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Abstract

We consider nonlinear problems governed by the fractional p-Laplacian in presence of nonlocal Neu-
mann boundary conditions and we show three different existence results: the first two theorems deal with a
p-superlinear term, the last one with a source having p-linear growth. For the p-superlinear case we face
two main difficulties. First: the p-superlinear term may not satisfy the Ambrosetti-Rabinowitz condition.
Second, and more important: although the topological structure of the underlying functional reminds the
one of the linking theorem, the nonlocal nature of the associated eigenfunctions prevents the use of such a
classical theorem. For these reasons, we are led to adopt another approach, relying on the notion of linking
over cones.
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1. Introduction

In this paper we are concerned with the problem

_ 1
N pu=0 inRV\ Q. M

{(—A)fpu —Au|P2u+g(x,u) i€,
Here p € (1, 00), Q is a bounded domain with Lipschitz boundary, A >0 and g: 2 x R - R
is a Carathéodory function. The novelty of our investigation relies on the fact that we study a
quasilinear fractional problem in presence of nonlocal Neumann boundary conditions, namely
we require that

@) —uy)|P” 2(u(x>—u<y))
Gl (x) =

=y Vs

for every x € RV \ Q. As a matter of fact, such a condition is the natural p-Neumann boundary
condition associated to the operator

(—A)u(x) = P.V / U () ~ w20 —uG)
S u(x) = P.V.

|x — |N+ps

for x € Q, P.V. being the Cauchy Principal value, see [1,5,14] (see also [9] for a related case
and [20] for the restricted or regional fractional p-Laplacian. See also [2] and [10] for a general
overlook on nonlocal operators and their applications).

Under suitable assumptions on g, we will show that problem (1) admits solutions. As usual,
we shall deal with weak solutions, belonging to a suitable function space. In our case, solutions
will be sought in the space

X = {u :RY > R measurable such that [|u| < oo] ,

where

lu(x) —u(y)|?
lull := // RTE dx dy+||u||€p(9) ,

and Q =R?M\ (CQ)%, CQ=R\ Q.

Remark 1.1. It is clear that, when €2 is sufficiently regular, as in our case, in the integral above
we can equally consider RV \ Q or RV \ Q.

We will deal with the following standard
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Definition 1.2. Let u € X. We say that u is a weak solution of (1) if

%// Jpu(x) —u(y)(wx) —v(y) dxdy=k/|u|”_2uvdx+/g(x,u)vdx
Q Q

|x — y|N+ps
Q

for every v € X, where J, (u(x) —u(y)) = lu(x) — u(MIP2(u(x) —u(y)), provided that the last
integral makes sense.

Of course, below we will give conditions which ensure that the definition above makes sense.

We observe that we shall consider only the case A > 0. Indeed, the case A < O makes the
situation different, since one can apply the Mountain Pass Theorem with the Cerami or with the
Palais-Smale condition (see [14]). In our case the natural geometric structure for the associated
functional is the one of linking over cones, as introduced in [3], for which some suitable topologi-
cal notions are needed. As usual when dealing with linking structures, it is natural to consider the
eigenvalues of the underlying operator; in this case we will employ the sequence of eigenvalues
found in [14] by using the Fadell-Rabinowitz index. All these preliminary tools will be recalled
in Section 2 below. We also recall that the use of linking theorems for fractional operators with
Dirichlet boundary conditions has already appeared in related situations (see [18] and [19]).

As for the nonlinear source, in Section 3 we assume that g has p-superlinear growth and
satisfies different sets of assumptions: in the first case, we will assume that g satisfies the usual
Ambrosetti-Rabinowitz condition, while in the second case we will exploit a different general
assumption, introduced in [12]. We remark that in both cases we encounter the difficulty of
determining the topological structure of the associated functional, while in the second case we
have the additional complication related to the proof of the Cerami condition. Finally, in Section 4
we consider the case in which g has p-linear growth.

As a matter of fact, there are two examples with p = 2 that are covered by our results and
which explain the nature of our results better:

(=AYu=ru+ul?2u inQ,
Nou=0 inRV\ Q,

with g > 2 and ¢ < 225 if N > 25, and

_ 2
Nsou=0 in RV \ @, @

{(—A)Su —u+ f(x) inQ,
with A <0and f € L?(R). For the first problem the idea is to apply a standard Linking Theorem,
while in the second case the variational structure is the one of the classical Weierstrass Theorem.
In our results the first situation is widened to cover the quasilinear form of the fractional p-
Laplacian, which doesn’t let us apply the classical Linking theorem directly, since the nonlinear
operator (—A)*;, does not have linear eigenspaces; thus, the use of Linking over cones provides
an original opportunity, see [3], [8], [16], [17] for related cases in the local situation.

