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Abstract

This work outlines the elastic bending analysis of transversally loaded shear-deformable rectilinear orthotropic composite annular
plates. The load condition discussed in the paper, along with the displacement constraints, are derived by the composite bolted
joints theoretical reference model – this analytical solution is a necessary effort for the obtainment of a custom finite element
capable of simulating this kind of joints with high accuracy and limited computational effort. Firstly, the constitutive equations
of the family of plate under investigation are obtained in the framework of the first-order shear deformation theory. The de-
scribed methodology is founded on the application of the virtual displacements principle and its solution is performed according
to Ritz method after the writing of displacement field approximation functions fulfilling the boundary conditions. The three
unknown displacement components are obtained for different case studies concerning rectilinear orthotropic composite annular
plates featuring various slenderness ratios, shape factors and stacking sequences. The outcomes comparison with FE numerical
solutions evidences a high degree of fidelity. The presented results demonstrate that this enhanced version of the Ritz analytical
solution method, which accounts for the composite plate shear deformability, can be more effectively employed to describe the
displacement field of composite plates connected by a bolted joint in the area surrounding the bolt.

Keywords: Rectilinear orthotropic composite material; Circular plates; First-order shear deformation plate theory; Bolted
connections; Ritz method

1. Introduction

Common and advanced engineering applications in many fields such as the aerospace, aeronautical and automotive industrial
sectors make a wide and constantly increasing use of composite material components because of the elevated possibilities of
achieving a substantial mass budget reduction along with a remarkable structural efficiency which they guarantee in comparison
with conventional metallic parts. As a consequence, other mechanical design aspects must be considered in dealing with com-
posite shells applications, such as the need of joining together different composite parts, or composite and metal parts, and in this
order of ideas bolted joints connections represent one of the widest employed joint technique. Consequently, these connections
must be modeled and simulated adequately in order to perform reliable structural analyses since their failure can jeopardize the
overall project integrity.

These aspects imply the necessity of adapting and transferring the knowledge and the expertise acquired in the design and
simulation of traditional spot/bolted connections for metal sheets applications to the novel generation of composite components.
Hence, the proper simulation, through detailed three-dimensional FE models, of these connections is highly relevant as pointed
out by the broad literature referred to this subject [1–7]. Aeronautical and aerospace industries are the main fields experiencing a
continuously increasing employment of composite material components to replace preexisting metallic ones with the objective of
obtaining greater stiffness and strength properties per unit mass; thus, bolted joints connecting composite material or composite-
metal components find extensive applications in these sectors [5, 6, 8–10]. As an example, in the design of aerospace launchers,
anisogrid composite lattice structures are progressively substituting conventional metallic counterparts [11, 12] and, in this regard,
the problematic of adequately simulate the bolted joints connecting the composite lattice shells endings to aluminum flanges is
important.

Subsequently, the authors’ purpose is the definition of a custom Spot Joint Element capable of describing the structural
behavior of a region surrounding the bolted joint, comprising the bolt and a circular portion of both the plates. The Spot Joint
Element definition is in accordance with a finite element assembly originally developed for the analysis of spot welded joint for
metal sheets or riveted joints [13]. The great benefits belonging to this simulation tool are represented by the heavily reduced
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number of DOFs involved in the FE analysis of the spot joint without any loss in the results accuracy; therefore, this simulation
technique is markedly effective in the study of multi-jointed structures [14, 15].

The stiffness matrix of the user-defined finite element is obtained through the solution of the spot joint theoretical reference
model. In the original formulation of the Spot Joint Element, the theoretical formulation of this element is derived from the
full analytical solution of the spot joint theoretical reference model which consists in an annular plate with isotropic material
properties featuring a rigid core (when a bolt connection is considered) acting the inner edge of the plate and blocked at the
outer radius. Aiming to enlarge the application field of the Spot Joint Element, this consolidated FE architecture can be further
enhanced to include the FE simulation of composite bolted joints, considering a new theoretical reference model in which the
annular plate is made of rectilinear orthotropic composite material. In this case, the annular plate is a laminate consisting of fiber
reinforced layers in which the fibers are disposed along rectilinear directions, meanwhile the overall geometry is axisymmetric;
it follows that the plate stiffness properties are are circumferentially variable.

The published literature regarding the analysis of composite circular plates is wide and varied and it covers various aspects
according to different necessities. The initial efforts in this direction belong to Lekhnitskii [16, 17], who realized a preliminary
analysis concerning the deflection of elliptic and circular plates.

The first study concerning elastic stability assessment of rectilinear anisotropic circular plates belongs to Tang [18]. Elastic
instability of polar orthotropic annular plates is investigated in Ref. [19], the authors provide a solution in order to define
buckled and post-buckled states of the composite plates. The problem of buckling resistance is deepened by Fu and Waas in
Ref. [20], they describe the solution through Rayleigh-Ritz method of the problem of annular plate subject to internal or external
pressure distribution. The work accounts for both rectilinear and polar orthotropic material properties. Moreover, Seifi et al.
[21] studied the elastic instability problem cross-ply laminated annular plates, under the thin-plates assumption according to
symmetric buckling loads.

With reference to the modal behavior of rectilinear orthotropic composite circular plates, Rajappa [22] determined natural
frequencies and mode shapes of clamped circular plates making use of Galerkin method. Analogously, in Ref. [23] the same
characteristics are determined through the employment of the least-squares interior collocation method. Furthermore, Nallim
and Grossi [24] realized the the dynamic analysis of symmetrically laminated composite and circular plates accounting for the
influence of fiber orientation on the natural frequencies, the approach is based on the Rayleigh-Ritz method. Then, the Ritz
solution to the 3D free vibration analysis of thick annular functionally graded plates with piezoelectric layers is outlined in Ref.
[25].

