if

Hs,p(u, v) :=

dxdy.

Hs, p(u, v) =f fx,u(x)v(x)dx —[ ,B(x)|u(x)|p_2u(x)v(x) dx, (1.11)
Q RN\Q

forevery v € X;’p . Analogously, we say that u € st’p is a weak solution of (1.6) if

Hop(u, v) + f £l () P2 u(r)v(x) dx = A / GO P2 (ryv(x) dx
Q Q
- f B (0P 2u(x) dx. (L12)
RN\Q

for every v € X;’p.

Remark 1.1 Using (1.12), (f3) and the positivity of 8, it is easy to prove that if f(x,s) <0
forall s € R and a.e. x € R, then (1.6) admits only the trivial solution. Hence, it is easy to
deduce that f(x,s) > Ofora.e.x € Qandall s € (0, «) for some « € (0, +00].

%P The

We refer to Sect. 2 for the definition and main properties of the function space X

following is our main result

Theorem 1.2 Let(f1), (2), (f3) and (By) hold. Then problem (1.5) admits at most one solution.
Moreover, a solution exists if

A‘l(_a()?ﬂaS’p) <O<A‘1(_aMaﬂ»S7p)v (113)

and if a solution exists, then Ai(—ag, B, s, p) < 0. If p = 2 and any solution is bounded,
then a solution exists if and only if (1.13) holds.

As already pointed out, the lack of a suitable regularity result for solutions of problem
(1.5) does not allow to provide the precise analogue of the Brezis—Oswald result.

The paper is organized as follows: in Sect. 2 we introduce the appropriate functional space
where we look for solution of (1.5) and we prove a few important properties needed later
on, like a sort of strong maximum principle for weak solutions. In Sect. 3 we provide a few
results concerning the eigenvalue problem (1.6). Finally in Sect. 4 we prove the existence of
solutions of (1.5).

2 Functional setting and maximum principle
From now on, we will work in the following fractional Sobolev space, suitably modeled to

deal with fractional Robin boundary conditions. Precisely, given 8 € L (R"\2), we define
the function space

X‘;}”’ = [u : R” — R measurable : ||u||X»;p < +OO} ;
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where

lu(x) —u(y)|?
)2, :=/ |u|Pdx +// —————dxdy + |B1|u|Pdx
X" Q R2\(CQ)?  |x — y|rtsp RN\Q

= ”M”LP(Q) + [M]f,p + ”unil’(ﬁ;R”\Q)'

u(x) — u(y)|? Ve
[uls,) == </ ———————dxdy ,
P R2\(CQ? X — y|"TsP

is strictly related to the Gagliardo seminorm

3 lu(x) — u(y)|? e
1= ([0 )

We stress that X' is a real vector space, and we further note that for 8 = 0, this space
coincides with the one introduced in [10,14] for g = 0.
We want now to collect several technical results needed in the upcoming sections.

‘We observe that

Lemma 2.1 The space X;‘p is a reflexive Banach space for every 1 < p < oo.

Proof We set
Y := LP(Q) x LP(R"\Q) x L?(R>\(C)?).
We endow Y with the norm

Iolly = (i (x), v2(x), v3(x, YT

=/ |v1<x>|de+/ |v2(X)|de+// o3, 1P dx dy.
Q R\Q R21\(CQ)?

We notice that (Y, ||-||y) is areflexive Banach space. We now consider the map 7 : X;’p —Y
defined as

T(u) := (u, ﬂl/pu, M) .

|x _ y|s+n/p
By construction, we have that
IT @Iy = Nl

and hence T is an isometry from X 2’” to the reflexive space Y. This concludes the proof.

m}

Lemma 2.2 The embedding X;’p — L9(RQ2) is compact for every q € [1, psﬁ), where

pn
pii={n—ps
00 ifn > ps.

ifn < ps,

Proof From the definition of || - || X5 we easily get that

14 P P
”u”LP(Q) + [u]s,p =< ”u”X%I”
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for every u € X;’p. Now, since 2 x  C R?"\(C2)?, we also have that
[wul? < [ulf p.

Since the classical fractional Sobolev space W*:?(2) compactly embeds in L?($2) (see [12,
Theorem 7.1]), the proof is complete. O

Foranyu € X ;’p and ¢ > 0, define the truncation
ue :=min {u, 1}. @.1)
We prove a technical Lemma which will be very useful hereinafter.

Lemma2.3 Letuj,up € X;’p, ui, up > 0 and set

p
v M u
=7 —Ulg,
(uy +&)P~1
where uy ¢, ua ¢ are as in (2.1). Then
veXyP.

B

Proof Since the function R 5 ¢ — minf{|¢|, 1/¢} is 1-Lipschtz we have

lue (x) —ue(y)| = fu(x) —u(y)l, (2.2)

which immediately implies that u; . € X ;;‘p . By the Lagrange theorem, it is readily seen that
for any a, b > 0 and for every r > 0, we have

la" —b"| < rla — bl max{a" ", b’} (2.3)

Then, since e?~! < (u1,6 + &)P~! and Uy e < é by (2.3) we have

B o
(uix) +&)P=1  (ui(y) +e)r~!

uy () —uh () Ll )(u1<y>+s>1’*‘ — (U1 (x) + )P~
W) +er-1 2 T G e (y) + e)r )

w1 (y) + )P~ — () (x) + &)P !
(u1(x) + )P~ Tuy(y) + e)r~!

