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1 | INTRODUCTION

We are concerned with a class of nonlinear nonlocal problems in presence of a weight g, possibly unbounded, which is
allowed to change sign. The prototype equations are

(—AYu+ pu = h(4,x,u) in Q
u = 0 11’1 RN \ Q,

but, actually, we shall consider problems where the leading operator (— A)* is replaced by more general nonlocal ones
denoted by R, see Section 2 for the precise setting. Here Q C RY is a bounded domain with Lipschitz boundary 0%,
A € R and h satisfies suitable structure conditions.

We shall start analyzing the eigenvalue problem

Lru+ pX)u=Au in Q

1
u=0 in R"\ Q, W
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showing the existence of a principal eigenvalue 4; enjoying the usual properties of the first eigenvalue in the clas-
sical locale case. This fact is far from being trivial, due to the fact that, at this step, f is assumed to be unbounded
and sign-changing. Once the existence of 1; is proved, it is standard to show the existence of a diverging sequence of
eigenvalues solving (1), see Theorem 2 below.

After this preliminary result, we will look for solutions to problems of the form

{EKM + U= f(x,u) in Q -

u=0 in RN\ Q,

with different assumptions on f. In particular, we produce two constant sign solutions in Theorem 3 by using the Mountain
Pass Theorem.
Finally, we consider a problem of the form

{SKu + pOou = Agle,u) + f(eu) in Q 3

u=0 in R"\ Q,

where g(x, -) has sublinear growth at infinity, while f(x, -) exhibits a superlinear growth. In this case we find two constant
sign solutions, and we produce a third nontrivial one by using the Weiestrass Theorem, provided that A is positive and
small. Of course, this result has the flavor of the celebrated one in previous work! for the local case. However, we shall treat
a nonlinear source fwhich does not satisfy the usual Ambrosetti-Rabinowitz condition (AR-condition for short), as done
in previous work? for the local Neumann case. Indeed, we employ a more general condition introduced in previous work,>
which covers the case of superlinear reactions with slower growth near +oo and which fail to satisfy the AR-condition; of
course, the lack of the AR-condition makes the situation more complicated, since it is not clear if Palais-smale sequences
are bounded. Thus, our result improves those in previous work,* where the existence of two solutions when f§ = 0 is proved
in presence of pure powers. For related results, see also previous work?® for the spectral fractional Laplacian, recalling that
such an operator is quite different from the one considered here, see previous work® Section 23 for 3 detailed discussion on
this fact. We also mention,” where a probem like (3) with pure powers and with fhaving critical growth has been studied
in presence of continuous and sign changing coefficients, showing the existence of two positive solutions for A small
enough. We conclude recalling that many other concave-convex problems have been studied in different situations, for
instance, in previous works.3-1!1

2 | MATHEMATICAL BACKGROUND

The underlying operator L is defined, up to a positive multiplicative constant which we rescale to 1, as

Lru(x) = 2PV / (uG) —u(y)Kx - y) dy,
RN

PV denoting the Cauchy principal value, namely,

PV / W) —u(y)Kx—-y) dy= lslg(} / (ux) —u(y)) K(x—y) dy.
RN

{yeRN & |yl2e)
Moreover, K : RV \ {0} — (0, o) is a function satisfying the following
K-assumption:

1. yK € LY(RN), where y(x) = min {1, |x|*};
2. there exist x > 0 such that K(x) > x |x|"™*2 for any x € RN \ {0}.

We notice that g = (—A)° when K(x) = |x|~N+29,
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Remark 1. Usually, it is also assumed that K(x) = K(—x) for any x € RN\ {0}. However, as shown in previous

works,'?13 one can equally prove that

Lru(x) = / [2ux) —u(x+ y) — ux — )1 K(y)dy
RN

without such a condition, thus we will not assume it.

In order to work with the operator L, it is necessary to introduce a suitable functional setting.
From now on, we fix s€(0,1) , N> 2s, and Q ¢ RN an open bounded set with Lipschitz Boundary. The space X is

X = {v tRY = R vl € LAQ), ((x) —v(y) VK(x-y) € LZ(Q)},

where @ = RN\ @ and O = Q¢ x Q°. The space X is endowed with the norm

Wllx = [Vl + / Iv00) = V() PKx — ) dxdy
Q

Moreover, we set
Xo={veX: v=0ae.in RV\Q}.
Like in the case of Sobolev spaces with integer s, it is possible to define a critical exponent that plays the same role in the

embedding theorems. Precisely we define
2N

and we have the following
Lemma1 (1 1emma6) ot K : RN\ {0} — (0, o) satisfy the x-assumption. Then

1. there exists a positive constant ¢ = c(N, s), such that for any v € X,

2 < /Iv(X)—v(y)I2 dudy:

2 -
IV g, = M1 ey S € [ T
2. there exist a constant C = (N, s, A, Q) > 1 such that for anyve X,
/ V) = v(IPK(x = y) dxdy < [IVII} < C/ V) = v PK(x — y) dxdy,

Q Q

that is

1

2

Ivilx, = / V() = v(»)|*K(x ~ ) dxdy
Q
is a norm in X, equivalent to the usual one defined in X.