A study about elastic linear and non-linear analysis of symmetrically laminated sector plates having rectilinear orthotropic
characteristics was conducted in Ref. [26] by Salehi and Sobhani. The governing differential equations were derived in both
linear and non-linear forms in the frame of Mindlin plate theory; then, the dynamic relaxation method in conjunction with the
finite difference discretization technique were employed to discretize the equations in order to solve the problem. Laminated
sector plates are further discussed in terms of non-linear static analysis in Refs. [27] accounting for first-order shear deformation
theory, large deformation and Von Kármán non-linearity by means of generalized differential quadrature method. Additionally,
Kadkhodayan et al. [28] investigated the elastic behavior of rectilinear orthotropic plates, featuring different shapes, assuming
large deflections. The governing equations, expressed in Cartesian coordinates, are firstly discretized making use of the finite-
difference method and then resolved through the application of DXDR dynamic relaxation method.

In Refs. [29, 30] the authors provided an analysis of stiffened annular functionally graded sector plates undergoing thermal
and mechanical loads; material properties vary along the plate thickness direction and Von Kármán large deflection hypothesis
is assumed along with first-order shear deformation plate theory obtaining nonlinear equilibrium equations which are solved
exploiting the finite difference method and the dynamic relaxation method. The thermo-elastic behavior of functionally graded
circular plates is also discussed [31]. Full Analytical solutions are provided for axisymmetric mechanical and thermal loads
acting on the upper and lower surfaces of the plate.

Laminated sector plates featuring both polar and rectilinear orthotropic material properties are analyzed in Ref. [32], account-
ing for angular variability of stiffness properties in the latter case.

The bending problem of composite circular plates featuring a square hole is treated in Ref. [33]. The bending moment
distribution around square hole is obtained with a known mapping function in symmetric laminates undergoing different loading
conditions.

The studies of the same authors depicted in Refs. [34–37] are aimed to establish the theoretical framework of the novel
Spot Joint Element; meanwhile, on the one hand, the isotropic theoretical reference model can be solved fully analytically,
closed form solutions cannot be obtained after the introduction of rectilinear orthotropic material and, consequently, the elastic
analyses previously conducted necessitated of approximated solutions through the employment of semi-analytical approaches
based on weight residual methods or the energy approach. In particular, [35] presents an original approach which combines the
bending plate theory for composite materials, in order to analytically define the governing equation of rectilinear orthotropic
composite circular plates subject to transversal loads, with the use of Galerkin solution method. In addition, in Ref. [34],
the same authors discussed the possibility of introducing the hypothesis of axisymmetry for the mid-surface deflection for the
specific case of quasi-isotropic laminates. Moreover, after the derivation of the constitutive equations, the energy approach was
considered adopting Ritz method along with the principle of virtual displacements allowing to enlarge the amount of resolvable

2



load conditions, including both transversal and in-plane load conditions [36] and in-plane bending moment and torque moment
[37]. The expressions of the approximation functions are derived according to constraints conditions and depicted in a general
formulation for all load conditions.

The solution of the in-plane load condition was implemented in [38], as a first trial, in the FE stiffness matrix of the enhanced
Spot Joint Element. The outcomes of FE analyses in which the novel composite bolted joint element is utilized reliably match
those obtained by virtue of conventional FE models, but requiring an high number of nodes and elements.

The previous studies allow to completely determine the terms of the new Spot Joint Element stiffness matrix. However,
these solutions are obtained in the frame of classical lamination plate theory (CPT) and consequently the displacement field
they provide is in accordance with the kinematics hypotheses of Classical plate theory which does not account for the effect
of transverse shear deformations. This implies that the solution for the transversal load condition precisely describe the actual
displacement field for low slenderness ratios between thickness and outer radius, whereas the mid-surface deflection turns out be
underestimated as long as this parameter is increased. Anyway, slenderness ratios usually employed in constructive practice can
be affected by not negligible transverse shear deformations: this requires an improvement of the theoretical framework.

Therefore, this work aims to the definition of an original solution procedure for the transversal load condition based on the
first-order shear deformation theory (FSDT) in order to precisely reproduce the displacement field of the mid-surface of the
annular rectilinear orthotropic circular plates, improving previous studies realized about this topic [34–36]. Thus, the derivation
of constitutive equations is outlined taking into account the plate shear deformability to set up a theoretical approach based on
the application of Ritz method to solve the principle of virtual works. The general expression of the principle of virtual work
is presented for the transversal load condition; additionally, specific forms of the approximation functions are derived for the
mid-surface deflection and the rotations around the circumferential and the radial directions.

Then, results are presented for two symmetrical lay-ups largely employed for industrial applications and in literature regarding
composite bolted joints, i.e. the quasi-isotropic (QI) and the zero-dominated (0D) ones (see Refs. [1–5, 7]). Outcomes of Ritz
method showing the dependence of displacement components on both radial and circumferential coordinates are reported and
compared with those of FE analyses obtained through a refined reference model. Afterward, the effect of the aspect ratio of the
composite circular plate on the results is further investigated in conjunction with the slenderness ratios one.

The proposed analytical method results show a very good agreement with the outcomes of reference FE analyses, demon-
strating the high reliability and accuracy of the presented method. In the end, the FSDT turns out to be more accurate of the CPT
to deal with the design and the analysis of composite bolted joints.

2. First-order shear deformation plate theory constitutive equations of rectilinear orthotropic composite circular plates

A circular plate cut out from a rectangular laminate features, despite the axysimmetric geometry, a unique set of material
properties principal directions and, as a consequence, its elastic behavior turns out to be dependent on the angular coordinate
θ. This characteristic arises because of the particular fibers arrangement present within the layers that make up the laminate.
In fact, the fibers of every layer are disposed longwise straight trajectories and form a specific angle with respect to the x-axis
of the Cartesian coordinate system, Fig. 1, according to the plate stacking sequence. Because of the circumferentially variable
bending stiffnesses, the bending analysis of this class of circular plates involves the solution of a bidimensional problem in order
to determine the displacement field produced by the action of transversal or bending loads.

