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Abstract

This paper is a corrigendum of a hypothesis introduced in [2] and used again
in [1] and [3]. We give here the corrected proofs of the concerned results, improving
most of them.
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vi ABSTRACT

1. Introduction

In Chapter 5 of [2] there is a mistake in one assumption, which do not affect the
results of the paper in the previous chapters. Precisely, the assumption in equation
(5.2) has to be replaced by equation (5.6) therein. This replacement propagates in
Hypotheses 5.2 and 5.3, as well as in Sections 4 and 5 of [1] and in Hypothesis 4.1(ii)
of [3]. For the readers’ convenience, we write here all the proofs of the involved
results, though they are very similar. We remark that in all cases, replacing the
correct assumptions makes all the written results true, and in most cases the proofs
we give here are simpler than before. Each section follows the notations and the
enumeration of the corresponding paper.

The authors apologize for any inconvenience caused.
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2. Correction to [2]

Hypothesis 5.1 must be replaced by

HyproTHESIS 5.1. The subset w is such that

e it is an interval which contains the degeneracy point:
(0.1) w = (a, f) C (0,1) is such that z( € w,

or
e w = wjUwsy, where w;, i = 1,2, are intervals each of them lying on different
sides of the degeneracy point, more precisely:

(02) w; = ()\z»ﬁz) - (0, 1), i=1,2, and ﬁl < xo < Ag.

REMARK 1. Observe that, if (0.1) holds, we can find two subintervals wy =
(A1, 81) CC (a, o), w2 = (A2, B2) CC (20, B).

As a consequence, Hypotheses 5.2 and 5.3 now read as follows:

HypoOTHESIS 5.2. Hypothesis 4.1 is satisfied. Moreover, if Hypothesis 1.1
holds, we assume that there exist two functions g € L2 ([-81,1] \ {z0}), b €

loc
Wli’coo([—ﬁl, 1]\ {z0}, L°(0,1)) and two constants go, ho > 0 such that g(z) > go
for a.e. z in [—f,1] and
(0.3)
a'(z)

2./a(2)

with z < B < zg or xg < x < B, where

i(z) = {a(m), x € [0,1],

B
(/ g(t)dt + b0>+\/d(x)g(:c) =bh(z,B) forae. x€[-p1,1],B€|0,]]

a(—z), x€[-1,0].

Here (3 is the number appearing in (0.2) or in Remark 1.

HypoTHESIS 5.3. Hypothesis 4.2 is satisfied. Moreover, if Hypothesis 1.1
holds, then there exist two functions g € L ([—81, 1]\ {z0}), b € Wb>([~ 61, 1] \
{zo}, L>°(0,1)) and two constants go, ho > 0 such that g(z) > go for a.e. z in
[—f1,1] and
(0.4)

a'(x)

B
2\/@ </ g(t)dt + f)0> ++v/a(x)g(x) = h(x,B) for ae. x € [—p,1],B €0,1]

with x < B <xgor g <z < B.

Using new Hypothesis 5.1, Corollaries 5.1 and 5.2 become part of Proposition
5.1 and Proposition 5.3, and Theorems 5.2 and 5.4 part of Theorems 5.1 and 5.3,
respectively. Hence in subsections 5.1 and 5.2 we find only new Proposition 5.1,
Theorem 5.1, Proposition 5.3 and Theorem 5.3 with the new hypotheses. As a
consequence, in the statement of Proposition 6.2 condition (5.2) has to be replaced
by (2) above. The new proofs, which are adaptations of those in [2], are presented
below.

The divergence case
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Proposition 5.1 (and consequent Theorem 5.1) has the same statement with
new Hypotheses 5.1 and 5.2. Lemma 5.1, which is independent of (0.2), obviously
holds, but the proof can be improved in the last part, starting from (5.20).