Lemma 2. (*temma7) (X, || - ||x,) endowed with the scalar product

(U v)y, = / (u) — u(y) W) —v(y) K(x — y) dxdy
o)

is a Hilbert space.

Recalling that Q has a Lipschitz boundary, we have:
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Lemma 3 (14 Temmaoand8) 1ot g - RN\ (0} — (0, o0) satisfies the k-assumption. Then the following assertions hold
true:

1. the embedding Xy — LP(RN) is compact for every p € [1, 2%);
2. the embedding X, — L* (RN) is continuous.

A fundamental compactness tool is the following

Definition 1. Let X be a Banach Space, and let X* be its topological dual. Let ¢ € C'(X); we say that ¢ satisfies the
Cerami condition—(C) for short—if the following holds: every sequence (u,), C X such that

(@(un)), C R isbounded and (1 + ||u,||lx)@ (U,) — 0 in X* as n — oo,

admits a strongly convergent subsequence.

We shall use the following variant of the Mountain Pass Theorem, where the original Palais-Smale condition is replaced
by (C), see!> for a proof.

Theorem 1 (Mountain Pass Theorem). If X is a Banach space, ¢ € C1(X) satisfies (C), ug, u; satisfy ||u; — up|lx>p>0

max {p(up), p(u1)} <inf {Ww) : |lu—wllx =p} =n,,

setI’ :={y € C([0,1],X) y(0)=uy, y(1)=u,} and

¢ :=inf sup @(y(1)),
r€ltefo,1)

then ¢ >n, and c is a critical value for @.

3 | THE EIGENVALUE PROBLEM

In this section we give some results about the following nonlocal eigenvalue problem:

Lru+ pOOu = Au in Q P
U=0 in R"\ Q, 4

where & and Q are as above. More precisely, we prove

Theorem 2. Let K satisfy the k-assumption and let § € L1(Q) with q > 22—_2 = % Then there exists a diverging sequence
(An)n and associated eigenfunctions (i), C Xo \ {0} such that (An, 1) solve (Pin) for any n € N. Moreover, A is simple

with associated eigenfunction ii; > 0 a.e. in Q.

The proof of Theorem 2 essentially consists in proving that the candidate first eigenvalue is finite, and this is the hardest
part, because f is unbounded and sign-changing. Once the finiteness of 4, is proved, the existence of a diverging sequence
of eigenvalues follows in a standard way by applying the classical genus theory to a perturbed functional. Hence, we
start from

Proposition 1. Let K satisfy the xk-assumption and let € LI(Q) with q > %

eigenvalue A, € R which is simple and has an eigenfunction il; € X, such that i, > 0 a.e. in Q.

Then problem (P,) has a smallest

Remark 2. If p* € Lfgc(Q), or K(x) = |x|~™*+29_ we can conclude that #i; > 0 in Q, for instance, see Jaros and Weth!®
or Del Pezzo and Quaas!”- Remark 1.3
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Proof of Proposition 1. Let¥ : X, — R be the functional defined by

P = |ullx, +/ﬁu2 dx
Q

and consider the set

M=JueX: /uzdx=1
Q
Set
A= '}2]& Y(u). 4)

Claim 1: A1 > —oo.
Note that g > %, hence 2q’ < 2*. Then, if u € X,, by Theorem 3 we have that u?> € L7 (Q). Hence, by Holder's
inequality, we have that

[ e de| <, 5)

Q

We know that X, < L2 (Q) < L*(Q) and the first embedding is compact. So, by Ehrling’s inequality (for instance,
see, 18, Lemma10.128] given ¢ > (0 we can find c(e) > 0 such that

llull3, < ellully, +c@lull} ¥ u € Xo. (6)
From (5) and (6) we get
llullg, - / pu? dz < |lullg, + ellBliglully, + c@llBllglull. (7)
Q

Now, we choose € € (0,1/||f]l¢)- Reordering the terms from (7), we have

0 < lull}, (1~ €llBllg) < @)+ c@lIBllglull3, ®)

hence
—c@llBllgllull; < ¥,
which implies 4, > —co.
Claim 2: The infimum is obtained at a function ti; € M with @i; > 0 in Q.

Let (4,), C M be a minimizing sequence for (4), i.e. ¥(u,) — A, as n — co. Now, from (8) we observe that (u,), is
bounded, so we may assume that

u, = 0; in Xy and u, - iy in L*¥(Q) as n —» .