Figure 1: Theoretical reference model of composite bolted joints and stress resultants acting on a plate element.
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2.1. Stress-strain relation

Nevertheless, the cylindrical coordinate system (r, θ, z) is more suitable in order to perform the investigation of rectilinear
orthotropic composite circular plates. Therefore, the starting point of the analysis is represented by the definition of the stress-
strain relation for a generic kth rectilinear orthotropic layer building up a laminate circular plate in cylindrical coordinates; these
expression can be obtained by means of the application of the rotation matrix

[
T (θ)

]
to the stress and strains vectors expressed in

Cartesian coordinates (x, y, z) as widely described in [36]:
σr

σθ
τθz
τrz

τrθ


k

=
[
Q(θ)

]
k


εr

εθ
γθz
γrz

γrθ


k

(1)

where the transformed reduced stiffness matrix in cylindrical coordinates
[
Q(θ)

]
k

is obtained by means of the matrix product:[
Q(θ)

]
k

=
[
T (θ)

] [
Q
]
k

[
T (θ)

]T
=

=


c2 s2 0 0 2cs
s2 c2 0 0 −2cs
0 0 c −s 0
0 0 s c 0
−cs cs 0 0 c2 − s2




Q11 Q12 0 0 Q16

Q12 Q22 0 0 Q26

0 0 Q44 Q45 0
0 0 Q45 Q55 0

Q16 Q26 0 0 Q66


k


c2 s2 0 0 2cs
s2 c2 0 0 −2cs
0 0 c −s 0
0 0 s c 0
−cs cs 0 0 c2 − s2


T

(2)

being: c = cos(θ), s = sin(θ) and θ the angle evaluated from the x-axis of the Cartesian coordinate system to the r-axis of the
cylindrical coordinate system, Fig. 1, and

[
Q
]
k

indicates the transformed reduced stiffness matrix of the kth layer expressed in the
global Cartesian coordinate system.

The terms composing the reduced stiffness matrix in the cylindrical coordinate system
[
Q(θ)

]
k

of the kth rectilinear orthotropic
layer are no more constants as the layer exhibits a different elastic response depending on the angular coordinate θ.

Moreover, a condition of perfect adhesion between the layers comprising the rectilinear orthotropic composite circular plate
can be supposed, owing to one of the fundamental assumption encompassed in the classical lamination theory [39]. This aspect
entails the displacements and strains are continuous functions alongside the plate thickness direction z and, subsequently, the
comprehensive stresses of the rectilinear orthotropic composite circular plate can be derived adding up the homologous stress
terms of the N layers over the thickness:

σr

σθ
τθz
τrz

τrθ


=

N∑
k=1


σr

σθ
τθz
τrz

τrθ


k

=

N∑
k=1

[
Q(θ)

]
k


εr

εθ
γθz
γrz

γrθ


=

[
Q(θ)

]

εr

εθ
γθz
γrz

γrθ


(3)

in which a generic term of the laminate reduced stiffness matrix in the cylindrical coordinate system is: Qi j(θ) =
N∑

k=1
Q

(k)
i j (θ).

2.2. Compatibility equations

As regards the kinematic assumptions, the FSDT relieves one of the basic hypotheses proper of the CPT; indeed, the normals
to the plate mid-surface are no more presumed to remain perpendicular to the mid-surface when the laminate undergoes a defor-
mation. This behavior is attained adding a constant state of transverse shear strains alongside the laminate thickness to the strain
field. However, the assumptions of plane-stress state and inextensible normals are preserved; as a consequence, the mid-surface
deflection w is constant in reference to the thickness coordinate z [40, 41].

Therefore, the FSDT state the components of the displacement field along the coordinate directions r, θ and z are:

ur(r, θ, z) = u(r, θ) + z φr(r, θ)
uθ(r, θ, z) = v(r, θ) + z φθ(r, θ)
uz(r, θ, z) = w(r, θ)

(4)

where u, v and w denote the plate mid-surface (z = 0) radial, circumferential and deflection displacements respectively; whereas
φr and φθ indicate the rotations of the normal to the plate mid-surface about the circumferential and radial directions.
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Additionally, the strains expressed in cylindrical coordinates and related to the displacement components in (4) are:


εr

εθ
γθz
γrz

γrθ


=



∂ur
∂r

ur
r + 1

r
∂uθ
∂θ

∂uθ
∂z + 1

r
∂uz
∂θ

∂ur
∂z +

∂uz
∂r

1
r
∂ur
∂θ

+ ∂uθ
∂r −

uθ
r


=


ε0

r
ε0
θ

γ0
θz
γ0

rz
γ0

rθ


+ z


κr

κθ
0
0
κrθ


(5)

being each strain composed of two contributions, the first one represents the mid-surface strains and the latter connected to
mid-surface curvatures.

Then, each strain and curvature term in (5) can be written as a function of the mid-surface displacements:

ε0
r =

∂u
∂r

κr =
∂φr

∂r

ε0
θ =

u
r

+
1
r
∂v
∂θ

κθ =
φr

r
+

1
r
∂φθ
∂θ

γ0
θz = φθ +

1
r
∂w
∂θ

γ0
rz = φr +

∂w
∂r

γ0
rθ =

1
r
∂u
∂θ

+
∂v
∂r
−

v
r

κrθ =
1
r
∂φr

∂θ
+
∂φθ
∂r
−
φθ
r

(6)

In the end, the strain field features in-plane components of strain which linearly depend on the coordinate z and overall amounts
of the transverse shear strains that do not vary alongside the composite annular plate thickness.