PROOF OF THE SECOND PART OF LEMMA 5.1. Take w1, ws as in Remark 1. If
v solves (5.7), define, also for later uses,
—v(t, —x), x € [-1,0],
(0.5) W(t,z) = ¢ v(t,x), z €10,1],
—v(t,2—x), z€ll,2].
Take p: [-1,1] — [0,1] as defined after (5.20) and set Z = pW. Then Z solves
(0.6)
Zy+(aZy)s = h, (t,z) € (0,T) x (=51, 1),
Z(ta 7B1) = Z(t’lgl) = Zaf(t7 7B1) = Zx(ta ﬂl) = Ov te (O7T)a

with h = (a@p, W), + aps W, supported in [7#, f)\l} U {)\1 )‘1;61] Since (0.3)

implies that @' is bounded far from zq, by [2, Theorem 3.1] and [2, Remark 7] we
get

/ / S@ 2 2S<I> 3@322 2s<I>:| dxdt < C/ / 2S<I>h2d dt
B1

A1+B81 +[31

<c/ /mm (W2 4 (W) )d:sdt+0/ / X P(W?2 + (W,,)?)dxdt

<C// W2dxdt+c/ /W2dxdt<0/ /vdmt

for some positive constants C, where ® is the weight defined in (3.3) of [2] for the
interval [— 31, $1]. Now, one can prove as in [2] that there exists a positive constant

k, for example
2
k = max {max a, (z0) } ,
0.x] " a(0)

such that

(x — @0)

a(x)€25¢(t,r) < keZs@(t,z) and T — o e2s<p(t,:c) < ke2s<I>(t,m)
< (@) <

for every (t,z) € [0,T] x [0, A1]. Thus, by (0.7), one has

A1 2
/ / s®a (v2)% + 33@)3( ~ %) )eQS“odxdt

M ( x0)*
/ / s@a + 533t 2oL Z2> 250 .t
a
T
<k / / (50(Z,)?e** P dadt + 503 Z2e*®)dxdt < kC / / v2dxdt.
0 w

Hence, Lemma 5.1 follows. O

As said, Lemma 5.2 holds assuming (0.2) in place of (5.2).
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PROOF OF LEMMA 5.2. Fix \;, i € (\i, i), 7 = 1,2, with \; < /3; and consider
a smooth function ¢ : [0, 1] — [0, 1] such that

0 xze€ [0, ;\1],
(0.8) () =41 z€M, A,
0 ze€ [827 1],

where \; = (X\i+Bi)/2,i=1,2. Then, define w := v, where v is any fixed solution
of (5.7), so that w satisfies

Wy + (awf)f = fa (t7l’) € QT7
w(t,0) =w(t,1) =0, te(0,T),

with 2 = ((a€,0)e + alave)? < C(02 4 (v2)?)Xe, where & = (A1, A1) U (A2, B2). B
applying [2, Theorem 4.1], we have

T (o= a0 T
(0.9) / / (s@a(wm)2 + @32 wz)e%“" dxdt < C/ / e f2duxdt,
o Jo a o Jo

for all s > sg. Hence, by [2, Proposition 5.2] we find

R
/ / <36a —l—s?’@BM 2) e25? dxdt
b¥

2
(0.10) / / s@a (wyg) 24 3363( -7 ) )er‘P dxdt

< C/O /w €22 (v? 4 (vy)?)daxdt < C/ / v2dxdt.

Analogously, also for future purposes, we define a smooth function 7 : [0,2] — [0, 1]
such that

(0.11) r(a) = {o z €0, M) U2 - 2,2,

1 1’6[)\2,27)\2]

Defining z := 7v, then z satisfies

zt + (02g)g = h, (t,z) € (0,T) x (Ag,1),
2(t,A2) = 2(t,1) =0, te(0,T),

with A := (a7,v), + a7,v,. By applying [2, Theorem 3.1] with A = Xy, B =1 and
related weight ®, we have

T 1 T 1
(0.12) / / [sO(2,)%e*® + s20%2%e**?] dadt < c/ / e h2duxdt,
0 )\2 0 >\2

for s > sp and ¢ > 0. Notice that the boundary term is nonpositive and thus is
neglected. Now, proceeding as in [2], there exists a constant k& > 0 such that, by
[2, Proposition 5.2], as above, we get