1

p
= 821’7*2“42’8()6) —u2s(y)| + >

p
= 821,7_2“42.8()5) —uz.e(y)l

[u1 (x) —up(y)l
(ur(x) +&)P~Nuy(y) +e)P~1"

By (2.2), for every p > 1 we can estimate the last quantity by

+ p-1 max {(ul(x) + )72, (u1(y) + 5)p_2}
ep

p—1
g2p

S0 = w0+ L) = o)l

Thus the Gagliardo seminorm of v is finite. Moreover,

P p—1
e _ e U e < 1 us
i +e)P~1 T (uy+e)p=l " T g2pm277
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hence,

P
/lvl”<21’_1 / _fae
Q - Q| +e)P~!

HlurllLr) < +o0,

+/ |u1,alp> < C(p,e)(luzllLr (e
Q

where C(p, &) > 0. A similar argument works for [[v]|Lr(g;rn\ ). This finally gives that
v € X3. O
B

The rest of the section is devoted to the proof of a strong maximum principle for weak
solutions of either (1.5) or (1.6). The main idea is taken from [10, Lemma 2.2], which in turn
heavily relies on [11, Lemma 1.3].

Lemma24 Letu € X;’p be a weak solution of (1.5) or (1.6). Assume that u > 0 in R". If
Br(xg) C R™\0K2, then for every B,(xo) C Bry2(xo) and for every 8 € (0, 1), there exists
a positive constant C > 0 independent of 8, such that

/ / 1 <u(x) +6> P
In
(xo) JA |x — y|rTsP u(y)+34

A By(x0) if Br(xo) C 2,
Y if Br(xg) C R"\Q.

dxdy < Cr'"™P(1 4+ r*P),

where

Proof We start with u solution of (1.5), the remaining case can be treated in a similar way and
we omit the proof. Let r € (0, g) and let § € (0, 1). We further consider a smooth function
¢ € C3°(B3,/2) such that

i 0<o¢p<1;
(i) ¢ = 11in B,(xp);
(i) |Dg| < Cr='in B3, /2(x0) C Br(xo).

Let us now define the function
vi=(u+8) PpP.
We stress that v € Xﬂ , hence it can be used as a test function in (1.11) finding
Hs,pu, v) = / S ux)v(x)dx — / Bu(x)?~v(x) dx
RM\Q
p—1 P
= [ oo o SO [ oo S
RH\Q

( (u(x) +8)r=1t (u(x) +8)r~!

On the other hand, in the proof of [11, Lemma 1.3] it has been showed that there exists a
positive constants C > 0, independent of 8, such that for every u the following inequality
holds:

24

() —uIP 2@ x) = u() &) = v(y)

e =yl

§_C< 1 ln(u(x)+8>
|x — y|rtsp u(y)+34

Now, in order to complete the proof, we need to consider a couple of different cases:

(2.5)

’ Lige) — oI’
P T 7 T 7
¢()>+C S
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e Case 1: Br(xo) C Q;
e Case 2: Br(xp) C R"\Q.

First, notice that for any r > 0 we have

_ p
// B0 =B . < s
B, (x)xBy(xo) X — y["TP

for some ¢ > 0, see the end of the proof of [11, Lemma 1.3].
Let us start with Case 1. From (2.5), by integrating in R?"\(C$2)? and by recalling the
properties of ¢ and (2.4), we get that

/f 1 i (u(x) + 8)
n
By (x0) % By (xg) 1X — y[" TP u(y)+38

- ¢ (x)? u(x)?'p(x)?
— C"SP _
Cr /;}f(x,u(x))(u(x) o] dx +/};n\gﬁ(x) w0 Loy X
=Cr'" "+ (O +UID

p
dxdy < Cr"™*P —H, (u

¢p
 (u+8)p-1 )

for a, possibly different, C > 0. We proceed by estimating (/) and (/1) with quantities
independent of §. We start noticing that, since B3, 2(xg) C Br(xo) C €2, then

(II) =0.

We now focus on (/). By (1.10), f(x,0) > 0. Hence

(1):/ —f(x,O_)Il)(X)” dx+/ —f(X,u)¢()C_)1” dx
QN {u=0} 8P onfo<u<1y @(x) +8)7

/ =[x, w)d(x)P dx
onus1) W(x) +8)rP~!

<f =[x, u)p(x)? dx / | f(x, u)|g(x)?
= Janp<u<ty @(x)+8)r-! onuz1) (Ux) +8)P~!

u(x)P~! » / (1 +u@)P Hg)?
_— d d
ffmqu}cf I R R SV roe o o B

—1
<crlQN{0 <u < 1} Nsupp(¢)| + 2cy /Qn{uzl} %
< ¢f1QN{0 < u < 1) Nsupp(@)] +2¢1]Q N {u = 1) N supp(@))|
< 2max{cy, 2c1}|2 N supp(¢)|
< 2max{cy, 2c1}|B3r/2(x0)l,

where the constant ¢y > 0 has been defined in (1.8). We then get

// 1 | (u(x) +5>
n
B, (x0) x By (xo) [X — yI"+5P u(y) +38

< Cr"? 4 2max{c, 2¢1}| B3r/2(x0)|.

p
dxdy

This completes the proof when Case 1 holds.
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Let us now consider Case 2. Due to the assumptions, we have that B3, 2(xg) N Q2 = .
Therefore,

o? o u(x)P~ 1 (x)P
HW(“@HJW*)‘ Ang”wunw*dx

/ u(x)" 1 (x)”
- X 7_1 d
(R™\Q)NB3; /2(x0) (u(x) +8)r

Therefore, from (2.5), since ¢ = 1 on B, (xg), we have

ey
n
B, (xo)xQ |X — y["TsP u(y) +4

p—1 )4 p
< Crnfxp_’_/ ,B(x)u(x) ¢(X31 dx—}-c// |¢(X)|+ dxdy
(R™\Q)NB3,/2(x0) (u(x) +8)P By p(xo)xQ [X — y["HeP

n

dist(Bg(xo), Q)7

p
dxdy

= Cr'P 1Bl Bar 2 (ko) + €

This concludes the proof.
]

Lemma2.5 Let u € X3¥ be a weak solution of either (1.5) or (1.6). Assume further that
u>0inR" and that u # 0 in C; foreveryi =1,..., M. Then

u>0, forae xinR".