2.3. Stress resultants
Furthermore, the integration of the elemental forces and moments over the N-layers in the laminate thickness t returns the

stress resultants per unit width:

• In-plane forces
Nr

Nθ

Nrθ


=

∫ t/2

−t/2


σr

σθ

τrθ


dz =


A(θ) A12(θ) A16(θ)

A12(θ) A22(θ) A26(θ)

A16(θ) A26(θ) A66(θ)




ε0

r

ε0
θ

γ0
rθ


+


B11(θ) B12(θ) B16(θ)

B12(θ) B22(θ) B26(θ)

B16(θ) B26(θ) B66(θ)




κr

κθ

κrθ


(7)

• Shear forces 
Qθ

Qr

 = Ks

∫ t/2

−t/2


τθz

τrz

 dz = Ks

A44(θ) A45(θ)

A45(θ) A55(θ)



γ0
θz

γ0
rz

 (8)

• Bending and torque moments
Mr

Mθ

Mrθ


=

∫ t/2

−t/2


σr

σθ

τrθ


zdz =


B11(θ) B12(θ) B16(θ)

B12(θ) B22(θ) B26(θ)

B16(θ) B26(θ) B66(θ)




ε0

r

ε0
θ

γ0
rθ


+


D11(θ) D12(θ) D16(θ)

D12(θ) D22(θ) D26(θ)

D16(θ) D26(θ) D66(θ)




κr

κθ

κrθ


(9)

The coefficient Ks = 5
6 present in Eq. (8) is the shear correction factor needed to adjust the approximation introduced by the

FSDT kinematic hypotheses which introduces a constant, over the thickness, distribution of shear stress which instead is of higher
order.

Regarding the stiffness matrices proper of the expressions of stress resultants (7-9), the stiffness coefficients dependent on the
angular coordinate θ are defined as:(

Ai j(θ), Bi j(θ), Di j(θ)
)

=

∫ t/2

−t/2

Q
(k)
i j (θ)

(
1, z, z2

)
dz

=

(
1,

1
2
,

1
3

) N∑
k=1

Q
(k)
i j (θ)

(
(zk, z2

k , z3
k) − (zk−1, z2

k−1, z3
k−1)

) (10)

5



where: Ai j(θ) are the extensional stiffnesses, Bi j(θ) the bending-extension coupling stiffnesses and Di j(θ) the bending stiffnesses
for a rectilinear orthotropic composite circular plate expressed in the cylindrical coordinate system. In addition, zk and zk−1 are
the oriented distances to the bottom and the top, respectively, of the kth layer.

3. Application of Ritz method to principle of virtual displacements

The presented procedure is based on Ritz method which must be employed in conjunction with the principle of virtual
displacements, as outlined in [36], in order to take into account the natural boundary conditions of the specific problem. The
principle of virtual displacements for a rectilinear orthotropic circular plate undergoing transversal loads states:

δW = δWI + δWE = 0 =

∫
Ω

(
σr δεr + σθ δεθ + τθz δγθz + τrz δγrz + τrθ δγrθ

)
dΩ

−

∫ π

−π

(
b Qb δw(b, θ) − a Qa δw(a, θ)

)
dθ −

∫ a

b

∫ π

−π

q(r, θ) δw(r, θ) dθ rdr
(11)

in which: δWI and δWE are the internal and the external virtual works. Additionally, the symbol δ is utilized to denote virtual
displacements and strains, Ω is the circular plate analytical integration region, meanwhile dΩ is the infinitesimal volume element.
As regards the external loads involved in the transversal load condition, they act along directions perpendicular to the plate mid-
surface, they are: distributed forces per unit-length acting at the outer or at the inner plate edge, Qa and Qb respectively, or a
distributed load q(r, θ).

With reference to the solution method provided in [36] in the framework of CPT for the transversal load condition, the internal
virtual work δWI assumes a different formulation since the analysis is realized according to an enhanced theoretical background;
meanwhile the external virtual work δWE is formally unvaried. Additionally, it should be noted that the employment of the FSDT
implies the determination of three independent displacement components: the mid-surface deflection w(r, θ) and the rotations of
the normal to the plate mid-surface about the circumferential and radial directions, φr(r, θ) and φθ(r, θ) respectively; whereas the
previously described analysis founded on the CPT exclusively required the solution of the plate mid-surface deflection as the two
rotation components were dependent on the deflection.

Then, specifically, as regards the transversal load condition of the theoretical reference model (Fig. 1), i.e. a composite
annular plate characterized by rectilinear orthotropic material properties with clamped constraint conditions at the outer edge and
presenting a rigid core at the inner one undergoing external loads orthogonal to its mid-surface, the generic formulation of the
internal virtual work is:

δWI =

∫ a

b

∫ π

−π

[
Nr
∂δu
∂r

+ Nθ

(
δu
r

+
1
r
∂δv
∂θ

)
+ Nrθ

(1
r
∂δu
∂θ

+
∂δv
∂r

)
+ Qθ

(
δφθ +

1
r
∂δw
∂θ

)
+ Qr

(
δφr +

∂δw
∂r

)
+

+Mr
∂δφr

∂r
+ Mθ

(
δφr

r
+

1
r
∂δφθ
∂θ

)
+ Mrθ

(1
r
∂δφr

∂θ
+
∂δφθ
∂r
−
δφθ
r

)]
dθ rdr (12)

As a consequence of the action of external loads perpendicularly to the composite annular plate mid-surface, both the in-
plane displacement components, i.e. the radial u and the circumferential v, vanish; meanwhile the three unknown displacement
components are other than zero and must be obtained according to the solution method. Moreover, it should be considered that
the bending-extension coupling stiffness terms Bi j(θ) are all null as a result of the lay-up symmetry in reference to the composite
plate mid-surface. In addition, no membrane-shell coupling effect is activated by the transversal loads because of the linear strain-
displacement relations were taken into account. Thus, it can be concluded that the in-plane stress resultants vanish, whereas the
bending and the torque moments in (9) are exclusively function of the curvatures.

Besides, accounting for the transversal load condition, the theoretical reference model of composite bolted joint introduces
the following boundary conditions:

• Outer edge of the plate: r = a

(I) w(a, θ) = 0

(II) φr(a, θ) = 0

(III) φθ(a, θ) = 0

(13)
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• Inner edge of the plate: r = b

(IV) w(b, θ) = const ∀θ ⇒
∂w(b, θ)
∂θ

= 0

(V) φr(b, θ) = 0

(VI) φθ(b, θ) = 0

(14)

The boundary conditions prescribed at the outer edge of the annular plate, because of the clamping constraint conditions, require
that the deflection and the rotations around both the circumferential and the radial directions must be all null, as stated by
conditions (I), (II) and (III) respectively. On the other hand, the boundary conditions defined at the inner edge and deriving
from the rigid core address: uniform deflection at the inner edge, i.e. invariant with the circumferential coordinate θ, as outlined
by condition (IV); then, null rotations about the circumferential and the radial directions at the inner radius are demanded by
conditions (V) and (VI).