T 1 2
/ / (s@a(zm)2 + %03 Mf) e Pdxdt
0 Jx a

T T
< k?/ / [0(2,)% + s°027] **Pdzdt < C/ / vidadt,
0 Az 0 w



4 CONTENTS

for a positive constant C' and s large enough. Hence, we get

/ / s@a (vz) 24 53@3( -7 ) )625‘pdxdt
(0.13) A2

3 3( 330)2 2 T 2
/ / sOa(z 24+ 5% )e SPdadt < C/ /v dxdt.
Az a 0 w

Finally, consider a smooth function p : [-1,1] — [0, 1] such that
0 ze [—1, _51]7
(0.14) px) =41 ze|-A,\]
0 z¢€ [Bl, 1],

and define Z = pW, where W is defined in (0.5); thus Z satisfies (0.6) with
h = (apsW)z + ap, W,. By applying [2, Theorem 3.1] with A = —3; and B = 4
with the corresponding ®, by [2, Propositions 5.2] we get

/ / )+ 8203 2%) e**Pdadt < ¢ / / e***h2dzdt
B1
_)\1
< 0/ / W.)?)e Q@dmdt—&—()/ / )2)e5® dadt
A1

<C / Wzd:r,dtJrC / Wzd:vdt <C / / v2dxdt,
0 —B1 0 A1

for some positive constants ¢, C' and s large enough. Thus, as before, we get
T 5\1 _ 2
/ / (s@a(vw)2 + 53@3MU2>625“"d1:dt
0o Jo a

T rX
(0.15) < k/ / [5@(Zm)2625<I> + 53@3Z2625¢] dxdt

T rp T
< k‘/ / (s0(Z,)* + 50322 e**Pdadt < C’/ / v2dzdt.
0 J=p 0o Ju
The conclusion follows by (0.10), (0.13) and (0.15). 0

The rest of the proof of Proposition 5.1 is as in [2].
The non divergence case

Proposition 5.3 (and consequent Theorem 5.3) holds with assumption (0.2) in
place of (5.2). In particular, Lemma 5.4 holds with (0.2) in place of (5.2).

PROOF OF LEMMA 5.4. Let A, \i, B; € (i, Bi), i = 1,2, be as in the proof
of Lemma 5.2; consider &, 7, p, @ defined therein and take w = v, z = 7v and
7Z = pW, where v is any fixed solution of (5.38) and W is defined in (0.5). Hence,
w, z and Z satisfy

{wt + awgzy = a(&ppv + 28,0,) =1 f, (t,x) € (0,T) x (0,1),

(0.16) w(t,0) = w(t,1) = 0, te(0,7),



2. CORRECTION TO [?] 5

(0.17) 2t + QZgy = A(TyeV + 27,05) =1 b, (¢, x) € (0,T) x (A2, 1),
' 2(t, A2) = 2(t,1) = 0, te (0,7),

and

(0 18) Zt + &sz = a‘pwa:W + Q&Psz = Bv (tvx) S (O7T) X (_ﬁlvﬁl)a
. Z(tvfﬂl):Z(tvﬁl):Oa te (OaT)

By applying [2, Theorem 4.2] to (0.16), by [2, Proposition 5.4], we have for all

s > 8o
2
/ / < 24 5%03 <IO> vz> €% dxdt
1 a

2
(0.19) < / (s@(ww)2 + 5303 (:n—axo> w2>e2s“" dedt < C
QT

T T o2
< C’/ / e (v? 4 (vy)?)dadt < C/ / Exdt.
0 @ 0 w

Moreover, applying [2, Theorem 3.2] to (0.17) with A = Ay, B = 1 and related P,
we obtain again (0.12) with h = a(7,,v + 27,v,).
Now, working with z, recalling what the support of 7 is, we similarly get

T 1 T 2
(0.20) / / (50(25)% + s20%2?) e***dadt < C’/ / %d:ﬂdt.
0 /\2 0 w

As usual, we can find k£ > 0 such that for a positive constant C' and s large enough