By the weak sequential lower semicontinuity and Lemma 3, we have that
loa |l <liminfllu,|l; and lim [ Buj dx= [ paj dx,
0 n—oo 0 n—oo
Q Q

and thus, ¥(&,) < 4;. Since il; € M, we get that W(ii;) = 2.
By the Lagrange multiplier rule, we have that fI; solves problem (P 1, ), and so {I; € Xj is an associated eigenfunction
to 21 .
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We observe that if u is a normalized eigenfunction for (P ;,)> by the triangle inequality we have
A< wud = [ dueol = K- ) dsdy+ [ pud
D Q

< / / u(x) — u(»)’K(x — y) dxdy + / pu* dx =P(u) = A,
D Q

hence we may assume u > 0.
Claim 3: A, is simple.
We start noticing that

(uru), =- / [u* (u™ (o) + utou(»)] Kex - y) dxdy <0 9)
Q

for every u € X,.
Now we improve Claim 2, showing that any weak solution u € X; of (P 11)’ u #0, is such that either

u>0in Q

or
u<0in Q.

Without loss of generality we assume that ||u||, = 1 and by (9) we have

Ay =P =Yu) +Pu)—2{ut,u >X0

> Allut 3+ AlluTll3 = A
Hence, in the previous inequality we find all equalities, and since $(u¥) > 4, |ju* ||§, we finally get the equalities
W) = Aillut |13 and W) = Aillu|I3,

that is u* and u~ are weak solution of (le), as well. Moreover, we also get that (u*, u‘)X0 =0, that is

0= / [ut (= (o) + ut u=(»)] K(x — y) dxdy.
Q

Since K> 0, we get that
uru (x) +ut(x)u"(y) = 0ae.in Q andsoin Q.

As a consequence, u~ = 0, or u™ = 0, as claimed.
Finally, in order to prove that 4, is simple, let us suppose that u, v are nontrivial solutions of (P 5,)- We have shown

above that we can suppose u, v>0with [ u > 0and /v > 0. Hence, it is possible to solve the equation in «
Q Q

O=/(u—av) dx=/udx—a/vdx.
Q

Q Q

Recalling that u — av is a solution of (P;) as well, we have just seen that there are two available options: u —av >0
with u — av#0 or u— av=0; in the first case we would have / (u— av) dz > 0, which is a contradiction. Thus, we
Q

deduce that u = av, which proves the simplicity of ;. O



APPOLLONI AND MUGNAI Wl L EY 11577

Remark 3. If p € L*(Q), then @1; € L*(Q) by Iannizzotto et al,'* and so by Ros-Oton and Serra?® F°P- 11 we get that
ue Cc(Q.

Remark 4. From now on we will denote by #; the first eigenfunction with ||@t;]; = 1 and &i; > 0in Q.
Proposition 2. LetV = {u € X, : [,lqu dx =0} and set

Ay =inf {(Pw) :ueMnV}.
Then A1 < Ay.

Proof. First of all, it is clear from the definition above that A< v
Suppose by contradiction that A1 = Ay. Then we can find a sequence (u,), C M NV such that ¥(u,) — v = .
By (8) we have

IIMnIIf(O(l —ellBllg) < Pun) + c@lIBllglunll; = i1 + c@lIAllg.
hence, (uy,), CXo is bounded, and so we may assume

U, = u in Xo and u, — u in L?7 (Q). (10)
Exploiting the sequential weak lower semicontinuity of ¥, by (10) and since u € M NV, we have
A1 <Y < liminf Y(u,) = 4; = Av,
n—oo

and hence,
YY) = A;.
By Proposition 1 this implies that u = *+¢i1; for some ¢ > 0, a contradiction to the fact that u € Mn V. Thus A< iv.
O

Proof of Theorem 2. The first part is contained in Proposition 1. Then, solving (P,) is equivalent to solving the
eigenvalue problem

Qu+ fu=Au in Q N
u=0 in R"\ Q,

where f = f— 41 + 1 and A = 4 — A; + 1. Thus, in order to show that (P,) has a diverging sequence of eigenvalues,
we apply the classical genus theorem in the form of [1% Theorem 9261 ‘Hence, set

du) = / uldx, w(u) =Yw) — (4 — 1) / uldx
Q

Q

and
Mi={ueXy, : yu =1}.
By definition of 1y, it is readily seen that [ u? <1ifu € 4. As a consequence, by (8) we get that, if u € ./, then

llully, (1 = ellBllg) < 1+ 14 =11+ c(@Illg.

Hence, .# is bounded. The other assumptions of Motreanu et al'> Theorem 9.26 gre easily verified, and so there exists a
sequence {(A,, U,)}, of solutions to (P,) with A, #0 and 1/A, = 0, f u, — 0as n— co. In particular,

1=w(un>=<An—21+1)/uﬁdx forall n €N,
Q
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which implies that A, - +o00 as n — oo, and so

~

Ap = +00 as n — oo,

as claimed. O

4 | MOUNTAIN PASS SOLUTIONS BELOW THE FIRST EIGENVALUE

In this section, we study the following nonlinear fractional problem

{qu + pu = f(x,u(x)) in Q )

u=0 in RN\ Q,

where, as before, Q ¢ RV is a bounded domain with Lipschitz boundary 0Q and # may be sign changing. As for f, we
shall assume

Hypothesis 1. f : QX R — R isa Carathéodory function such that f(x,0) = 0 for a.e. x€ Q and