Moreover, the possibility of treating nonlinear terms non verifying the classical Abrosetti-
Rabinowitz condition, makes our results new also in the easier case p = 2. On the other hand,
the easy situation described in problem (2) is enlarged to cover quasilinear problems where a
nonlinear term is allowed to be not far from 0, as A is in (2) (see Theorem 4.1).
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2. Background

First we recall some notions regarding the eigenvalues of fractional p-Laplacian, see [1] and
[14]. Consider the nonlinear eigenvalue problem

_ S ., p—2 :
( A)pu_k|u| u m_Q, 3)
N pu=0 inRV\ Q,

with A € R. As usual, if (3) admits a weak solution we say that A is an eigenvalue of (—A); with
p-Neumann boundary conditions. So, there exists a sequence A, of eigenvalues defined as

/ |u(x) —u(y)I?

Am :=1nf { sup N ips

ueA

dxdy : A C M, A is symmetric,
(€]

compact and i (A) > m ¢,
where i is the Z,-cohomological index of Fadell and Rabinowitz (see [6]) and
M={ueX: /|u|pdx:l
Q

Notice that A; = 0 is the first (simple) eigenvalue with associated eigenspace made of constant
functions (see [14]).
For each 1,,, we can define the cones

- [ ) — u ()P
Cm =ueX: / dedy Skm/|u|pdx (5)
. T ) — u()?
Cm =queX: / mdxdy > )\.m+1 |1,{|[7 dx ¢ . (6)
Q

For further use, we also introduce the notation

1/p

(] = /dedy ,
Q

|x — y|N+ps

which is closely related to the fractional Gagliardo seminorm.
Now we recall some notions on linking sets and Alexander-Spanier cohomology, referring to

[3].
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Definition 2.1. Let D, S, A, B be four subsets of a metric space X with S € D and B C A. We
say that (D, S) links (A, B),if SN A= BN D ={ and, for every deformation n : D x [0, 1] —
X\ B with n(§ x [0,1]) N A =0, we have that n(D x {1}) N A # .

To prove the existence of critical points we will use a particular case of [7, Theorem 3.1].
A smooth version of such a result was already stated in [3, Theorem 2.2] under the validity
of the Palais—Smale condition. However, the key point in the proof of [7, Theorem 3.1] is the
possibility of defining deformations between sublevels, as it is possible under the validity of the
Cerami condition. For this reason we recall that f satisfies the (C). condition, ¢ € R, if

for every (uy), such that f(u,) — ¢ and (1 + |u,|) f'(uy) — 0in X', then, up to a
subsequence, u,, — u in X.

Hence, we will need the following version of [7, Theorem 3.1]:
Theorem 2.2. Let X be a complete Finsler manifold of class C' and let f : X — R be a function

of class Cl.LetD,S, A, B be four subsets of X, with S € D and B C A, such that (D, S) links
(A, B) and such that

sup f <inf f, sup f <inf f
s A D B
(with sup @ = —o0 and inf @) = +00). Define
c= inf sup fF(n(D x {1})),
neN

where N is the set of deformations n: D x [0,1] — X \ B with n(S x [0,1]) N A = @. Then we
have

inf f <c<supf.

A D
Moreover, if f satisfies (C), then c is a critical value of f.
Definition 2.3. Let D, S, A, B be four subsets of X with S € D and B C A; let m be a nonneg-
ative integer and let K be a field. We say that (D, S) links (A, B) cohomologically in dimension
m over K if SN A= BN D = and the restriction homomorphism H"(X \ B, X \ A;K) —
H™(D, S; K) is not identically zero.

The geometry we are interested in is described by the following

Theorem 2.4 ([3], Theorem 2.8). Let X be a real normed space and let C_, C4 be two cones

such that C4 is closed in X, C_ N Cy = {0} and such that (X, C_\ {0}) links C1. cohomologically
in dimension m over K. Let r—,r4+ > 0 and let

D_={ueC_:|ul=r-} S-={ueC_:flull=r_},

Dy={ueCy:llul <ri}, S ={ueCy:llull =ry}.
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Then the following facts hold:

(a) (D—, S-) links C1 cohomologically in dimension m over K;
(b) (D, S_) links (D4, S+) cohomologically in dimension m over K;

Moreover, let e € X with —e ¢ C_, let
O={u+te:uecC_,t>0, ||lu+te|l| <r_},
H={u+te:uelC_,t>0, |lu+tel|=r_},
and assume that r— > ry. Then the following facts hold:

(c) (Q, D_U H) links S+ cohomologically in dimension m + 1 over K;
(d) D_U H links (D4, S+) cohomologically in dimension m over K;

In order to prove our existence result, we shall use assertion (c) in Section 3 and assertion (a)
in Section 4, that correspond to the classical linking and saddle geometry, respectively.