Proof Let us suppose that u# vanishes on a set of full measure, namely
1Z| = {x e R" : u(x) =0} | > 0.
By assumption there exists a point xo € R" for which the following holds:

e there exists a radius R > 0 such that Bg(xg) C R"\9;
e there exists r € (0, R/2) such that |B.(x¢) N Z| > 0 with

u #0 in B,(xp). (2.6)
Now, we follow the proof of [10, Theorem 2.3]. To this aim, let us define the function

u(x)
Fs(x) :=1In <1 + T)’ forany § > 0, x € R".

Recalling that, by definition of the set Z, Fs5(y) = 0 whenever y € Z, we have that

(2r)rtsp . (u(x) + 6)
u(y) +9

o =yl
(u(x) + 8)
n
u(y)+39
for every x € R"\B,(x0) and y € B,(xp) N Z.
Then, integrating the previous inequalities (in y) over B, (xo) N Z, we get

Fy(o)|? < (2r)ntsp 1 N <u(x) + 5)
T 1ZN By (x0)| JB,(xp) |x — y|"TP u(y) +4

P

)

[F5(x)|? = |Fs(x) — Fs(y)|” <

for every x € B,.(xp) and y € B-(xo) N Z, while
(r+ [x = xo)"+” ’

|Fs(x)|P = |Fs(x) — Fs(y)|” < P

’

p

)
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43 Page 10 of 25 D. Mugnai et al.

if x € B, (xp) and

F(o)]P < (r + |x — xo|)" TP / 1 ln(u(x)—hS) r
~ |ZN0 By (xp)] B, (xp) X — y|nTsP u(y)+34

if x € R"\ B, (x¢). Therefore, integrating now (in x) over the set

A= | Brxo) if Br(xo) C 2
o Q if Br(xg) C R"\Q,

yields
2 n+sp b P
/ |Fs(x)|? dx < (2r) // In <u(x) + ) dydx
A “1Z0 B (o)l B ey X — yl”“” u(y) +6
in the first case, and
/ \Fy(0)|? dx < Q2r + dist(2, By (xo) + diam(2))" 5P
A - |Z N By (x0)]
1 u(x) + 8) p
X In dydx
//Br(xo)xA |x — y|rtsp (”()’) + 6 Y

in the latter. In any case, we can now apply Lemma 2.4 which provides the existence of a
positive constant C, > 0 (independent of § but depending on r) such that

c,
IFs)lPdy < ——" .
fA ’ 1Z N By (x0)|

Letting § — 0" we finally obtain that
u=0 ae. inA.

If A = B, (xp), this is in contradiction with (2.6), while the case A = 2 cannot take place,
since 2 is one of the C;’s. Therefore u > 0 a.e. in R". ]

We are now ready to state a strong maximum principle for weak solutions of (1.5) or (1.6).

Theorem 2.6 Assume (B1) and let u € X357 be a weak solution of either (1.5) or (1.6).
Assume further that u > 0 in R". Then either

u=0 oru>0 forae x e€R".
Proof If u = 0, there is nothing to prove. Thus, let us assume that u # 0. Due to Lemma 2.5,
it is enough to show that u # 0 on every C;. To this aim, let us assume by contradiction
that there exists i € N such that u = 0 on C;. Since C; is open (and connected), we can

take ¥ € C3°(C;). In particular, we notice that ¥ € X %P and hence we can use it as a test
function in (1.11) [or analogously in (1.12)]. By doing so, we get

Hs,p(u, ) = / fx, u(x)y(x)dx — / B ux)P 'y (x)dx, forally € C3o(C5).
Q R1\Q
Therefore, if i # 1o, we get
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Towards a Brezis—Oswald-type result for fractional problems... Page 110f25 43

Hs,p(u,w) = _Cn,s,p‘/&_z”(x)p_l/; Ly)dydx

_ n+sp
e =yl

—/ puP~'ydy, forall ¢ € C(C3).
G

Thus

u(x)P—1

A p—1 ]
o x — y|rtsp dx = B(y)u(y) forae.y € C;.

Cn,s,p

Since u = 0 in C;, we get that u = 0 in Q. B
Thus, we are reduced to consider the case i = ip. By testing (1.11) with u itself, we get

Hs,p(u, u) :/ S, u(x))ux) dx —/ Bx)u(x)?
Q RM\Q

= —/ B(u(x)? <0,
RN\Q

where the last inequality follows from the fact that § > 0 and # > 0 (in R"\2). On the other
hand,

1 lu(x) —u(y)|?
Hs,p(l/t, u) = Ecn,s,p //RZn\(CQ)Z dedy >0,

which yields that

Hs,p(u,u) =0 and / Bx)u(x)? dx = 0.
RN\Q

This implies that |ju|| x5r = 0, so that
u=0, forae xeR".