/ / sO(vg) 24+ 5303 ( mo) )eQSSdedt
>\2
T UQ
< k:/ / (s0(25)? + 570222 2P dzdt < C’/ / ng;dt.
0 Ao 0 w

Finally, applying [2, Theorem 3.2] to (0.18) with A = —8;, B = 1 and the
associated @, we similarly get
(0.22)

)\1 —r
/ / 5®a (vg) 214503 < 0) )ezswdxdt
T B B
< k:/ / (s0(Z,)? + %03 22) e**Pdzdt < c/ / 2P P2 ddt
B1
< C/ / W.)?) 25‘1>dxdt+0/ / 2)2)e25® dzdt
A1

(by [2 Propomtlons 5.4])

T
< C’/ / W2dzdt + C/ / W2dxdt < C/ / v2dxdt,
0 —B1 A1 0 w

for a positive constant C' and s large enough. By (0.19), (0.21) and (0.22), the
conclusion follows. O

2sp
dxdt

Qr

(0.21)

The rest of the proof is the same as in [2].
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3. Correction to [1]

The new hypotheses for [2] imply changes in [1] for Proposition 4.1 and Theo-
rem 4.1 only if Neumann boundary conditions - shortly (Nbc) - hold, and in Lemma
5.1, while Proposition 4.1 and Theorem 4.1 are correct for Dirichlet boundary con-
ditions - shortly (Dbc). Hypothesis 4.1 must be changed in the (Nbc) case only in
the part (a1), but for completeness we give the entire

Hypothesis 4.1 - (Nbc). (a;) a € WH1(0,1), there exist ¢ € (0,1), g €

LY(—0,14+0), h € Wh*(—0,1 + o) and two strictly positive constants go, b
such that g(x) > go and

&'(1’) 1+o
(0.23) > Jate) (/ g(t)dt + f)o) ++va(z)g(x) =bh(z) for ae. z € [—0,140],

where
(0.24) a(z) = < a(x), x € [0,1],

(a2) a € WH2(0, 1).

Set ®(t, ) := O(t)p_os140(x) and (¢, z) := O(t)po.1(x), where, for A < B,

(025) pan(e / F/ dsdt+/w Zo(t)dt] — ¢, in the (WD),

ers(@ — in the (SD),

B
) =o | %dt,

with 0 = [|@’|| o (a,B), 7 > 0 and ¢ > 0 is such that [111413};?,0,473 < 0.

REMARK 2. (1) p—oi+o(x) < po1(x) for all € [0,1], thus in (0.25) it
is sufficient to choose ¢ such that I{n&)}( po,1 < 0 in order to ensure that
0,1

)

P—o1+0 < 0. Hence, <i>(t,x) < ®(t,x) for all x € [0,1],
(2) peoi+6(2—2) < p_oite() < p_oi14o(—2) for all z € [0,1]. Hence,

(t,2 — ) < ®(t,x) < ®(t,—x) for all x € [0,1].
Similar estimates hold for p4 p for any A, B.
Proposition 4.1 (Nondegenerate Carleman estimate - (Nbc)) Assume Hy-
pothesis 4.1 - (Nbc) case. Let z solve (4.4). Then, for any é € (0,0) with §+0 < 1,

there exist three positive constants C' = C(0,0), r and sg such that for any s > sg
(0.26)

~ T jo+d T 1
/ (s@(zgc)2 + 53@322) 2 dydt < C </ / 22dxdt + C/ / 22dxdt
T o Jo 0 Ji—o-6
T o 5
+ / h2e2s ) dpdt + / / hze%q’(t’w)dxdt).
Qr o Jo
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PROOF. Take W as in (4.10), fix ¢ as indicated and consider a smooth function
¢€:[-1,2] > Rsuch that { =1in [-6,1+d] and £ =0 in [-1, —c] U [l + 0,2]. Set
Z = ¢W, so that Z solves