We will also take advantage of the following result

Corollary 2.5 (3], Corollary 2.9). Let X be a real normed space and let C_, C be two sym-
metric cones in X such that C is closed in X, C_ N Cy = {0} and such that

i(C_\{0}) =i(X\Cy) <oo0.
Then the assertion (a)-(d) of Theorem 2.4 hold for m = i(C_ \ {0}) and K = Z>.

Going back to definitions (5) and (6), we have the following result, which is the transcription
in our setting of [3, Theorem 3.2], and whose proof follows that one step-by-step.

Theorem 2.6. Let m > 1 be such that \,, < A1, then we have
H(C \ (O =i(X\Cy=m
Finally, in order to use Theorem 2.2, the crucial tool is

Proposition 2.7 ([3], Proposition 2.4). If (D, S) links (A, B) cohomologically (in some dimen-
sion), then (D, S) links (A, B).

3. Linking-like problems

Now, let us go back to problem (1), that is

(=AY u=rulPu+g(x,u) ing,
Ny pu=0 inRV\ Q.
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We recall that p € (1, 00), Q is a bounded domain with Lipschitz boundary, A > 0 and g :  x
R — R is a Carathéodory function, that is the map x — g(x, t) is measurable for every r € R
and the map ¢ — g(x, t) is continuous for a.e. x € 2.

Of course, we shall assume growth conditions on g which will ensure that any critical point
of the C! functional 7 : X — R defined as

1 / lu(x) —u(y)|P

T 2p )] =y

I(n) dxdy—&/|u|pdx—/G(x,u)dx @)
p
Q

Q Q

is a weak solution of (1).
Remark 3.1. Notice that, quite strangely, the coefficient % appears in front of the expected %[u]”.
This is related to symmetry properties of the double integral in the definition of 7, and it justifies

the fact that u solves (1) if and only if I'(u) =0, see [1,14].

We first we give the following result, which will be useful in any case and which makes precise
the statement in [14] related to the (S) property.

Proposition 3.2. Set A(u) = [u]?. Then the functional A’ : X — X' satisfies the (S) 1 property,
that is for every sequence (uy), such that u, — u in X as n - oo and

limsup(A’(uy), un —u)x x <0, ®)

n—o00

then u, — u in X as n — oo.
Proof. Assume that u, — u in X and limsup(A’(u,), u, —u)x/.x <O0. First of all, A is convex,

of class C! and weakly lower semicontinuous in X, so that A(«) < liminf A (u,,).
Moreover, the linear functional (A’(u), -)x’ x is in X’. So, since u, — u in X,

(A'(u), up —u)x x =0 )
as n — 00. By the convexity of A, we get that A’ is a monotone operator, so that

(A"(un) — A" (), un —u)x' x 2 0.

By (8) we get
0 <limsup(A'(up) — A" (u), up —u)x x <0,
n— oo
and so
lim (A"(un) — A" (u), up —u)x x =0. (10)
n— o0

Hence, (9) and (10) imply that
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lim (A (un), un —u)xr x =0. an
n—00
Again by the convexity of A we have that

Au) > (A'(un), u —un)xr x > Aup).

By (11), A(#) > limsup A(u,), and so
A(w) = lim A(uy).
n—o0

By the compact embedding of X into L?(£2) we also have u,, — u in L?(€2). In the end, ||u,| —
l]|. Hence, by the uniform convexity of X (recall that 1 < p < 00), we obtain that u,, converges
stronglytou in X asn — oco. O

3.1. With the Ambrosetti-Rabinowitz condition

This case is the easy one, which we present just to show the extension of the approach in [3]
to the nonlocal case.
Here we will further assume the following hypotheses on g:

(g1) there exist constants aj, a; > 0 and g > p such that for every t € R and for a.e. x € Q

lg(x, 1) <ay +aat]?7",

pN
N—ps
(g2) g(x,t)=o0(|t|P~") as t — 0 uniformly a.e. in ;
(g3) denoting G(x,t) = fot g(x, t)dr, there exist © > p and R > 0 such that for every ¢ with
|t| > R and for a.e. x € Q

where g < if N > ps;

0<uGx,t) <g(x, )i,

and there exist i > p, a3 > 0 and a4 € L'(£2) such that for everyt € Randae. x € Q,

G(x,1) > as|t) — as(x); (12)
(ga) if R >0, then G(x,t) >0foreveryr € R and a.e. x € Q.

Remark 3.3. Condition (12) was introduced in [11] to complete the Ambrosetti-Rabinowitz con-
dition in presence of a Carathéodory functions.