Furthermore, the Ritz method statements impose the components of the displacement field to be formulated through the
summation of a complete set of continuous and linearly independent approximation functions, each one weighted by means of
unknown scalar coefficients. In addition, it must be considered that in consequence of the dependence of the bending stiffnesses
on the circumferential coordinate, the three unknown displacement components of the rectilinear orthotropic composite circular
are not axisymmetric, being function of the angular coordinate θ in accordance with a trigonometric function. Therefore, the
approximate form of the mid-plate transversal displacement and the rotations about the circumferential and radial directions, i.e.
WN(r, θ), ΦN

r (r, θ) and ΦN
θ (r, θ) respectively, are defined by means of the summation of two contributions: firstly, the medium

contribution of the displacement field component which is independent from the angular coordinate θ; the second one represents
the angular perturbation provoked by the not-axisymmetry of the material properties on the medium component of displacement.
Thus, the approximate form of the three displacement components to be determined are expressed as the summation of two
contributions:

• Approximate mid-surface deflection

w(r, θ) ≈ WN(r, θ) = W M(r) + W̃N(r, θ) =

Mα∑
j=1

c j ϕ j(r) +

Nα∑
j=Mα+1

c j ϕ j(r, θ) (15)

• Approximate rotation about the circumferential direction

φr(r, θ) ≈ ΦN
r (r, θ) = sΦM

r (r) + Φ̃N
r (r, θ) =

Mβ∑
l=1

kl ψl(r) +

Nβ∑
l=Mβ+1

kl ψl(r, θ) (16)

• Approximate rotation about the radial direction

φθ(r, θ) ≈ ΦN
θ (r, θ) = sΦM

θ (r) + Φ̃N
θ (r, θ) =

Mγ∑
n=1

hn λn(r) +

Nγ∑
n=Mγ+1

hn λn(r, θ) (17)

where c j, kl and hn are the unknown scalar coefficients of the three approximate displacement components to be determined.
In Eqs. (15-17), the first series W M(r), sΦM

r (r) and sΦM
θ (r) represent the medium and axisymmetric contribution of displacement

component, the second ones W̃N(r, θ), Φ̃N
r (r, θ) and Φ̃N

θ (r, θ) are the contributions for the angular perturbation needed to take into
account the variable bending stiffnesses. Further, the subscripts α, β and γ are employed because, in general, the number of terms
in the series of the approximate displacement components are different.

The approximation functions ϕ j(r, θ), ψl(r, θ) and λn(r, θ) for the angular perturbation contribution of the mid-surface deflec-
tion w and the rotations about the circumferential and the radial directions, φr and φθ, are obtained through the product of two
functions: the first one is function of the only radial coordinate r, and the second one function that is, contrariwise, exclusively
dependent on the angular coordinate θ:

ϕ j(r, θ) = p j(r) g(θ)

ψl(r, θ) = pl(r) g(θ)

λn(r, θ) = pn(r)
dg(θ)

dθ

(18)
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in which the functions p(r) are employed for the radial dependent contribution of all three displacement components because
they have to satisfy the same boundary conditions.

Moreover, it can be concluded that the functions p(r) can be utilized even to describe the axisymmetric contribution of the
rotations φr and φθ, i.e.:

ψl(r) = pl(r)

λn(r) = pn(r)
(19)

Moreover, according to the transversal displacement of the annular plate mid-surface, the functions p(r) are needed to respect
the boundary conditions (13) and (14). Thus, so as to fulfill the boundary condition (IV) requiring a uniform mid-surface
deflection at the annular plate inner edge, the series W̃N(r, θ) must be null if evaluated at the inner radius b, despite the effective
deflection at that radial coordinate does not vanish. Hence, this aspect contributes to clarify the role played by the summation
W̃N(r, θ): it is accountable for the variation with the angular coordinate θ of the composite annular plate transversal displacement
caused by the circumferentially variable bending stiffnesses.

With reference to the trigonometric function g(θ), this function of the angular coordinate θ is necessary to account for the
circumferential fluctuation of the displacement field components and it must be particularized depending on the lay-up featured
by the annular plate. As regards the symmetrical lay-ups utilized for the numerical examples outlined in the following Section,
two trigonometric functions g(θ) are employed:

• QI lay-up

g(θ) = sin
(
2θ +

π

4

)
(20)

• 0D lay-up

g(θ) = cos
(
2θ −

π

8

)
(21)

Additionally, the case studies hereafter discussed in Section 4 make use of series WN(r, θ), ΦN
r (r, θ) and ΦN

θ (r, θ) composed
of 10 terms; in particular, 5 terms series to represent the medium and axisymmetric contribution of displacement component
and 5 for the not-axisymmetric ones. Both the approximation functions ϕ j(r) and the functions p(r) employed in the numerical
examples are of polynomial type and cannot be expressed through a general form, so the they are listed in the Appendix Sections.

Once the approximation functions have been selected, Ritz method addresses the substitution of the approximate form of the
displacement components (15-17) in the energy principle, i.e. the virtual displacement statement outlined in (11) in this case. By
virtue of this substitution, the principle of virtual displacements depends only on the N unknown coefficients. Then, its validity
must be assured for every admissible virtual displacement obtained with the δci coefficients, this requirement implies the validity
of the principle of virtual displacements independently from these coefficients:

δW(S N) =

N∑
i=1

∂W
∂ci

δci = 0 ∀δci ⇒
∂W
∂ci

= 0 (22)

The validity of Eq. (22) requires the solution of a linear system of N algebraic equations to find the N unknown coefficients; each
equation is of the type:

N∑
j=1

Ri j c j − Fi = 0, i = 1, 2, . . . ,N (23)

in which the coefficient matrix terms Ri j are depend on the approximation functions, material properties and plate geometry,
whereas the known terms Fi are function of the external loads.