Z
Zy + 0 Z gy + )\Z =H, (t,z) € (0,T) x (—0,14 ),
Z(t,—0)=2Z(t,14+0)=0, te(0,T),

with H 1= £h+a(E4aW +26,W,), b and h defined in (4.12) and (4.13), respectively.
Thus, we can apply [1, Proposition 4.1] in the (Dbc) case with (—o, 1+ o) in place
of (0,1), a in place of @ and with Z,(t, —0) = Z,(t,1+0) = 0. Thus, [1, Hypothesis
4.1] holds in the (Dbc) case. Hence, we find two positive constants C' (depending
on o) and sg (8¢ sufficiently large), such that Z satisfies, for all s > s

(0.27)

1+o’ 140 .
/ / )2+ 5%032%) P dadt < C / / H?e**®dxdt

140 1+o ~
<C/ / h2e25® dxdt + C (/ / (W? +W2) 2“<I’dxdt+/ W2+W§)e28q’dxdt>

(by [1, Remark 7])

140 T 1
<C / / h2e25® dudt + C / / 22dzdt + C / / 22dxdt.
0 1—0—96

Now, observe that
(0.28)

1+o’~
/ / 2(1, 2)e252(t2) dodt < / / h2(t, 2)e2 ) drdtt | h2(t, 2)e2 ) drat.
Qr

Indeed, using a change of variable, the definition of h and Remark 2, we get

4o _ . 0 . 1 . 4o .
/ h2(t,x)e2sq’(t’w)dx :/ h2(t7x)e2s¢(t’m)dx+/ h2(t,x)e2sq>(t’$)dx +/ hz(t,x)e%q’(t’m)dx
—o —0o 0 1

o _ 1 ~ 1 ~
_ / h2 (t, _y)e2s<1>(t,—y)dy + / h2 (t, w)eZSfb(t,x)dw + / h2 (ﬁ, 9 _ y)62$¢(t,2—y)dy
0 0 l1—0o

o N 1 1
< / h2 (t, y)e2s<l>(t,—y)dy + / h2 (t, x)eQSq)(t’m)dl‘ + / hQ(t, y)erq}(t’y)dy.
0 0

l1—0o

Thus, by (0.27) and (0.28), we obtain
(0.29)

l+a T 1
/ / )2+ 5203 7?) 29‘I’dmdt<0</ / 2dxdt+/ / szxdt>
0 l1—0—46

+C / / h2(t, 2)e2 =) dzdt + C / R2(t, 2)e2 (0% dadt.
T
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As a consequence,

1+<7 _
/ (50(2)% + 520722) % dur dt</ / $0(Z,)? + $°0322) **dzdt

<0</ / dudt + / / vt
0 1l—o—46

+/ / hQ(t,x)eQS&)(t’_I)dxdt—i— hQ(t,l‘)er(b(t’x)dl‘dt),
0 0 QT

for a positive constant C' depending on ¢ and §. The claim follows. O

REMARK 3. Proposition 4.1 still holds if we replace [0,1] with a general in-
terval [A B] where a and b satisfy Hypothesis 41 in [A — 0,B + o]. In this

casefo Jo BA(t,x)e 2s%(t,—2) 4z dt is replaced by fo Ato K2 (t, z)e2s®(t:24-2) gydt with
(I) = G(t)pA o,B+o-

Again, in the weak degenerate case, there is a change only in the (Nbc) case:
Hypothesis 4.2 - (Nbc). The assumption is as in [1] and in addition: if Hypoth-
esis 1.1 or Hypothesis 1.3 of [1] holds, there exist By € (0, o), 82 € (1 2 — xp),

two functions g € L, (=0, 2 — x0) \ {z0}), h(, Bi) € Wyo2™((~0,2 — 20) \ {xo})
and two strictly positive constants gg, ho such that g(z) > go and

~/

(0.30) @(z) </ (dt+ho)+\/ 2)a(z) = b(z, B:)

2y/a(x)

with i = 1,2, —z¢g < 2 < B; or £y < 2 < Bs, and a defined as in (0.24).