Our first existence result is

Theorem 3.4. If hypotheses (g1) — (g4) hold, then problem (1) admits a nontrivial weak solution.
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In order to prove Theorem 3.4 it will be enough to apply Theorem 2.2 to the functional [/
defined in (7) under the validity of the Palais-Smale condition (of course, if the Cerami condition
holds, the Palais-Smale condition holds, as well); hence, we will apply Theorem 2.2 in the version
of [3, Theorem 2.2], where the Palais-Smale condition is assumed.

Thus, now we prove that [ satisfies the Palais-smale condition at any level ¢ € R - (PS), for
short -, that is

for every sequence (u,), in X such that I (u,) — ¢ and I’ (4,) — 0 in X', there exists a
strongly converging subsequence of (u,),.

Proposition 3.5. Under the assumptions of Theorem 3.4, I satisfies (PS). for every c € R.

Proof. Let (1), in X be such that I (u,) — c and I'(u,) — 0 and fix k € (p, u). We re-write
the functional in the following way:

— P 1
// lu(x) —u(y)l dxdy+—/|u|de
“2p — y|N+ps 2p

Q

A
—<—+—>/|u|pdx—/G(x,u)dx
P 2p
Q Q
1 A 1
= —|lull? - (--f——)/lulpdx—/G(x,u)dx.
2p P 2p J

Q

We observe that

kI (un) = (I'(un), un) < M + Nlluy| 13)

for some M, N > 0 and all n € N. On the other hand, by (g3) and (g;) we have

kI (uy) — (1/(”n)a Up)
k 1 k 1
= (g5 z) ot = (5-1) (++3) [
Q

+/(g(x,un)un—kG(x,un))dx

Q
k 1 k 1
> (_ - _) lun P — (_ - 1) ()\+ _)/|Mn|pdx
2p 2 p 2
Q
+(M—k)/G(x,un)dx —Cgr

for some constant Cg > 0. By (12), we get
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kI(uy)— (Il(un), Up)

k 1 k 1
> (50 =5 ) hual? = (= =1) (245 /|un|de

2p 2 p 2

Q
4= ta [ funlfdx - €
Q

for some constant C > 0. By the Holder and the Young inequalities, we get that for any & > 0 we
have that for every u € X

lullfy < Sllull,’i + Ce.
Thus, we obtain

kl(un) - (I/(un)a un)
> (% - %) lan? + [(M—k)as p (% - 1) <x+ %)}/wﬂdx _é,
Q

for some C, > 0. Taking ¢ small enough, we get

kI (uy) — (1/(1411), Up) > (% - %) ”un”p - és-

This together with (13) implies that (u,), is bounded in X. Up to a subsequence, we can assume
that u,, — u in X and u,, — u in L?(2) as n — o0o. By assumption, we have

(I'(up), uy —u) — 0.
On the other hand
(A/(un)» Up —U)

=(]’(un),un—u)+k/|un|1’*2un(un—u)dx—l—/g(x,un)(un—u)dx.
Q Q

Since u, — u in L?(R2), from (g;) we obtain that

/|un|p72un(un —u)dx -0
Q

and

/g(x, un)(up —u)dx — 0;

Q
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so (A'(up), uy —u)x.x — 0 as n — oo. By Proposition 3.2 we get that u, — u in X, as de-
sired. O

Now we are ready to prove Theorem 3.4.
Proof. Let (A,,),, be the sequence of eigenvalues defined in (4). Since this sequence is divergent,
there exists m > 1 such that A, <2A + 1 < ;4. Defining C,; and C,'); as in (5) and (6), we
have that C,,, C;} are two symmetric closed cones in X with C,; N C; = {0}. We recall that by
Theorem 2.6 we have
i(Cu \ (0D =i(X\Cp)=m.

Now, by (g1) and (g>) it is standard to see that for any ¢ > 0 there exists C; > 0 such that

GG, )] < ——1|? + Celt|9
2p

for a.e. x €  and all 7 € R. As a consequence, taking u € C;}, by the inequality in (6) and the
Sobolev inequality, we have that

1 20+ 1
1) = —uf)? — 25 /|u|!’dx—i/|u|de—cg/|u|qu
2p 2p 2p
Q Q Q

Qh+1+¢)[ul? — C, / |u|dx
Q

1 p
z > lull” —
P 2pAm+1

> lull? — Cllull?

“2p Am+1

1 ( 2 4+ 1+¢
> —{]1-—
for some C > 0.

Hence, choosing ¢ small enough, there exists 7, > 0 and « > O such that, if ||u| = ry, then
I(u) > a.