For what concerns the determination of the unknown scalar coefficients c j, kl and hn, the substitution of the approximate form
of the displacement components outlined in Eqs. (15-17) in the principle of virtual displacements (22) returns a linear system of
the type (23): 

RNαxNα

i j RNαxNβ

il RNαxNγ

in

RNβxNα

k j RNβxNβ

kl RNβxNγ

kn

RNγxNα

m j RNγxNβ

ml RNγxNγ

mn





...
c j
...
kl
...

hn
...


=



...
Fi
...
0
...
0
...


(24)
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The coefficient matrix of the system of algebraic equations (24) is made up of various submatrices whose elements are:

Ri j =

∫ a

b

∫ π

−π

{
Φi

}T [
A(θ)

] {
Φ j

}
dθ rdr

Ril =

∫ a

b

∫ π

−π

{
Φi

}T [
A1(θ)

]
ψl dθ rdr

Rin =

∫ a

b

∫ π

−π

{
Φi

}T [
A2(θ)

]
λn dθ rdr

Rk j =

∫ a

b

∫ π

−π

ψk

[
A1(θ)

]T {
Φ j

}
dθ rdr

Rkl =

∫ a

b

∫ π

−π

( {
Ψk

}T [
D(θ)

] {
Ψl

}
+ A55(θ)ψkψl

)
dθ rdr

Rkn =

∫ a

b

∫ π

−π

( {
Ψk

}T [
D1(θ)

] {
Λn

}
+ A45(θ)ψkλn

)
dθ rdr

Rm j =

∫ a

b

∫ π

−π

λm

[
A2(θ)

]T {
Φ j

}
dθ rdr

Rml =

∫ a

b

∫ π

−π

( {
Λm

}T [
D1(θ)

]T {
Ψl

}
+ A45(θ)λmψl

)
dθ rdr

Rmn =

∫ a

b

∫ π

−π

( {
Λm

}T [
D2(θ)

] {
Λn

}
+ A44(θ)λmλn

)
dθ rdr

(25)

where:

{
Φi, j

}
=


1
r
∂ϕi, j

∂θ

∂ϕi, j

∂r


{
Ψk,l

}
=



∂ψk,l

∂r
ψk,l

r

1
r
∂ψk,l

∂θ


{
Λm,n

}
=


1
r
∂λm,n

∂θ

∂λm,n

∂r −
λm,n

r

 (26)

[
A1(θ)

]
=

A45(θ)

A55(θ)

 [
A2(θ)

]
=

A44(θ)

A45(θ)

 (27)

[
D1(θ)

]
=


D12(θ) D16(θ)

D22(θ) D26(θ)

D26(θ) D66(θ)


[
D2(θ)

]
=

D22(θ) D26(θ)

D26(θ) D66(θ)

 (28)

Additionally, referring to the transversal load condition, the known terms in the solving equations (24) can be deduced from
the external virtual work in (11):

Fi =

∫ π

−π

(
b Qb ϕi(b, θ) − a Qa ϕi(a, θ)

)
dθ +

∫ a

b

∫ π

−π

q(r, θ) ϕi(r, θ) dθ rdr (29)

Aiming to the development of an innovative finite element modeling technique for composite bolted joints, the transversal load
condition relevant for the definition of the novel finite element stiffness matrix consists in a force P acting on the internal rigid core
alongside the z-axis of the cylindrical coordinate system, i.e. on the symmetry axis of the composite annular plate. Nevertheless,
it should be noted that the rigid core is not part of the integration domain Ω defined by the annular plate, consequently the external
load P is replaced by a statically equivalent distributed force per unit-length applied at the internal radius b of the annular plate
Qb = P

2πb .

4. Results

This Section concerns the application of the proposed analytical method to some case studies reproducing the theoretical
reference model of spot joint element to verify the proposed method reliability. As previously described, they are referred to
annular plates clamped on the outer radius and featuring an internal rigid core. In the following application examples, the
composite annular plates bear external transversal loads consisting in a unitary force P (see Fig. 1) applied to the plate axis,
along the z-axis of the cylindrical coordinate system and with the same verse.
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Results from all proposed case studies are then compared with those obtained by means of refined FE models. The FE models
were made using layered shell featuring 4 nodes with 6 DOFs per node.

The case studies are analyzed exploiting of rectilinear orthotropic composite annular plates realized with highly utilized lay-
ups for technical applications regarding composite bolted joints, i.e. QI and 0D lay-ups as reported in Refs. [1–5, 7]. In particular,
the employed stacking sequences (Table 1) and the unidirectional fiber-reinforced layer stiffness properties (Table 2) are reported
in Ref. [1]; the layer thickness is tlay = 0.13 mm.

Table 1: Lay-ups used in the numerical examples [1].

Quasi-isotropic Zero-dominated
[45/0/ − 45/90]5s [(45/02/ − 45/90)3/45/02/ − 45/0]s

Table 2: Unidirectional fiber-reinforced layer stiffness properties [1].

E11 [GPa] E22 [GPa] E33 [GPa] G12 [GPa] G13 [GPa] G23 [GPa] ν12 [−] ν13 [−] ν23 [−]
140 10 10 5.2 5.2 3.9 0.3 0.3 0.5

All the numerical tests were executed with a fixed value of the overall composite annular plate thickness t = 5.2 mm.
Besides, the impact on results accuracy of composite annular plates geometrical characteristics was investigated. In particular,
three different slenderness ratios between the plate thickness t and its outer radius a were examined: 0.05, 0.075 and 0.100. This
study is needed to progressively emphasize the plate shear deformability and highlight how it affects the results furnished by the
proposed method and that cannot be taken into account by the methods proposed in Refs. [35, 36] which are based on the CPT.

Additionally, six different plate aspect ratios β = b
a obtained trough the ratio between the inner and the outer radii of the plate

were analyzed: β0 = 0.05, β1 = 0.1, β2 = 0.2, β3 = 0.3, β4 = 0.4 and β5 = 0.5.
The comparisons between results of the proposed analytical method (named FSDT in the Figures) and those of FE analyses

are presented in the diagrams in dimensionless form, showing the distribution of the displacement components along both radial
and circumferential coordinates.