Using ¢ := O and the space V introduced in [1], Theorem 4.1 in the (Nbc) is
improved in this way:
Theorem 4.1 - (Nbc). Assume Hypothesis 4.2 - (Nbc) . Let w CC (0,1) be an
open interval containing xo, By and 2— Bs, or let w = wy Uws, where w; = (A;, B;) C
(0,1),1=1,2, 1 < By and 2 — By < Aa. Then, there exist two positive constants
C and sy (depending on \) such that every solution v € V of (4.26) satisfies, for all

S Z S0,
(0.31)

_ 2 T 2
/ (s@(vw)2 + 5303 (avamo) ’U2> e*Pdxdt < C </ / v?dxdt —|—/ h(fl’x)e%“”dxdt)
T 0 w T
T Bi 12 T 1 2
LC / / h (t7 37) 628(1)1(t’_x)d$dt +/ / h (t,$) e2s<b2(t,:c)dxdt ,
o Jo a o Jo-B, @

where ®41(t,x) := O(t)p_p,.B, () and Po(t,x) := O(t)p2—B,,B, ().

PRrROOF. First, assume that zg, B1,2 — By € w. Then, we can fix two subin-
tervals wy = (Al,ﬁl) CcC (O,Zlfo),wg = ()\Q,ﬂg) CcC (Io,l), with #; = B; and
A2 = 2 — By. Let v solve (4.26), take ¢ as in (0.8) and define w := &v, so that w
satisfies

wy + a(l')wzm + b()\l')w = Ev (ta .’E) € QT)
w(t,0) = w(t,1) = 0, te(0,7),

(0.32)
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where h := ¢h + a(€ppv + 2€,v,). Using [1, Theorem 4.1] in the (Dbc) case, one
has
(0.33)

— X0 T 1 iLz
/ / s@a (wg) 24+ 5%08 ( > 2)628“" dzxdt < C’/ / —ezs“"d:rdt,
o Jo @

for all s > sg. Hence, by the Caccioppoli inequality [1, Proposition 5.2], proceeding
as in (0.10), we find

2
/ / (s@a vz)? + 5203 (H)> v2> €25 dadt
1 a
T
SC/ / —eQS‘”dxdt—i—C/ /1)2d[L'dt.
o Jo @ 0 Jw

Defining z := 7W, W being defined in (4.25) and 7 in (0.11), then z satisfies

(0.34)

~ A -
(0.35) a Tt @(@) 200 + o) f (tz) €(0,T) x (A2,2 = Ao)
2(t, Ao) = 2(t,2 = Xg) =0, t€(0,7),

with f := 7h + a(7,2W + 27,W,.). Then, [1, Proposition 4.1] in the (Dbc) case can
be applied; by Remark 2 and the Caccioppoli inequality in the non degenerate case
[1, Remark 7], we get

(0.36)

2— )\2 2— >\2
/ / Z 2 28<I>2 + 83@3 2 28<I>2 dxdt < C/ / 25<I>2(t m)dmdt
A2 A2

172
SC/ / h (t ) 2$<I>2(tx)d$dt+c/ / W2+W2) Zaég(tx)dxdt
0 A

T 142
<C / h(t, x) 625¢2(t’m)dl‘dt+c/ /Ule‘dt,
0o Ja 0 e

where @ = (), 5\2) u(2-— Ao, 2 — X2). Proceeding as before, there exists & > 0 such
that, for a positive constant C' and s large enough,

/ / s@ (22) 24 5%03 ( xO) )e2s‘adxdt
A2

2— )\2
< k/ / 2 2€<I>2 +S3®3 2 2@@2} dxdt
A2

2( T
< C’/ / mezs%(t’z)dxdt+0/ /’Uzdﬁdt-
0 Ao a 0 w

Hence, by definition of z and by the inequality above, we get

/ / SG) (v3)? + s°©° ( xo) v )625“’dxdt
A2
(0.37) / / s@ (z2) +s3@3< ”“"0) )ezS‘dedt
A2
h2(t g
<c / / PE(t, ) e25%2(b2) ot 4+ O / / vidzdt.
0 Ao a 0 w
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Finally, defining Z := pW, where p is given in (0.14), then Z satisfies