On the other hand, takingu € C,,;,e € X \ C,, and ¢ > 0, by (12) we get that

22 lu(x) —u(y)|? le(x) —e(y)|?
P
I(u+te) < » / X — y Vs dxdy +t / 7|x—y|’\’+l’s dxdy

A _
——/|u+te|pdx—a3t“/‘z+e
p t

Q Q

as t — +o00. In conclusion, there exists »_ > r4 such that /(v) <0 whenv € C,, + (Rte) and
vl =r—.

Defining D_, S4, Q and H as in Theorem 2.4, by Corollary 2.5 we have that (Q, D_ U H)
links S4 cohomologically in dimension m + 1 over Z,. In particular, (Q, D_ U H) links Sy by
Proposition 2.7. In addition, / is bounded on Q, I(u) <0 for every u € D_ U H and I (1) >
a > 0 for every u € S;. By Proposition 3.5 (PS). holds. Finally, by applying Theorem 2.2 with

m
dx + [laally — —o0
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S=D_UH,D=0Q,A=S5; and B =, I admits a critical value ¢ > «, hence there exists a
critical point u with I () = ¢ > 0. It follows that u is a nontrivial weak solution of (1). O

3.2. Without the Ambrosetti-Rabinowitz condition

In this section we consider the problem

(=AY u=2AulP"2u+ f(x,u) ingQ,

_ 14
Hpu=0  inRV\Q, (19

where A >0 and f : Q2 x R — R is a Carathéodory function such that f(x,0) = 0 for almost
every x € 2. This time, we assume the following hypotheses on f, first introduced in [12]:

(f1) there exists a € LY(2), a > 0, with g € ((p¥)’, p), ¢ > 0 and r € (p, p¥) such that

|f(x, )] <a(x)+cle] ™!

fora.e. x € Q and for all t € R;
(f2) denoting F(x,t) = fot f(x,7)dt, we have

F(x,1)
1m =
t—=4o00 |[|P

uniformly for a.e. x € Q;
(f3) ifo(x,1):= f(x,t)t — pF(x, 1), then there exist & > 1 and g* € L' (Q), B* > 0, such that

o(x, ) <vo(x,n)+p*(x)

forae.xeQandall0<t  <mnortp <t <0

(f9)
fx, 0 _0

m =
1—0 |t|P~2¢

uniformly for a.e. x € Q.

In (f1) we have denoted by p} the fractional Sobolev exponent of order s, that is

pN
ps=1N-—ps
00 if ps > N.

if ps <N,

In this way, the embedding in L(2) of W7 () (and thus of X) is compact for every g < p;.
As before, we give the definition of a weak solution.
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Definition 3.6. Let 1 € X. We say that u is a weak solution of problem (1) if

1// Jp(u(x)_u()’))(v(x)—v()’)) dxdy:k/|u|p_zuvdx+/f(x M)de
2 K
Q Q Q

|x — y|NHps

for every v € X.

Again, any critical point of the C! functional & : X — R defined as

L u(x) —u(n)|? )\/ /
Eu)=— || —————dxdy — — Pdx — | F(x,u)d
(u) Zpé e X4y ») |u|” dx J (x,u)dx

is a weak solution of (1).
The main result of this section is the following.

Theorem 3.7. If hypotheses (f1)-(f1) hold, then problem (14) admits two nontrivial constant
sign solutions. More precisely, one solution is strictly positive and the other one is strictly nega-
tive in RV,

First of all, we introduce the functionals

|M(x)—u(y)|p 1
Ex(u) = // |V dy—i—;/lulpdx

A 1
+ /|u |1’dx—/F(xu )dx,

Q

where u™ := max{u, 0} and u~ := max{—u, 0} are the classical positive part and negative part of
u, respectively. Notice that &4 (1) = & (u) for every u > 0 and &_ (1) = & (u) for every u < 0.
The following algebraic inequalities will be very useful in the following:

™=y <lx — P2 — )T —x7), (15)
et —y P <fx — P2 — )t =y, (16)
lx —yIP <227 (at —y TP HxT =y 1P) (17)
and
I —yF < |x -yl (18)

for any x, y € R. The proofs are obvious.
Proposition 3.8. Under the assumptions of Theorem 3.7, &y satisfies (C). for every ¢ € R.
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Proof. We do the proof for &, the proof for &_ being analogous.
Let (uy), in X be such that

|64 (un)| < M, (19)
for some M >0andalln > 1, and
(14 lun DE L (un) = 0O (20)