This yields a contradiction and the theorem holds. O

Remark 2.7 We stress that the proofs of Lemma 2.4, Lemma 2.5 and Theorem 2.6 in the case
of the eigenvalue problem (1.6) follow precisely the same scheme and are even easier than
those in the case of solutions to (1.5), and for this reason we omit them.

3 The first eigenvalue

In this section we provide a few results concerning the auxiliary eigenvalue problem (1.6).

Proposition 3.1 Let & € L°°(RQ) and assume (B1). Then problem (1.6) admits a smallest
eigenvalue L1 (&, B, s, p) € Rwhich is simple and the associated eigenfunction do not change
sign in R". Moreover, every eigenfunction associated to an eigenvalue . > L1 (&, B, s, p) is
nodal, i.e. sign changing.

Proof Lety : X E’p — R be the C'-functional defined by

Cn

y(u) =

ok [ulé’,p+/ s(x)|u|1’dx+f B |ulPdx
2 Q RM\Q
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forallu € X;’p ,define M C X E’p as the C'-Banach manifold defined by
M = {u € X‘;’p :/ lu|Pdx = 1},
Q

M, B.s,p) =inf {y(u) :u e M}. (3.1)

Of course, since € € L*°(2) and 8 > 0, we immediately have

)"l(gv .3! S, p) > _”g”LOO(Q)

Let {u,},>1 € M be a minimizing sequence for (3.1), that is y(u,) | A1(§, B.s, p).
Being £ € L*(), we immediately get that {u,},>1 C X;’p is bounded and so we may
assume that there exists e; € M such that

and set

up—er in X" (3.2)
as n — oo. In particular, by Lemma 2.2,
u, — ey in LY(Q) for every g € [1, pg). (3.3)
By (3.2), we have

DL o ]P, + / B(x)ler|Pdx §1immf<"”“"”[un]"+ / 5(x>|u,,|"dx>,
2 RM\Q e R\
(3.4)
and, by (3.3),
[ swmirar — [ ecoeirar. (3.5)
Q Q

Then, (3.4) and (3.5) imply y(e1) < A1(&, B, s, p). Finally, since e; € M by (3.1), we get
y(e1) = (B, s, p).

By the Lagrange multiplier rule we immediately get that A1 (&, B, s, p) is an eigenvalue

for problem (1.6), and precisely the smallest one, with associated eigenfunction e¢; € X xﬁ’p .

Finally, notice that
y(lul) < y(u) forallu € X3,

and so we may assume that e; > 0in R". Since [le||.r@) = 1 by construction, we can then
apply Theorem 2.6 to conclude that

e1(x) >0, forae.x e R".
Now, we prove that e is simple. Thus, let e € X‘;}’p be another eigenfunction associated to
M, B, s, p). Now, take ¢ > 0, define

. 1
€2 1= min {ez, -1,
£

p
62,8

(e1 +e)r~!
function in the problem solved by e;. Setting

Jp(t) = 1P721, teR,

and take v = . By Lemma 2.3 we know that v € ng. Thus, we can use v as test
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we get

P P
€ _ € ¢
- Jp((e1 +&)(x) — (e1 + &) () ((61 ey (x) @ T e (y)) »

T //Rh\(cg)z |x — y|n+25 xay

— p o L ayp—1
_)Ll(g,ﬁ,s,p)/ﬂel (e +e)1’ e ror T /-Sel (61+8)p T

p—1 62 e
—=——dx. 3.6
- /R”\Q pei (e1 +e)r~! G0

By Picone’s inequality (see e.g. [5, Proposition 2.2]), we get

p P

62,5
(e1 +8)P*‘(x) (e +8)P !

Jp((e1 +&)(x) — (e1 +&)(¥)) ( (y)> < leze(x) —ex (.

Moreover, since the map ¢t +— min{|¢|, 1/¢} is 1-Lipschitz, we obtain

o e,
Jp((er +&)(x) — (e1 +&)(¥)) ((61 +2;)p,1 (x) — @ +8)P 1(y)> < lea(x) —ea(MI”.

Hence, passing to the limit as ¢ — 0 and by applying the Fatou Lemma in the left had side
of (3.6) and the Lebesgue Theorem in the right hand side, we find

o p
Jpler(x) —e1(y)) < 2 _ f,igy) )
] (x) (] )

Cn,s,p
— dxd
2 /AZﬂ\(CQ)Z |)C — y|n+2s ray (37)

Cn,s

zkl(é,ﬁ,s,p)/ egdx—/ segdx+/ peydx = " Lleslt,
Q Q RM\Q 2

By the Picone inequality we can estimate the left hand side of (3.7) obtaining

A b )
Jpler(x) —er(y)) - ==
e : (el C R e))

Cn,s,p /:/ 1 d Cn,s,p P
— , xdy < ——=lexls,
2 R21\(CQ)2 |x — y[r+as 2 nr

(3.8)

Hence, all previous inequalities are actually equalities. In particular, the Picone inequality
implies
e1(x) _ eax) .

e1(y) ey )

and so, by choosing alternately x, y € Q or x, y € R"\Q, we can conclude that there exists
o € R such that e = aep in R”, as claimed.

in R¥\(CQ)?,

Now, suppose that . > A (&, B, s, p) is another eigenvalue of (1.6) with associated L?-
normalized eigenfunction ¥ € X, and assume assume by contradiction that # has constant
sign, say u > 0.
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Then, starting from the equation solved by u and using
(e1,6)?
(u+e)p=!

as test function, acting similarly as for reaching the equality after (3.7) and (3.8), we get

’s’p[el]f,p :)»/ efdx —/ Eefdx—}-/ ﬁefdx
2 Q Q R1\Q

Cn,s,p

= le1]sp + G = 21 (&, B, s, ),

which is absurd, since A > A1 (&, B, s, p), and thus u must change sign. O

Cn

Remark 3.2 Uniqueness of positive eigenvalues is not strange, even in our general situation,
and it parallels analogous results for fractional problems, e.g. see [23].