@D feov)|<a@)d+|tP~1) foraexeQ allt € Rwitha € L®(Q); = {a € L®{Q} : a >0 a.e in Q}, pe(2,2*);
@) ifFe,b = [, f(x,w) dw, then

lim & (x2, D

= oo uniformly fora.e x € Q,
t-*oo t

(3) iféxx, 1) = f(x, )t — 2F(x, t), then there exists f* € L'(Q), such that
ECe,t) SECLY)+ B (x) forae xeQ andall 0 <t <y, or y<t<0;

(4) thereexist 99 € L*(Q) and no > 0 such that

< lim sup
t—0

f%” < 90(0)

S0
t

—1o < lim inf
o = t—0

uniformly for a.e x € Q, where 9 is such that one of the following conditions holds:
(i) B eL>(Q)orKx) = _Ix|3’+25 and 9 < Ay, 90 # Ai;
(i) 9y < A1 a.e. in Q.

Of course, the requirement in Hypothesis 1 (4)(i) ensures that the first eigenfunction is strictly positive in Q, see
Remark 2.

Remark 5. Hypothesis 4.1(3) was introduced in> to replace the stronger Ambrosetti-Rabinowitz condition.

Now, we introduce the functional ¢ : X; — R defined as

wm=§wm—/?uamwm

Q

whose critical points are solutions of (P).

Proposition 3. If Hypotheses 1 (1)-(3) hold and g € LY(Q) with q > % then ¢ satisfies (C).
Proof. Let (uy,), C Xo be a sequence such that

|o(uy)| < M, for some M; >0, all n>1 (11)
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and
(1 + llunllx,) @’ (un) = 0 in X; as n — co. (12)
‘We have
20(un) — @' (Up)(Un) = / [f &, un)uun — 2F(x, up)] dx.
Q

By using (11) and (12), we immediately obtain that

/f(x, u,) dx <M, forall n>1. (13)
Q

Claim: (u,), C Xy is bounded. By contradiction we suppose that, up to a subsequence,
lunllx, = o0 as n — oo. (14)
qu

T >1. Then ||y,||lx, = 1 for all n > 1 and so we may assume that
nllXp

Let y, =
yn—yin X and y, - y in LP(Q) as n - oo. (15)
First, suppose that y#0 and let Qy = {x € Q : y(x) = 0}. Then
[up(x)] = oo forae x € Q) :={x€Q : x¢&Qo}.

Then Hypothesis 1 (2) and Fatou's Lemma imply that

lim / PO w0) g1 — o
o Jos llunl,

But
/ Fx, ungx)) dx = / F(x,unix)) de + / F(x, unix)) dx.
o Nually, o Ilunlly, o llunlly,
and so .
nm/w dx = oo, (16)
e ) Hlually,

On the other hand, from (11) we know that

/ w dx < M; for some M; and all n > 1,
llunlly,

which contradicts (16).
Now suppose that y = 0. We fix > 0 and define

v, = (Zn)iyn € X, forall n > 1.

Since
v, = 0 in LP(Q),
we have
/F(x,vn) dx — 0as n - oo. a7)
Q
By (14), we can find ng > 1 such that
0 < (2n): <1forall n>n (18)

llunllx,
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Let £, € [0,1] be such that

From (18) it follows that

APPOLLONI AND MUGNAI
@(Cuuy) = (}2&)(1(P(Cun)
@(Cnlin) = @) = n¥(yn) — / F(x,v,) dx for all n > ny. (19)

Q
As we have just seen,

/ﬁuz dx| < 1Bllgllull?, .
Q

Again by Theorems 3, X, < L% (Q) < L2(Q) and the first embedding is compact. By Ehrling's inequality, given ¢ > 0

we can find c(e) > 0 such that
||u||§q, < €||u||)2(0 + c(e)|lull? for all u € X,.

Like in (8), we get
A = ellpliplully, < ¥ +c@llBllgllull3.
Now use (20) in (19), so that

oGatin) = 1 [(1 = €llBlly) = c@1BllgllyallZ] - / Flx, o) dx

Q

for all n> n,. Choose € € (0,1/]|8ll4) and note that
llyall3 = 0 as n — oo,
see (15) and recall that y = 0. By (21), using (17) and (22), we get that
lim infe(Cautn) 2 n(1 = €llfllq)-
Since # > 0 is arbitrary, by letting n — co we conclude that
@(fulty) — 00 88 N — 0.

Notice that
(0) =0 and @(u,) < M, forall n > 1.