in X’ as n — oo. From (20) we have

enllhll
| (un) ()| < ———
* 1+ [l

for every h € X and with &, — 0 as n — oo, that is

% //Jp<un<x>—un<y>><h<x)—h<y>> dxdy + /Iunlp_zunh "
Q Q

lx — y|Ntps
(21)
— O+ 1) / 1P~ 2t hdx —/f(x, uhhdx| < _enllRll_
1+ [lunl
Q Q
Taking h = —u,, in (21), we obtain
1 Jp U (X) — un (¥))(u, (y) — u, (x)) —
5// =y dxdy+)»/|un |[Pdx < g, 22)
Q Q
and by (15) we get
Juy () = uy ()17 .
/ X — [N dxdy + 21 [ |u, |Pdx < 2e,.
Q
As a consequence, we get that
u, —0in X asn — oo. (23)
In particular, (u,, ), is bounded in X.
On the other hand, taking h = —u;" in (21), we get
1 // Tplin () = n (D@ () =[G
2 lx — y|NtPs
2 24)

+)»/|u,'f|pdx+/f(x,u;f)u;fdxfsn.
Q Q
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From (19) we know that

1
5[un]f’+/|un|1’dx—(/\+1)/|u,j|l’dx—p/F(x,u;)dxgle (25)
Q Q Q

for all n > 1. Now, by (22) and (23), we have that

|x — y|N+ps dxdy — 0,

// Sp(un(x) — un(¥)(uy (x) — u, (y)
Q

and so from (25) we get

_ + _ 4t
%//JP(MH(X) Mﬂ(y))(un (.X) Lln (y)) dxdy

|x _ y|N+pS

? (26)
+/|un|l’dx—(x+ 1)/|u,j|de—p/F(x,u,j)dx <M,
Q Q Q
for some M > 0 and all n > 1. Adding (26) to (24) we obtain
/|unlpdx —/lu,ﬂpdx +/f(x,u;{)u;rdx - p/F(x,u,J{)dx < Mj
Q Q Q Q
for some M3 > 0 and all n > 1, which clearly implies
/o(x, ul)dx < Ms. 27

Q

Now we claim that («;7), is bounded in X, as well. We argue by contradiction. Up to a
subsequence, we assume that ||u;" || — oo as n — oco. Defining y, = u;"/||u;}||, we can assume
that

Yyo—y inX andy,—y inL9(Q) (28)
for every g € (p, p¥) with y > 01in Q.

First we deal with the case y £ 0. We define Z(y) = {x € Q : y(x) = 0}, and so we have
|2\ Z(y)| > 0 and u;” — oo for almost every x € 2\ Z(y) as n — 00. By (f2), we have

F(x,uf(x))  F(x,uf(x))
lwfll? weoP

Yn (x)P — o0

for almost every x € Q2 \ Z(y). From Fatou’s Lemma we get that

Fxut Feeut
/1iminf7(x’”" @) Sliminf/ Fauy @) oo

n=00 |y ||P =00 st 1P
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and so

/ F(x,u)}(x)) I

— 00 29
lluz (17 @)

as n — 0o.
Again from (19) we have

1 1 A1
——[u,,]f'——/|u,,|1’dx+i/|u;|de+/F(x,u,j)dx§M4
2p rJ r)

for some My > 0 and n > 1. From (17) we get

2r=2 1 A+ 1
—77mJV+wn%—;/mwwm%7¢/ﬁmhu+/meDwst
Q Q Q
and from (23)
202 A
—T[uf{]” + ;/IM,TI”dx +/F(x,uf{)dx < Ms,
Q Q

for some Ms > 0 and all n > 1, so that

/F(x, u)ydx < Ms + clluf||?
Q

for some ¢ > 0 and all n > 1. Dividing by [lu;" ||” and passing to the limit we obtain

lim sup

/F(x,uf{(x)) dx <

llust 1P

for some Mg, which is in contradiction with (29), and this concludes the case y # 0.
Now, we deal with the case y = 0. We consider the continuous functions y, : [0, 1] — R,
defined as

yalt) = &4 (1))

for any n > 1. So, there exists ¢, € [0, 1] such that

Yu(ty) = ng] Yu(2). (30)

1
Now, fixed u > 0, we define v, := (pu)? y, € X. From (28) we get that v, — 0 in L4(<2) for all
q € (p, py). From ( f1) we know that
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/F(x,vn(X))dxS/a(X)Ivn(X)IdX+C/Ivn(X)Irdx,
Q

Q Q

and so

/m, on (1)) dx — 0 G1)

Q

1
as n — 00. Since |u;" || — oo, there exists no > 1 such that (pu)? /||lu; || € (0, 1) for all n > ny.
Then, from (30), we have