Before going on with our result, we need to recall the following Locality Theorem, proved
in [25, Theorem 2.8]:

Theorem 3.3 Let u be a weak solution of (1.5). Then, A5 ,u + ,8|u|P_2u =0ae inRN\Q.
Proposition3.4 Let (u,)) € X;’p x R be an eigen-pair. Then u € L*R") with
il oo vy = N1l Lo(c2)-

Proof The first part of the proof follows as the corresponding ones for Dirichlet problems
given in [19] and the one for Neumann problems in [25], and for this reason we’ll be sketchy.

Being both +u are solutions to the eigenvalue problem, it is enough to prove that u =
max{0, u} is bounded in €2, and to prove this, it is enough to show that

lluyllzo() < 1 provided that [luy |l r@) <6

for some § > 0; but this assumption can be done without loss of generality, due to the
homogeneity of the problem.
Then, for any integer k£ > 0 set
wy = — (1 =27,
‘We notice that wy € X;’P for any k > 0.
Moreover, the following inequalities can be easily proved:
wry1 < wy in R”,

2/<+]

ux) < ( — Dwy(x) fora.e. x € {wgy41 > 0}

Moreover, {wi4+1 > 0} € {wi > 2-*+D1 and
() — v (4 () — v ()) (vE) — V() = vy x) — v (IP (3.9)

for all x, y € R" and every function v, see [18].
Now, by using (3.9) withv =u — (1 — 2751y we get

(w1l < // Jp(u(x) —u(y)) (wk:iS(X) - wk+1(y))dxdy,
R21\ (CQ)2 |x — y|r+sp

and taking w41 as test function in (1.6), it implies

Cn,s,p
2

-2
(w115 p < [A] lu|P ™ *uwi1dx.
{wi11>0}
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By adding the inequality

-1
/wf_l_ldng uP ™ wiadx,
Q {wr=1>0}

obtained by using that 0 < wy41 < u in the set {wg=; > 0}, we obtain as in [11,25]

lwis1 1y < (A1 +1) WP wydx.
{wi41>0}
Now proceed as in [11] to get that u € L*°($2). -
In order to conclude, from Theorem 3.3, we have that for x € RY \Q with #(x) > 0 and
non constant (otherwise the conclusion is trivial), we have
|u(x) = u(y)|P? |u(x) = u(P2u(y)

p—1 _
)™ ) | ey = |

Being  nonnegative, we have

lu(x) — u()|P~2u(y)

|x — y|NFps
0=ut) = lu(x) — u(y)|?2 = llullze-
@ lx—yNtps

On the other hand, if x € RV\Q with u(x) < 0 we have

|u(x) —u(y)|P > > /IM(X)—u(y)Ip_zu(y)

Sy VR e — y Ve

u(x) (ﬁ(X)Iu(x)lp’z +

Q

and so

lu(x) — u(y)|P=>
lullLey | ————w—dy
o |x-—

M(x) > — | ( );|N+[7(S )|p72 > —||M||L°O(Q)
- u(x) —u(y
B u(x)|? +/§2W

4 Existence and uniqueness of positive weak solutions

In this section we prove the existence of positive weak solution to problem (1.5), and for this
reason from now on we set f(x,u) = f(x,0) forallu <0.
Formally, weak solutions of (1.5) coincide with the critical points of the the functional

I: X;p — R U {oo} defined as

_ p 1
T e p/f Ju@) —uI” dy+7/ ﬂw_/ F(x. 1) dx,
RZn\(CQ)Z |x—y|"+SP )4 RM\Q Q

A.1)

where

F(x,u) = /u f(x,s)ds.
0
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In order for I to be differentiable, we need to prove that I is well defined and that the
Nemytszkii operator associated to f along u € X;’p , fu, defined pointwise as f,(x) =

f(x,u(x)), is such that f, € (Lpf' (2))'. For this purpose, we need the next two lemmas.

Lemma 4.1 If (fl), (f2) and (B1) hold, then the functional defined in (4.1) is well defined on
the space X;}’p.

Proof First, we notice that

_ P
// dedy < c||u||p3,,,.
R20\(CQ)?  |x — y[rtsp Xg

Moreover, we have that

/ Blul”
RN\Q

IA

1
» | BII oo R\ ) Il ”DPQ;Z\Q

IA

C(p, ||/3||L°C(R"\Q))||“||[;;,p-

Finally, recalling (f2),
/ F(x,u)dx
Q

Lemma 4.2 If (fl), (f2) and (B1) hold, then every critical point of I is a weak solution of
(1.5).