Therefore, (23) implies that there exists n; > ng such that ¢, € (0, 1) for all n > n;; hence,
d
_(P(gun)|g=¢n =0 forall n>ny,

a¢

and so
Y(lnttn) = /f(x, Cnlin)Cnlty dx forall n > ny.
Q

Using Hypothesis 1(3) we have

/é(x, Cnlty) dx < /é(x, uy) dx+ |||, forall n > n,.
Q Q

Using the definition of &, (24) and (13) we obtain

2(Enuty) = Y(Cnltyn) — 2 / F(x, uuy) dx = /f(xa Cnlln) dx < My
Q

Q

(20)

(21)

(22)

(23)

(24)

(25)



APPOLLONI AND MUGNAI Wl L EY 11581

fore some M, >0 and all n > n;. Comparing (23) and (25) we reach a contradiction. This proves the claim.
By the previous claim, now we may assume that

u, = u in Xy and u, - u in L?(Q). (26)
Choosing u, — u € Xy as test function in (12), passing to the limit as n — co and using (26), we find
lim (Rxup, u, —u) =0
n—-oo

which implies that u, — u in Xj as n — oo, and so ¢ satisfies (C). O

Lemma 4. If Hypothesis 1(4) holds, then there exists ayp > 0 such that

() = Y(u) — /80u2 dx > a0||u||)2<0.
Q

Proof. The lines of the proof follow those of in the proof of Mugnai and Papageorgiou.2! Lemma 18
Of course, X(u) > 0. By contradiction, we suppose the lemma is not true. Using the 2-homogenity of X, we can find
(uy)n € Xp such that
llunllx, =1 forall n>1 and Z(u,) — 0% as n — oo. (27)

‘We may assume
U, = uin X, and u, » u in L*(Q) as n - . (28)

It follows from (28) and the lower weak semicontinuity of ¥ that £(u) <0, and so

wmg/%ﬁﬁgaw@ (29)

Q

If u = 0 then from (8) applied to u, and (28) we see that u, — 0 in Xo, a contradiction to the fact that [|u,||x, = 1 for
all n> 1. Hence u # 0, but now from (29) and Proposition 1 we can deduce that W(u) = A, ||ul|?, and so u = +o1il; for
some ¢ > 0. If Hypothesis 1.4(i) holds, then it;(x) > 0 for a.e. x€ Q, and so from the first inequality in (29) we have
YY) < A ||u||§, again a contradiction; if 1.4(ii) holds, then the contradiction is reached using 9y < A1 and u#0. The
lemma is thus proved. O

Now, we want to prove the existence of nontrivial solutions of constant sign. For this, we introduce the following

truncations-perturbations of the reaction f:

fen=14" <o (30)
T fu gt ifo<t

and

fo(x,0) = (31)

fet+yt ift<o0
0 if 0 <1,

where y > c(e) || f]l4 once e is chosen (see the Proof of proposition 3). We set
t
Foeon = / fex,w) dw.
0

Then, set f(x) = f + y and define
Yu) = ||u||§(0 + / Booyu? dx for all u € X,.
Q
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Finally, we consider the functionals @, : Xy — R defined by
() = %‘i’(u) - / Fy(x,u) dx forall u € Xo.
Q

Remark 6. If we repeat the proof of Proposition 3 for the functionals ¢., we immediately have that they both
satisfy (C).

Proposition 4. If Hypothesis 1 holds, f € L1(Q) with q > %, then u = 0 is a strict local minimizer for ¢ and §...

Proof. 'We do the proof for the functional ¢, for the others being similar. By Hypotheses 1(1) and 1(4), given € > 0 we
can find c, such that

Fext) < %(SO(x) 4ol +cltf forae xeQ all tER, p>2. (32)

Then, for every u € X, we have

1 1 1
o = 3vw - [ Foew dr> Tve -1 [ o e Sl - culf,
Q Q

Recalling Lemma 3, we can find C > 0 such that ||u||?> < C||ul| f(o and ||u||§ <C ||u||§’(0. Applying these inequalities to (4)
together with Lemma 4, we obtain

1 2 eC 2 p
0w > 2w - [ su dz = I, - Colulf,

Q
a—eC p
2 — llully, = Cellully,-
Choosing € € (0, ap/C), we have
o) 2 Cillully, = Callullf . (33)

for some C;, C;>0. Since p > 2, from (33) we get that u = 0 is a strict local minimizer of ¢ (and similarly for the
functionals @+ ). O

Proposition 5. If Hypothesis 1 holds and g € LI(Q) with q > % then for every u € Xy \ {0}, we have p({u) — —oco as
{— too.

Proof. By Hypothesis 1(1) and 1(2), given any u > 0 we can find c, > 0 such that
F(x,t) > gtz —c,foraexeQandall € R.

Hence, for u € Xy, u# 0 and ¢ > 0, choosing y > 0 big enough, we have

p(lu) > —c0 as { — oo.
O

Theorem 3. If Hypothesis 1 holds, § € L1(Q) with q > %, then problem (P) admits at least two nontrivial weak solutions
i, v € X, such that
P(x) <0 <L i(x) a.ein Q.