Moreover, for what concerns the composite annular plate configuration characterized by slenderness ratio t
a = 0.05, which

represents the upper-bound value for the application of the thin-plate theory, results obtained through the analytical method
founded on the classical plate theory (named CPT in the Figures) outlined in Ref. [36] are further reported in terms of mid-
surface deflection and rotations about the circumferential direction; whereas analogous outcomes for the rotations about the
radial direction are not reported since their percentage variation with respect to the FE solution is too considerable.

As regards results for the mid-surface deflection, numerical results in Fig. 2 are presented in terms of dimensionless deflection,
for both QI and 0D lay-ups and all the considered slenderness ratios, that is the ratio between the mid-surface deflection w(r, 0)
and its value at the inner edge w(β, 0) obtained with FE analyses. These diagrams show the dimensionless deflection variation
along the dimensionless radius ρ = r

a , at the angular coordinate θ = 0 rad. Similarly, Fig. 3 reports for both QI and 0D lay-ups, for
all the considered slenderness ratios t

a , and for an aspect ratio β = 0.1, the variation of the dimensionless mid-surface deflection
along the dimensionless angle θ = θ

π
. Again, dimensionless quantities are based on the mid-surface deflection at the inner edge

w(β, 0) obtained with FE analyses. Moreover, any of these diagrams outline the circumferential variation of the mid-surface
deflection at five values of the dimensionless radius: ρ=(β, 0.25, 0.40, 0.60, 0.80).

Results in Figs. 2 and 3 demonstrate that the proposed analytical method is capable of describing the composite annular
plate mid-surface deflection with an excellent level of fidelity for both the dependences on the radial and the angular coordinates.
Further, Table 3 reports the percentage variations ∆β, evaluated at the inner radius ρ = β, between the results of the analytical
method and the FE ones for both QI and 0D lay-ups. It is evidenced that regardless the lay-up, the slenderness and the aspect ratios
the percentage variations are contained within the threshold of the numerical error, stating a significant coincidence between the
outcomes of the proposed analytical method and the FE ones.

Additionally, as regards the angular variation of the mid-surface deflection (Fig. 3), the curves for ρ = 0.40 and 0.60
feature a more notable fluctuation with the angular coordinate, meanwhile it is less evident for ρ = β, 0.25 and 0.80 because
the constrains acting on the internal and external radii tend to limit its circumferential variability. It should be noted that the
mid-surface deflection for ρ = β turns out to be not dependent on the angular coordinate θ: this confirms the capability of chosen
approximation functions of fulfilling the (IV) of boundary conditions (14).

Then, according to the lay-up influence, the composite annular plates featuring QI lay-up present a maximum circumferential
variation of the mid-surface deflection, for a given value of ρ, of 5%; instead, the laminates with 0D lay-up are characterized by
a circumferential variation of mid-surface deflection of the order of 10%. Hence, the composite annular plates with 0D lay-up
more strongly depends on the angular coordinate θ.
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Table 3: Mid-surface deflection percentage variation ∆βi [%], evaluated at ρ = β for various values βi, between analytical method and FEA for both lay-ups.

QI lay-up
t
a ∆β0 [%] ∆β1 [%] ∆β2 [%] ∆β3 [%] ∆β4 [%] ∆β5 [%]

CPT 0.050 −8.20 −7.55 −7.71 −8.94 −11.16 −14.83
FSDT 0.050 −0.68 −0.56 −0.31 −0.33 −0.37 −0.38

0.075 −0.79 −0.66 −0.38 −0.63 −0.77 −0.98
0.100 −1.11 −0.88 −0.89 −0.99 −1.17 −1.44

0D lay-up
t
a ∆β0 [%] ∆β1 [%] ∆β2 [%] ∆β3 [%] ∆β4 [%] ∆β5 [%]

CPT 0.050 −8.45 −7.69 −7.95 −9.36 −11.4 −15.19
FSDT 0.050 −0.71 −0.58 −0.34 −0.30 −0.37 −0.51

0.075 −0.82 −0.61 −0.58 −0.64 −0.75 −1.02
0.100 −1.15 −0.92 −0.88 −0.97 −1.14 −1.41

Table 4: Rotation about the circumferential direction percentage variation ∆βi [%], evaluated for the maximum value at θ = 0.5, for various values βi, between
analytical method and FEA for both lay-ups.

QI lay-up
t
a ∆β0 [%] ∆β1 [%] ∆β2 [%] ∆β3 [%] ∆β4 [%] ∆β5 [%]

CPT 0.050 0.57 −0.61 −0.26 −0.02 0.04 0.29
FSDT 0.050 −0.26 0.20 0.06 −0.28 −0.50 0.30

0.075 −1.00 −0.45 −0.62 −0.57 −0.85 −1.13
0.100 −1.45 −0.97 −0.75 −1.03 −1.36 −1.73

0D lay-up
t
a ∆β0 [%] ∆β1 [%] ∆β2 [%] ∆β3 [%] ∆β4 [%] ∆β5 [%]

CPT 0.050 0.11 0.06 −0.45 −0.62 1.21 2.33
FSDT 0.050 −0.13 0.21 0.26 −0.43 −0.04 0.39

0.075 −0.83 −0.23 0.17 0.38 0.49 0.56
0.100 −1.27 −0.54 0.08 0.40 0.37 0.76

Table 5: Rotation about the radial direction percentage variation ∆βi [%], evaluated for the maximum value at θ = 0.5, for various values βi, between analytical
method and FEA for both lay-ups.