< p d < s, py o |-
<c [ (ure ) ax < (e + i,

[m}

Proof Letustake ¢ € Rsuchthat |¢|] < landu, v € X;’p. Certainly u 4 ev € X;’p. Since,

_ P
Gt 4 sv) = P f/ |(u + ev)(x) (ufev)(y)l dxdy
2 R21\(CR)2 |x — y|tsp

1
—/F(x,u—l—sv)dx—i—f/ Blu + ev|?,
Q P JrRn\Q

we have that
. T +ev)—1(u)
lim —mMM~

=: A1 + A2 + Aj3.
e—0 &

Now,

Ay = lim s {// |(u + ev)(x) — (u +8v)(y)|”dxdy
e—>0 2e R21\(CR)2 lx — y|rtsp

_ )
_// lu(x) — u(y)l dxdy}
R2\(CQ)? X — y[rTsP

Cn,s,p .+ ev)(x) = (u+ )P — Ju(x) —u(y)|?
= ——£ lim dxdy
2 R2\ (CQ)2 e—0 8|x — y|n+sp
_ Cnsp / / k@) — 4P 0@ —vON “2)
2 R21\ (CQ)2 |x — ylntsp
Similarly,
1 P |yulP
Ay = 7/ B lim eVl =l =/ BlulP v dx 4.3)
p Jrmo -0 3 RMQ
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and
F(x, — F(x,
Az = lir% (x, u + £v) x u)edx
o ) o ¢ (4.4)
—/ —(x,u)vdx _/ f(x,u)vdx.
Q ou Q
Combining (4.2), (4.3) and (4.4), we reach the desired conclusion. ]
Now, let us consider the following auxiliary functional:
- — P 1
fa): = Cn,s,p // [u(x) ugry)l dxdy+—/ |Lt|pdx
2 R2\(CQ)2  |x — y["TP P Ja
1
+—/ Blu|? dx — / K(x,u)dx, 4.5)
P JrRm\Q Q
where
u
K(x,u):= / k(x,t)dt, (4.6)
0
and
_ ) &0 t<0,
k(x,1) := if(X, D110 4.7)
As for I, I is well-defined on st’p as well. Moreover, if u > 0 (a.e. in ), then
I(u) = I(u). (4.8)

Notice that [ has the advantage of being (essentially) the sum of the p-power of the
norm in X} ) P plus a nonlinear term with p-growth. In addition / and I coincide on positive
functions.

Lemma 4.3 Let us assume (f1), (2), (f3), (B1) and
M(—dxo, B, s, p) > 0. 4.9
Then the functional I defined in (4.5) is coercive.

Proof We argue by contradiction assuming that the functional / is not coercive. Then, there
exist a sequence of functions {u,},eny C X g’p and a positive constant M > 0 such that

”un”X;l’ — 400 asn — +oo, (4.10)

and
i(u,l) <M foreveryn € N. 4.11)

Now, from (4.6) and (4.7) there exists ¢ > 0 such that

/ K(x,u)dx < c/ <|u| + |7|> dx < C(||u||lzp(9) +1),
Q Q p

where in the last step we used Holder inequality and the boundedness of the set 2. Therefore,
from (4.5) (applied to u,), we get that

1 1
Cn,s, P[ n]P + — “u””LP(Q) + — » A \Qﬂ|un|1’ dx < C(HunHIL)I’(Q) + 1)» (412)
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where ¢ > 0 now depends on M as well. In particular, by (4.10), this yields that
luenllLr(@) — +00asn — +oo.
We now set

u
Vn :zineXg’p, n e N.
lwnllLr ()

From (4.12), and by the very definition of y,, we have that

c 1 ||un||lL)p(Q)
=5l oy ] + ;nunn{p(m L /M Blyal? dx < c(llunll}p g + 1,

for every n € N. Therefore, dividing by ||u, ||1» (@) and reassembling the constants, we get

1 1
casim+ [ pirarse(t+—m—).
P JRN\Q llen I LP(Q)

for every n € N and some C > 0. Since ||u,||Lr(@) — —+00, this implies that ||yn||X;,p isa

bounded sequence. By Lemmas 2.1 and 2.2, (possibly passing to a subsequence) there exists
y € X" such that

ya=y inXgP, y, -y inLP(Q) and / ;3|y|”dx§liminf/ Blynl? dx
Q oo JRMQ

R™\
(4.13)
Moreover, ||yl rq) = 1.
By (4.11) and the definition of I we get that
1 1 M K(x,uy,)
= (ol g+ nl?) + —/ Blyal? dx < —2 +/ Sl
14 14 RM\Q “un”LP(Q) Q ”un”Lp(Q)
M F(x,uf ,0
< +/ T ty) 4 I dx+/ EACULN
llun ”Lp(Q) {u, >0} ”uﬂ”Lp(Q) P {u, <0} ”un”Lp(Q)
Using (1.10) we obtain
1 1 F(x,ulb)
- (”yﬂ”ZP(Q) + [Yn]p> = 7 + 7”)’;”{1’(9) +/ 71;" dx, (4.14)
p ”un”LP(Q) p Q ”uH”L[I(Q)
where v := max{v, 0}. If {u;'} C L?(Q) is bounded, then since y; = H:ﬁlp foralln e N

and using the fact that ||u,|lzr@) — oo we get yF — 0in LP(), hence y < 0 and the
contradiction follows exaclt as in [18, Proof of Proposition 4]. If {u,‘f} C L?(2)is unbounded
we may assume that ||u;l" lLr(@) — oo and proceeding again as in [18, Proof of Proposition
4] we get

! 1 M F(x,u})
(1 + 0317) + */ Blys 1P dx < —— +/ n) gy,
P p ”LP(Q) Q

RM\Q = lup ””r-:r”ip(g)
4.15)
and
F(x,uf 1
limsup/ PO ) g < f/ oo (X)(y")? dx (4.16)
n—oo J@ llun “Lp(Q) P Jiyt#0)

@ Springer



Towards a Brezis—Oswald-type result for fractional problems... Page190f25 43

where a is as in (1.7). Letting n — oo in (4.15) and using (4.13) and (4.16) we get
1P + / BlyTIPdx < / oo (x)(yT)P dx. 4.17)
RM\Q Q

If y* = 0, then from (4.13),(4.14) and the fact that
F(x,ut
lim / L) =g
n—>00 Jiyt+=0} llup ”LP(Q)

we conclude y = 0 which contradicts ||y || .r() = 1. Therefore, y* # 0 and from (4.17) we
have A{(—daeso, B, p) < 0 which is in contradiction with (4.9). O

Lemma 4.4 If(fl), (f2), (f3) and (B1) hold, then Lis sequentially weakly lower semicontinuous
(in short s.w.Ls.c.).