Proof. By Proposition 4, we can find p € (0, 1) so small that

@+(0) =0 <inf {@,) llullx, = p} := 1y G4
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Then (34), together with Proposition 5 and Remark 6, implies that we can use the Mountain Pass Theorem. So we
can find & € X, such that

?+(0) =0 <y < @, () (35)
and
@ (@) =0. (36)
From (35), we see that it # 0, while from (36), we have

Ll + fOON = fo(x, ). 37)
By (9)

N N —_/nt n ~=112 ~=112
(o), = (o —a-.a7), = (@07 ), — I lf, < -l (38)

On (37), we act with =1~ € X,. Then together with (38), we get
W)+ yllaC |2 < (@ -0 )y, + / p@)? dx+yllam|2 =0, (39)
Q
From (8) with ¢ > 0 small enough, we have

A = ellBlPNaTIZ, = c@lBligha™ I3 < ¥@). (40)

Since y > c(€) || Bll¢, from (39), (40) and recalling that ||a~||2 < C||&~ ||§(0 (see Lemma 3) it follows that

Cllallz, <0 (41)
for some C > 0, which implies that
>0, a#0.

So, (37) becomes
L+ i = f(x, ).
i.e. 01 is a weak solution for (P).
In a similar fashion, working this time with ¢_, we obtain another nontrivial solution ¥ € X, having negative
sign. O

5 | APARAMETRIC PROBLEM WITH COMPETING NONLINEARITIES

In this section we study the following parametric nonlinear problem:
Riu + pou = Ag0c, ux)) + f(x,u(x)) in Q E
L=0 in R"\ Q, !

A>0 being a parameter. Strengthening the previous assumption, here we will assume that g € L°(). Moreover, f is a
general superlinear function at co, while g is sublinear. In this case problem (E,) is an extension to the fractional setting
of the problem studied in? and of that in! with more general nonlinearities and a sign changing weight in the operator.
Moreover, we improve the assumptions in? to find the desired solutions.

Going into details, we impose the following conditions on g and f:

Hypothesis 2. g : Q X R — R is a Carathéodory function such that g(x, 0) = 0 for a.e. x€ Q and
(1) there exist be L*(Q) and P € (2,2*) such that

lgte, )] < b)) + |t]” 1) forae xeQ, all t e R;
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lim 805 1)
t-+oo

(3) ifG(x, 1) = /Ot g(x,7) dz, then there exist p, g €(1,2), §o >0 and 7jy, #o > 0 such that

= 0 uniformly for a.e. x € Q;

0 < g(x, )t < pG(x,t) fora.e. x € Q, 0 < |t| < bo,

essﬂinf G(-,+69) > 0,

. g, 1)

lim sup=——+=
) pltlp‘zt

nolt]? < g, )t forae. x € Q, all t € R.

< #o uniformly for a.e x € Q and

Hypothesis 3. f : Q xR — R is a Carathéodory function such that f(x,0) = 0 for a.e. x€ Q and

(1) there exist a € L*(Q), and r € (2,2*) such that
£, 0] < ax)A + |t]") forae. x € Q, all t e R;

(2)
lim S0
t—-Foo t

(3) there exists 9 € [0, A1) such that

= +oo uniformly for a.e. x € Q;

lim
t—0

S 1)
t

= 9 uniformly for a.e. x € Q.

Now, for 4> 0 set
&a0x, 1) = Ag(x, Dt + f(x, )t — 2AG(x, t) — 2F(x, 1),

where F(x, t) = fol f,w) dw.
Following Mugnai and Papageorgiou,® we introduce the following condition.

Hypothesis 4 For every 1> 0, there exists f; € L'(Q) such that

§i(x, 1) < &0k, y) + By (x)

fora.exeQandall0<t<yory<t<O0.

Remark 7. The condition ess infoG(-, £69) > 0 in Hypothesis 2(3) is automatically satisfied if stronger assumptions
on g are required, see.??

Example 1. Examples of functions satisfying the growth assumptions introduced above are given by
gx.t) = |t|P~*t and fi(x.t) = |t|"*t

where p=gq, or

Ix — §|x|r—2x if |x] <1,

x) =
f20) ,9x(1og|x|+§) if x| > 1,

where 2 <r<2* and 9 < ;. Notice that f1 satisfies the AR—condition, while f, does not.

Now, we denote by ¢, : Xy — R the energy functional associated to problem (E;,), namely,

@, (u) = %‘P(u) - /1/ G(x, u(x)) dx — /F(x, u(x)) dx

Q Q
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for all u € X,. It is standard to see that ¢; € C'(Xp).
As above, by suitable truncation-perturbations of the map ¢+~ Ag(x, t) +f(x, t), we will produce signed nontrivial
solutions to (E;). To do that, from now on we assume that

p e L®(Q).

*

So, by (6), fixed ¢ >0, if > 2*2__2 we choose y > || 8]l and

v > @Bl > c(e)l|Bll with c(e) > 1.

Now define
if t <0,
I, 1) = B
AgCe, )+ foo,t)+yt if0<t

g, )+ fOo,t)+yt ift<O
0 ifo<t.