1
(pu)»
st |

Yn(tn) = Y

for all n > ng. Thus, we get

Erltatt]) = E ()T y) = E4 (1)
=lu/ dedy—i/v,’;dx—/F(x,vn(x))dx
Q pQ Q

2 e =y VP
w uw 240+ 1
= =llyall? = —/yde— /vﬁ'dx—/F(x,vn(X))dx
2 2 2p
Q Q Q
21+ 1
B + /vfdx—/F(x,vn(x))dx
2 2p
Q Q

From (31) and the fact that v, — 0 in L?(£2), we get that
Er ) = 5 +o(1),
where o(1) — 0 as n — oo. Since u is arbitrary, we have
lim_ & (tyu,) = +00. (32)

On the other hand, since 0 < t,u,} <u; forall n <1, from (f3) we get

/o(x,rnu,j)dx < ﬁ/o(x,u;)der 8% 11 (33)

Q Q

foralln > 1.
In addition, we have that & (0) = 0; moreover, from (18) we get that

Eruf) < Ep(un) < M)
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for all n > 1 by (19). Together with (32), these two facts imply the existence of n; > ng such that
t, € (0,1) for all n > ny, namely ¢, # 0 and #,, # 1. Since ¢, is a maximum point for y,, we have

0=ty ¥, (ta)

21// |tatt} (x) — tyut ()|P dxdy
2 x — y[N*+Pp
9

(34)
—A/|tnu;l'|”dx—/f(x,tnu;:'(x))tnu,f(x)dx.
Q Q
Adding (34) to (33), we get
1//|rnu,f(x>—znu;(y>|f’ dxdy
2 |x _ y|N+ps
Q
— A/Itnuml’dx — p/F(x,tnu;f(x))dx
Q Q
<o [otufydx+ g,
Q
which is
pErt) =0 [ ot dr+ 181
Q
So, from (32), we get
lim [ o(x,u))dx = oo. (35)
n—oo
Q

Comparing (27) and (35) we obtain a contradiction, and so the claim follows.
In conclusion, we have proved that (ujl‘ )n 1s bounded in X, so from (17) and (23) we have that
(u,), is bounded in X. Hence, we can assume that

up,—u inX andu, —u inLY(Q) (36)

for every g € (p, py) as n — oo. Taking h = u,, — u in (21), we have
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1/ [, (x) — up (PP dxdy

2J) =y

dxdy + / |t |2t (i — 1) (37)
Q

|x — y|NFps

Q
_1// Ipun(x) — un(y)) (u(x) —u(y))
2
Q

—(A+1) / w1720 (uy — u) dx — /f(x, w) (uy —u)dx| < ey.
Q Q
From (f1) and (36), we have
/f(x, )} () (un (x) — u(x)) dx — 0,
Q
/ lutn | P14 — u) = 0
Q

and

/|M,T|”_2u,‘f(un —u)—0
Q

as n — oo. Passing to the limit in (37), we get

/ |un(x)_un(y)|p dxdy

|x — y|N+ps

PN dxdy — 0

Q
B // Ipn(x) — un(y)) (u(x) —u(y))
Q

as n — oo. From Proposition 3.2 we can conclude that #,, — u in X and this concludes the proof
that & satisfies (C). for every c € R.

Proceeding analogously, we have that &_ satisfies (C). for every c e R, as well. O

Now we are ready to give the proof Theorem 3.7.
Proof of Theorem 3.7. First, we want to apply Theorem 2.2 to &. So, as before, let (A;;), be
the sequence of eigenvalues defined in (4). As in the proof of Theorem 3.4, there exists m > 1

such that A, <2X + 1 < A;,41, and we use the same two symmetric closed cones C,,; and C,Jg
with C,, N C,; = {0}. By Theorem 2.6 we also have

i(Co\N{O)=i(X\C}H)=m.
In a similar way to the proof of Theorem 3.4, by (f1), (f) and taking u € C,; we have
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1 20+ 1
Eelw) = —fup — 2E /luﬂ"dx—i/wﬂ"dx—cg/|u+|qu
2p 2p 2p
Q Q Q

1 20+ 1
> Ljugr = 22F /|u|”dx—i/|u|"dx—cs/|u|qu
~2p 2p 2p

Q Q Q

LHMHP Qr+14+¢)[u)? —Cs/|u|qu
T 2p 2pAm+i
1 2 +1+¢
> (1 - —) llull” = Cllull?
2p Am41

for some C > 0. So there exists ry > 0 and @ > 0 such that, if |Ju| = r4 then & (1) > «.
On the other hand, taking u € C,,, e € X \ C,, with et #£0andt > 0, from (f>) we get

Er(u+te) < —||u+te||p— —/l(u+te)+|pdx—/F(x w+te)N)dx
Q
Fx,w+te)™) ((u+te)t)?