Proof Let I, I, : X *P _ R be the C!-functionals defined by

_ P 1 1
1) = nsp// u(x) u9)| dy+f/ |u|pdx+7/ BlulP dx
R2\(CQ)? |x — y|"TP P Jo P Jrn\Q

and

L(u) .= —/ K(x,u)dx.
Q

Itis easy to see that there exist two positive constants ¢1, ¢ > 0 such that forevery u € X P
c1 ||u||X;\;p < Lw)'/P < 52||u||X;p. Moreover, proceeding exactly as in Lemma 2.1 we get

[1/17

that Ill/p is a norm, which implies that /;"* is s.w.Ls.c. along with ;. Since [ =1+ D, to

prove the sequential weak lower semicontinuity of /, we need to show that /5 is sequentially
weakly lower semicontinuous. To this end, let S € R and consider the set

Ls:={ueXg"| L) <S)

We need to show that L is sequentially weakly closed. So, let {u,}, C Ls and assume that
u,—u hence by Lemma 2.2, u,, — u in L?($2). This implies

uf — uTandu” — u” in LP(Q)
and, possibly extracting a subsequence,

ut(x) — ut(x)ae x € Q. (4.18)

Proceeding exactly as in [18, Proposition 5] we get

1
s> —/ K up) dx = —/ Flx ) dx = —uf 1] ) - / F @, 0)(—uy) s
Q Q p Q

(4.19)
1 1
;nu:ni,,(m - ;nu*ni,,(m; (4.20)
/f(x,O)(—u;)dxa/f(x,O)(—bf)dx. 4.21)
Q Q
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Also, from (4.18) and Fatou’s Lemma,

lim inf <—/ F(x,u;{)dx> = —limsup/ F(x,ul)dx > —f F(x,uM)dx. (4.22)
Q Q Q

n—o00 n—00

Letting n — o0 in (4.19) and using (4.20), (4.21) and (4.22), we get

1 _
5z - [ Foutydx =1 - [ 000U dx:
Q 14 Q
O

We are now ready to prove a sufficient condition for the existence of a positive solution
to problem (1.5).

Proposition 4.5 If (1), (f2), (f3), (B1) and
ri(—ag, B,s, p) <0 < A (—aco, B, S, P)

hold, then problem (1.5) admits a positive solution.
Proof By Lemmas 4.3 and 4.4 we know that there exists ug € X ;’P such that
Two) = inf [T :ue X3}

Our first task is to show that it is possible to assume #y > 0. To this aim, let us assume that
ug is sign-changing. By Lemma 2.3, ua“ € X;’p. Recalling (4.8),

Tud) = 1)

_ Cn,s,p // Iug(x) - u0+(y)|pdxdy
2 Ra\(c)? X =y
1
—/F(x,uar)dx—i——/ ,3|u(J)r|pdx
Q p Jrna

C —_ p
< n,s,p // [uo(x) M(l(y)| dxdy
2 RZn\(CQ)Z |X — y|n Sp

1
—/ F(x,ua')dx—i-f/ Blug P dx
Q P JrRM\Q

1
o [ oy [ £ 0-up)dx
pPJQ Q
= I(up),
where
uq = max{—ug, 0} > 0.

Therefore uar is a non-negative solution of (1.5). Now, to simplify the notation, let us write

directly u in place of uar . We want to show that actually ug > 0. By Theorem 2.6, we know
that

either ug > O or ug = 0 in R”
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therefore to conclude it suffices to prove that I(ug) < 0. By (1.13) there exists ¢ € X 2’1’
such that [, [¢|” dx = 1 and

[¢]”+/ Blol? </ ao ¢” (4.23)
R™\Q (970}

We can assume w.l.o.g. that ¢ > 0. We claim that we can also assume ¢ € L (R"). Let
k € N and consider ¢ = min{¢, k} € L™(R"), by Lemma 2.3 ¢4 € X" and

1) = I(gx)

s 14 1
:cp[/ i (x) — %gnw@_/Fu¢Wu+,/ Blowl? dx
Rz”\(CQ)Z |x — y| P Q P RM\Q

<o [ 1) =07 | [ Fasranes [ piorax
2 Jrencar -yt o P Jrne

=1(¢) = I(¢)

and the claim follows. We note that

F(x,u) - ap(x)

lim inf
u—0 ubl p

and proceeding as in [6, Proof of (15)] we get

F(x, 1
liminf/ Fx.e9) f/ aod?.
e=>0 Jipzoy P P J{p#£0)

F(x, 1
liminf/ Fo.e9) f/ aod”.
e—0 n epb P Jip#0)

Therefore using (4.23) we conclude that

F(x,
[M”+/ mw”—p/4135Q<0
R” \Q R”

ep

Thus

for any ¢ > 0 small enough, which is I (¢¢) < 0 and the thesis follows. ]

Theorem 4.6 If (f1), (f2), (f3) and (B1) hold, then Problem (1.5) admits at most one positive
solution.