(42)

h; (x,t) =

Both h;—’ are Carathéodory functions. We set

t
H(x, t)=/ b (e, w) dw
0

and consider the C'-functionals (p:l—' : Xo — R defined by

HOE %‘I‘(u) + gllu”% - /Hf(x, u(x)) dx for all u € X,.
Q

Notice that Hypotheses 2, 3, 4 imply that the map (x, £) > Ag(x, £) + f(x, t) satisfies Hypothesis 1. Thus, by Proposition 3,
we immediately have that

Proposition 6. If Hypotheses 2, 3 and 4 hold, 1> 0 and f € L®(Q), then ¢, and (pf satisfy (C).

In order to prove the existence of two signed solutions, we shall apply the Mountain Pass Theorem. We start with the
next two propositions, where we show the validity of the mountain pass geometry for 7, provided that 4> 0 is small
enough.

Proposition 7. Assume Hypotheses 2, 3 and 4 hold, A >0 and g € L*(Q). Then:

1. There exists A5 > 0 such that for all A € (0, A7) there exists pj > 0 such that
inf {@tw) : llullx, = p}} :=m} > 0.
2. There exists A~ > 0 such that for all A € (0, AZ) there exists p; > 0 for which we have

inf {@; W) : llullx, = p; } :=m; > 0.

Proof. Without loss of generality, we assume P < r (otherwise r is replaced by P in the calculations below).
Hypotheses 2 and 3 imply that given d > 8 > 0 with y > c(e)|| ]| + 9, we can find C = C(d) > 0 such that

Hi(x,t) < g(ﬁ)2 + AC(tTY + CA + A (tt) forae. xe€ Q, all t e R. (43)
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Then, for all u € Xy, using (8) and Theorem 3 we have

(1 —ellAll-) c@lIAll- Y d
P W) > TIIMII;Z(O - Tllulli + Ellulli - Ellullﬁ
— ACull; = @ + HCllull;
1 1 5
2 501- ellpliolullz, + Sc@lille+r - Dllull3 (44)

- /1BIIMII§D(0 — (1 + A)Dllully,
> (A= Blull? = DA+ Dllull? ) full
for some A, B, D> 0.
Now, consider the function
ki(y) = ABy*"2 + D1 + A)y' "% forall y € R.

Of course, k; € C1(0, o) and since p < 2 < r (see Hypotheses 2 and 3), we have
k() > 0 as y —» 0t andas y - oo.

Thus, there exists y, € (0, o0) such that
k;(yo) = min {k;(y) : y> 0}.
Then k/,(yo) = 0, so that AB(2 — p) = D(1 + A)(r — 2)y, *, and so

B2-p) 17
M= |2
Yo(4) [D(1+/1)(r—2)]
Since 5
1+ 2= =r_2>0,
r—p r-p

we get that k;(yo) = 0% as A — 0" and so there exists 4% > 0 such that for every 4 € (0, A%) we have
k;(yo) < A.
So, from (44) it follows that
inf {@}@) : llullx, = p} = 9D} =m] 2 A~k;(y0) >0

forall 4 € (0, 4%).
In a completely analogous way, we show the corresponding result for ¢7, valid for all 1 € (0, A2). O

For the next result, we set
A =min {4}, AL},

Proposition 8. If Hypotheses 2, 3, 4 hold, 1 € (0, A*) and f € L*(Q), then for every u € Xy, with u >0 and ||ul|, = 1, we
have ¢} ({u) — —oc0 as { — oo.

Proof. Hypotheses 2(1) and 2(2) imply that, given o > 0, there exists C; = C1(c) > 0 such that
AG(x, 1) > —%tz —C,forae. xeQ, all teR, all, A€ (0,1). (45)
Similarly, Hypotheses 3(1) and 3(2) imply that, given x> 0, we can find C, = C3(y) > 0 such that

F(x,t) > §t2 —C,forae. xeQ, all teR. (46)
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Let u € Xy, with u >0 and ||u||, = 1, and let { > 0. Then, from (42), (45) and (46), we have

2
@} < = (Il + Blle + 0 =+ O)] (since fullz = 1 “7)

for some C> 0.
Since ¢ >0 and u >0 are arbitrary, we can choose o > 0 so small and y > 0 so large that y — o > ||u||)2(0 + ||flle + C.
Then, from (47), we infer that
®;(u) —» —o0 as { — oco. O

Remark 8. In an analogous way, we have that if u € Xy, with u <0 and ||u||, = 1, then
@, (fu) > —oc0 as { - oo.

Now we can show the existence of two nontrivial constant sign solutions.

Proposition 9. If Hypotheses 2, 3and 4 hold, A € (0, A*) and p € L*(Q), then problem (E,) admits at least two nontrivial
weak solution such that
Vo(x) <0 < up(x) fora.e x € Q.