7 _
Zt +dZ:mc + )\Z = ha (t,CE) S (OuT) X (_ﬁlaﬂl)a

Z(t,—p1)=Z(t,p1) =0, te(0,T),

(0.38)

with h := ph + a(pza W + 2p.W,). Proceeding as before, by [1, Proposition 4.1] in
the (Dbc) case, Remark 2 and [1, Remark 7], one has

Tk -0\’
/ / (3@(1)3,)2 +5%03 <0) v2) P dxdt
o Jo a

T B
(0.39) <C / / [s0(Z,)%e* ™ + s20° 22 %1 ] dudt
0 —B1

T rB1p2 T
<C / / W6 2) ot t) gt 4 © / / v¥dxdt.
0 0 a 0 w

The conclusion follows by (0.10) and (0.37).
Nothing changes in the proof if w = w; Uwsy and each of these intervals lye on
different sides of xq, as the assumption implies. ([

3.1. Applications to observability inequality. In this subsection we shall
make the necessary changes according to the new hypotheses. For this, we assume
that the control set w satisfies the following assumption:

Hypothesis 5.1. (0.1) or (0.2) hold.
Then, [1, Hypothesis 5.2] reads:

Hypothesis 5.2 Hypothesis 4.2 of [1] is satisfied. Moreover, under Hypothesis 1.1
or Hypothesis 1.3, condition (0.30) holds with B; = 51 and Bs = 2 — \s.

With this changes, Proposition 5.1 still holds true and the only changes are in
the proof of Lemma 5.1.

PrROOF OF LEMMA 5.1 1F (0.2) HOLDS. As in the proof of Lemma 5.2 in Sec-
tion 2 above, fix A\;, \i, B; € (A, Bi), @ = 1,2, and smooth functions &, p, 7 as given
in (0.8), (0.14), (0.11). Set w := &wv, so that w satisfies

b

W + QWgy + )\g = a(ga:a:v + 2§a:va:) = f7 (t,.’E) € QT7
w(t,0) = w(t,1) = 0, te(0,T).

Applying [1, Theorem 4.1] with (Dbc), there exists two positive constants C' and
so such that, for all s > sq,

62350

2
(0.40) / (s@(wm)2 +5%03 (H)> w2)625‘/’ dxdt < C

a

f2dxdt.
Qr @
Then, (0.19) holds.

Now, set z := 7W, where W is defined in (0.5) or in (4.25) if (Dbc) or (Nbc)
hold, respectively, so that z satisfies (0.35) with h = 0. Then (0.37) holds with
h=0.
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Finally, set Z := pW, so that Z satisfies (0.38) with h = a(pyaW + 2p.Wy).
By applying [1, Proposition 4.1] in (—f1, 81) in the (Dbc) case, together with [1,
Remark 7], we get

T b
/ / (s0(Z,)* + s°03Z?) e**** dxdt
0 —B1

T T By
< C/ / - (W2 + (Wz)2)e2s¢1d$dt -+ C/ ﬁ (W2 + (Wa:)2)€2scpld$dt
0 —B1 0 e

T —A1 T B T T ,U2
< C/ / Wdedt+C/ / W2dzdt < 0/ /Udedt < C/ /—dxdt,
0o J-p 0 Ja 0 Juw 0 Jw @

for some positive constants ¢, C and s large enough. Hence, (0.39) holds with h = 0.
Therefore, by (0.19) and (0.37), (0.39) with h = 0, the conclusion follows. O

PrROOF OF LEMMA 5.1 1F (0.1) HOLDS. Let wy, we be as in Remark 1. Then
(5.27) holds. Now, take z = 7W, with 7 as in (0.11) and W as in the previous
case; hence, z satisfies (0.35) with f = a(7,. W + 27, W), and so (0.37) holds with
h=0.

Finally, we consider Z := pW with p as in (0.14). Then, Z satisfies (0.38) with
h = @(peaW + 2p.W,). Thus, as above, (0.39) holds with h = 0. Hence, by (5.27)
and (0.37), (0.39) with h = 0, the conclusion follows. O

4. Correction to [3]

Here Hypothesis 4.1(ii) is replaced by (0.2), and so Lemma 4.7 and Proposition
4.4 still hold true.
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