1
< —|u+te|ll’|1- dx | - —o0
2p (u+te)H)r  |u+te|?

as t — +00. So, there exists r_ > ry such that &, (u) <0 whenu € C,; + RTe and |u| > r_.
Again, we define D_, Sy, Q and H as in Theorem 2.4. By Corollary 2.5 we have that
(Q, D_U H) links S cohomologically in dimension m + 1 over Z». In particular, (Q, D_U H)
links S4. In addition, &4 is bounded on Q, &4 (#) <0 foreveryu € D_UH and & (u) > o >0
for every u € S1. Moreover, by Proposition 3.8 (C). holds as well.
By Theorem 2.2, & admits a critical value ¢ > «, hence a critical point u with & (u) > 0. In
particular, we have

l// Jpux) —u(y) @™ (x) —u"(y))

P— dxdy—/|u|”_2uu_dx

+(A+1)/|u+|p 2utu~ dx+/f(x uu~ dx

//J pu@) —u(y) (™ (x) —u"(y))

|x — |N+ps

dxdy + /(u_)pdx.

From (15) we get

OZ/ lu=(x) —u= ()P dxdy+/(u_)pdx
Q

lx — y|N+es

so that u~ =0 and u > 0. As a consequence, &1 (#) = & (u), and so u > 0 is a nontrivial solution
of (14).
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Arguing in the same way for &_, we can find a nontrivial negative solution v for (14).
By the maximum principle (see, for instance, [4] and [13] for the Robin problem and also [15]
for some linear cases), we can conclude that u > 0 and v < 0 a.e. in RN, O

4. A problem with linear growth

In this section we consider the problem

(=A)yu=g(x,u) inQ,

. 38
M pu=0  inRV\Q, 8

where € is as before and g : 2 x R — R is a Carathéodory function with p-linear growth;
namely, there exist a € L? (2) and b € R such that

lg(x, D] <a(x)+blt|P~! (39)

for every t € R and for a.e. x € Q.
As usual, we define the functional

1 / lu(x) —u(y)|P

I(u) = — |x_ywdxdy—!G()c,u)dx

so that every critical point of / is a weak solution of (38).
In order to state our result, we need to introduce the function

_ . g(x, 1)
o(x) :=limsup (40)
o0 |1|P72t
for a.e. x € . Then we have:
Theorem 4.1. Assume (39). If a(x) < A1 =0, then problem (38) admits a weak solution.
Proof. In this case we shall obtain one solution by applying the Weierstrass Theorem to 1.
First, we claim that
G(x,t o
limsup 1) L TX) 1)
tl—>oo 2P p

where G(x,1) := fé g(x, t)drt. By (40), for every ¢ > there exists K > 0 such that

gx,1)
=1

<ox)+e

for t > K and a.e. x € 2. Reasoning in a similar way for # < 0 and integrating gives

G(x,1) < M(lﬂp — K?)+max{G(x,K), G(x,—K)}
p
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for |t] > K. Hence,

as claimed.
Now we want to prove that (41) implies that

()
lim inf >0
llull—oo [[u|P

(42)

Indeed, take a sequence (u,), in X such that ||u,|| — oco. Up to a subsequence, we can assume
that v, := ”';ﬁ converges to some u# weakly in X and strongly in L?(£2). Moreover, |u| <1,
and also
Gx,up) _a@)|unl+blunl?/p b
< —> —u|
lunll? lunll? p

in L'(Q) as n — oo. By the generalized Fatou Lemma we have

G 9 . G 9
lim sup / Gl un) ) / Jimsup S0 n) (43)
n—00 Nl |7 n—oo lunll?
If (u,,(x)), is bounded,
G(x,up(x))
—= =0,
llun |I?
while if |u, (x)| = oo,
G(x, G(x, P w
lirnsupM = lim sup (r, n () fitn (1)] < aw) lu(x)]” <O.
n—soo  |lunll? n—soo  |un ()P flupll? p

In both cases

G 9
limsup/de <0,

n—00 lunll? -
but when u # 0, we have

G )
lim sup / Gun) 4o o, (44)

n—00 lunllP
Therefore, if u 7 0 in €2, we have

liminf

n=>00 Jlup [P~ ’

I (un) >_/G(x,un)

llunllP
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and so by (44) we get

(45)

On the other hand, if u =0 in 2,

bl

[(un) 1 |unl? dx—/G(x’”")d

luall? 2p J llunll? lluen (7

and so (45) holds also in this case.

Since (45) holds for every diverging sequence, (42) holds, as well.

In conclusion, it is easy to show that / is lower semicontinuous, while it is coercive from
(42). So we can apply the Weierstrass Theorem to find a minimum for 7, which is a solution of
problem (38). O
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