Proof. We do the proof for the functional ¢} . By Proposition 7, for every 4 € (0, 4*) it is possible to find p} > 0 such
that

m’ =inf {@* W) : |lullx, = p}} > 0. (48)
Thanks to (48) and Propositions 6 and 8, we can apply the Mountain Pass Theorem. So we can find uy € X, such
that
@H0) =0 <m' < ¢t u) 49)
and
@} (up) = 0. (50)
The inequalities in (49) tell us that uy # 0, while from (50) we have

Lty + (BCO) + y)uo = I (x, uo). (51)
Like we have already done in Proposition 3, thanks to (9) we have
(uoug )y, = (ug = tgottg )y = (ugottg )y = g I3, < =llug I (52)

Acting on (51) with —u; and using (52), we obtain
W)+ 7llug I3 < (o, -5 ), + / P dx + yllug I3 = 0. (53)
Q

Recalling now (8) with e > 0 small enough, we have
1- €||/3||r)||u5||§(0 —c@lIBllNugll3 < ¥uo™), (54)
with y > ¢(e) || B||.. Hence, by (53), (54) and recalling that |Jus~||2 < C|lue™ ||)2(0 (see 3) it follows that
Cllug ||;2(0 <0
for some C > 0, which implies that
Uy >0, ug #0.

So, (51) becomes
frug + XU = f(x, Ug) + Ag(x, u),
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that is, ug is weak solution for (E;).
Analogously, working with ¢, we obtain the other nontrivial solution vy € X, such that vy <0. O

In the next proposition we produce a third nontrivial solution for (E,;) when 4 € (0, A*).

Proposition 10. If Hypotheses 2, 3, 4 hold, 1 € (0, A*) and f € L®(Q), then problem (E,) has a third nontrivial weak
solution yo € [ug, vol.

Proof. Let ug and vy the two constant sign solutions found in Proposition 9. Choosing y as before, we consider the
following truncation perturbation of the reaction in problem (E,):

A8, () + f(x, vo(X)) + ywo(x),  if £ <vo(x),
d(x, ) =3 Ag(x, ) + f(x, 0) + rt, if vo(x) < t < up(x), (55)
A8(x, up(x)) + f (o, uo(x)) + yuo(x), if ¢ > up(x).

Of course, d, is a Carathéodory function. Now, set D; = fox d,(x,w) dw and consider the C'-functional 5, : X, —» R
defined by

B(u) = %‘{’(u) + guung - /D,l(x, u(x)) dx for all u € Xo.
Q

By (8), since y > || 8|, We get that
YW + rliull; = Cllully, (56)

for some C > 0.
From (56) and (55), it is clear that E, is coercive. Moreover, it is sequentially weakly lower semicontinuous. So, by
the Weierstrass Theorem, we can find y, € X, such that

5/1()’0) =inf {E}L(U) tue Xo} . (57)
By Hypothesis 3 (3), given ¢ > 0 we can find § = 6(¢) > 0 such that
F(x,t) > %tz forae. x € Q, all |t| < 6. (58)

Recalling Remark 3, for ¢ € (0, 1) small enough, we have that {ii; € (0, §] for all x € Q. Then

2 Anold
zcan < S [ty -0+l - ’%Cualnq,

see (4), (42), (58) and Hypothesis 2 (3).
Since by Hypothesis 2 (3) g < 2, by choosing ¢ € (0, 1) even smaller if necessary, we have

E;i(Ci) <0,
so that from (57)

E1(yo) < 0 =E,(0), (59)

and hence y, #0.
From 57 we have E/ (y) = 0, that is

L yo + () +y) yo = da(x, yo). (60)
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On (60) we act with (vy —yo)* € Xo. Then, by (55) we get
OM%—MW%+/w®+wm%—mfw
Q

= /d/l(X, yo)(Wo — yo)* dx = /dA(X,Vo)(Vo —yo)t dx
o

Q

= (Vo. (W0 — )" ) + / (PO + 7)vo(vo — yo)* dx,
Q

hence

(vo = yo. (w0 — yo)* >X0 + / (B +7) Wo — yo)(vo — yo)© dx = 0.
Q

Then, recalling the choice of y, there exists C > 0 such that
(vo = yo. (vo — yo)* >X0 + é/ (o = y0) o — yo)© dx L0,
Q

and so, using (9) in the first inequality, we get

[l(vo — YO)+||)2(0 < l(vo — YO)+||)2(0 = (o= y0)", (o — yo)* >X0

e / (o = yo)* ]

Q

= (Vo — yo.Wo — y0)* ), +C [ (o — yo)(wo — yo)* <0.
X,
Q

Thus, we get that vy <y, in Q.

In an analogous way, acting on (60) with (yo — ug)* € Xp and repeating similar calculations, we obtain y, < uy. Putting
together the two inequalities, we have yy € [vg, up] = {u € Xp : vo(x) < u(x) < up(x) Vx € Q}.
Then (60) reads

L yo + )y = A8(X, yo) + f (X, yo),

that is, y, is a weak solution of problem (E,). O

In conclusion, summarizing the results above, we can state the following multiplicity theorem:

Theorem 4. If Hypotheses 2, 3, 4 hold and p € L*(Q), then there exists A* > 0 such that for all A € (0, A*) problem (E;)
has at least three nontrivial weak solutions uy, vy, yo € C*(Q)\ {0} such that

up >0 fora.e x € Q,
Vo <0 fora.e. x € Q,
Yo € [ug, vol .
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