Proof Letu, uy be two weak positive solutions of (1.5). For ¢ > 0, we define the truncations
u; ¢ asin (2.1).
For ¢ > 0, we define the functions

p

® . u2,s u
l,e -— —Ule,
T (ur +eyr! ‘
and
P
$2.6 = T uz
T et Y

By Lemma 2.3, we know that ¢; . € X/ss’p fori =1, 2.
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Now, set
Jp(t) = |1]P 72t

We test (1.11) with ¢1 ¢ and ¢> . and we add the resulting identities, getting

p P
2. _ Uy e
o Jpui(x) —ui(y)) ((ul T o] (x) s +eyr (y))
// dxdy
2 ]RZ”\(CQ)Z |x - y|n+sp
_ Cnsp // Jp(ur(x) —ur(y)) (ul,s(x) - ul’g(y))dxdy
R21\(CQ)? |X - y|n+xp
uf uj
o // Jp(ua(x) — uz(y)) <( e T(x) — (o ey T ()’)>d )
4 s,
2 R27\(CQ)? |x - y|n+sp e
_ Cnsp // Ty () =1 0)) (2.0(0) =02 0)) | o
2 RZ”\(CQ)Z e =yl

p
ul,s _
/ flx,up) <(u +s)l’ T = Ml,a) + f(x,u2) ((M2+8)”_1 uz,f) dx
P p
- uz,g — ul,s
— /D;n\gﬂ <|u1|P 2uy (W - ul,a) + ua P 2un ((M2+€)”_' - u2,5>> dx.

(4.24)
We stress that
Jpui(x) —ui(y)) = Jp((u; +&)(x) — (w; +¢)(y)), fori=1,2.

Now, applying the discrete Picone’s inequality (see e.g. [5, Proposition 2.2]) and the fact that
t — min{|¢|, 1/¢} is 1-Lipschitz, we obtain

p
Jp((ur +&)(x) — (u1 +&)(¥)) (( +2 s)p T (x) — T 8)1, 1()’)) < luza(x) —ua(y)|?
and
ul v
Jp((uz +&)(x) — (u2 + €)(y)) <(u2 +§)p—1 (x) — s —|—s)l’ 1(y)) < ur(x) —ur(y)I?.

Proceeding as in [5] and recalling Remark 1.1, we pass to the limit in (4.24). This yields

ul
Jp(uy(x) —ui(y)) ( (x) — (y))

c p—1 b~
i // " “i dxdy
2 Rz"\(CQ)Z |)C - |n+sp

— P
_ Cnys,p // (u1(x) MlJr(y)) dxdy
2 Rz”\(CQ)Z Ix - y|n sp

ul’
Jpua(x) = ua(y) ( P = =5 (y))

Cn,s,p f/ 2 )
+ — - dxdy
2 R21\(CQ)2 |x — ylrtsp
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_ Cnsop // (2 (x) — uer(y))” dxdy
2 R2\(CQ? X — y["TP

Z/Qf(%ul) uffl —uy | + f(x,u2) u§71 —up | dx

S, ur)  f(x,u2)
=_fg( e e )( —ub)dx. (4.25)

Using the Picone’s inequality in the left-hand side of (4.25) we obtain

S u)  f(x,u2)
02_/;( P—l1 up—lz >( —uy)dx

uy 2

and the conclusion follows using the fact that t — ft (px;f) is decreasing on (0, 00). O

Let us now prove the necessity conditions, adapting the analogous proofs in [6].
Lemma4.7 Letu € X;;’p be a solution of problem (1.5). Then
A (—ap, B,s, p) <O0.
Proof By definition

RERA —f aolvl”dx+/ Blv|Pdx
. 2 Q R”\Q
rM(=ag, B,s,p) = inf

$,p ?
UEXﬁ LU#0 / |U|pdx
Q

then taking v = u we get

Cn,s,p

: [u]ﬁ,,—/ao|u|”dx+f BlulPdx
2 Q R\

/ |u|Pdx
Q

On the other hand, since u solves (1.5), we have that

rM(=ag, B,s, p) <

Cn,s,p[u]€p+/ ﬂ|u|de:/ fx,u)udx.
2 RM\Q Q

By Theorem 2.6, u > 0 in 2. Therefore,

/ fx, wudx < / aouPdx
Q Q
and the conclusion follows. O

In the following Lemma we show the necessity of the analog of (1.3) in our case. We stress
that in this case both the boundedness of u and the linearity of the operator are crucial
assumptions.

Lemma4.8 Letu € Xs be a bounded solution of problem (1.5) with p = 2. Then
M (—aso, B, 5,2) > 0.
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Proof Set

~ SO ey + D)
a(x) = .
llull ooy + 1

Notice that a € L°°(Q2) by (f3).

Now, set A = A{(—a, B, s, 2) and let ¥ be a solution of

(=A)ju —a(x)y = Ay inQ,
Y >0 in ,
Ny + B)Y =0 in R"\Q.

Notice that by Proposition 3.1, such a ¢ is uniquely determined up to a multiplicative constant.
Now, use i as test function in (1.5) and u as test function in the equation solved by ¥ and
subtract obtaining

/;Zém/fdx=/Qf(x,u)wdx—A/Qwudx.

By the monotonicity property of f, we get

/f(x,u)¢dx>/aoo(x)Mde,
Q Q

so that A > 0. Moreover, since do (x) > a(x) for a.e. x € ), we get that

0<A=2xr1(-a,p,s,2) <xri(—dw, B,5,2),

and the conclusion follows. ]

The proof of Theorem 1.2 now follows collecting all the previous results.
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