QI lay-up
t
a ∆β0 [%] ∆β1 [%] ∆β2 [%] ∆β3 [%] ∆β4 [%] ∆β5 [%]

0.050 1.92 0.77 1.13 2.44 −3.30 −11.67
0.075 3.08 1.59 −1.77 −3.07 −10.35 −14.37
0.100 2.11 0.19 −3.39 −8.01 −12.67 −15.34

0D lay-up
t
a ∆β0 [%] ∆β1 [%] ∆β2 [%] ∆β3 [%] ∆β4 [%] ∆β5 [%]

0.050 2.52 5.78 0.90 −10.50 −11.02 −17.23
0.075 0.20 1.52 2.91 −12.86 −12.09 −16.54
0.100 −1.26 −1.66 −1.04 −11.84 −13.84 −16.86
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Figure 2: Curves of dimensionless mid-surface deflection as function of ρ, evaluated at θ = 0 rad for different ratios t
a and for β0 = 0.05, β1 = 0.1, β2 = 0.2,

β3 = 0.3, β4 = 0.4 and β5 = 0.5 with QI and 0D lay-ups.
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Figure 3: Curves of dimensionless mid-surface deflection as function of θ for different ratios t
a and β = 0.1, at ρ =(β, 0.25, 0.40, 0.60, 0.80) with QI and 0D
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Figure 4: Curves of dimensionless rotation about the circumferential direction as function of ρ, evaluated at θ = 0 rad for different ratios t
a and for β0 = 0.05,

β1 = 0.1, β2 = 0.2, β3 = 0.3, β4 = 0.4 and β5 = 0.5 with QI and 0D lay-ups.
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Figure 5: Curves of dimensionless rotation about the circumferential direction as function of θ for different ratios t
a and β = 0.1, at ρ =(β, 0.25, 0.40, 0.60, 0.80)

with QI and 0D lay-ups.
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Figure 6: Curves of dimensionless rotation about the radial direction as function of ρ, evaluated at θ = 0 rad for different ratios t
a and for β0 = 0.05, β1 = 0.1,

β2 = 0.2, β3 = 0.3, β4 = 0.4 and β5 = 0.5 with QI and 0D lay-ups.
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Figure 7: Curves of dimensionless rotation about the radial direction as function of θ for different ratios t
a and β = 0.1, at ρ =(β, 0.25, 0.40, 0.60, 0.80) with QI

and 0D lay-ups.
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Furthermore, the comparison between the methods based on the FSDT and on the CPT for the plate configuration with
slenderness ratio t

a = 0.05 reveals that the percentage variations ∆β observed in the results derived by means of the analytical
method described in Ref. [36] can be abated, for all the considered aspect ratios, taking into account the plate shear deformability,
i.e. exploiting the proposed analytical method. Thus, the slenderness ratio t

a = 0.05 can be considered as an indicative threshold
value between the application field of the thin-plate theory and the range where the contribution of the plate shear deformability
cannot be neglected.

Besides, Figs. 4 and 6 summarize, for both lay-ups, results regarding the variation along the dimensionless radial coordinate
ρ of the dimensionless forms of the rotations about the circumferential and the radial coordinates, respectively, that are obtained
through the ratios between the functions φr(ρ, 0) and φθ(ρ, π2 ) and their maximum values obtained by means of FE analyses with
aspect ratio β0. In addition, the circumferential variation of the rotation components is shown in dimensionless form in Figs.
5 and 7, for the shape factor β = 0.1, against the dimensionless angular coordinate θ; dimensionless quantities are based on
the maximum value of rotation components obtained with FE analyses. Different specific values of the dimensionless radii are
considered: ρ=(β, 0.20, 0.40, 0.60 and 0.80) for the rotation about the circumferential direction and ρ=(0.40, 0.60 and 0.80) for
the rotation about the radial direction.

As for the mid-surface deflection, both the radial and the circumferential variations of the rotation φr (Figs. 4 and 5) are
described with high precision by the proposed analytical method. Observing the curves for this rotation component against the
dimensionless radial coordinate ρ (Fig. 4), it should be noticed that, for every aspect ratio βi and both lay-ups, the maximum
value of the functions φr is located at a radial coordinate which is approximately distant 0.3 from the inner edge of the composite
annular plate.

Moreover, the neglect of the plate shear deformation does not significantly affect the results accuracy as demonstrated by the
results obtained making use of the CPT. Table 4 outlines the percentage variation ∆β in correspondence of the radial coordinate
where the maximum rotation is measured by the FE analyses. Even in this case the percentage variation is attributable to the
numerical approximation and, subsequently, the agreement between the results of the proposed analytical method and those
obtained by FE analyses is highly confirmed.

Once again the lay-up has direct influence on the variation of the displacement component with the angular coordinate.
Indeed, as reported in Fig. 5, the composite annular plates characterized by 0D lay-up show a more evident angular variation of
the rotation about the circumferential direction with respect to the plates featuring the QI lay-up. Nevertheless, the influence of
the constraints present at the inner and at the outer edges of the annular plate on this displacement component is different from
the one experienced by the mid-surface deflection. In this regard, the curves with ρ = 0.15 and 0.40 show a more pronounced
dependence on the angular coordinate whereas the effect is more mitigated if the rotation about the circumferential direction is
evaluated at ρ = 0.70 and 0.90; it can be deduced that the rotation about the circumferential direction is more angularly variable
in the plate portion enclosed by the inner radius and the radial coordinate where φr assumes its maximum value.

According to the rotation about the radial direction, the deviation between the solution of the proposed analytical method
and the FE one is more considerable in comparison with those of the other displacement components, even though it is still very
acceptable.

In reference to Table 5, it can be concluded that the outcomes turn out to be not particularly influenced by the slenderness
ratio of the plate, meanwhile the effect of the aspect ratio is more remarkable for both QI and 0D lay-ups. In fact, the percentage
variations ∆β are limited for the aspect ratios β0 - β2, whereas they undergo an increase when higher values of the aspect ratio are
taken into account.

Overall, as regards the variation along the radius (Fig. 6), results for composite annular plates featuring QI lay-up better agree
with FE reference solution. In addition, Fig. 7, the analytical method appropriately match the circumferential variability of the
rotation about the radial direction.

5. Conclusions

A novel solution approach based on Ritz method and in the framework of the first-order shear deformation theory for recti-
linear orthotropic composite annular plate undergoing transversal loads was outlined.

The analytical study of the transversal load condition is a needed in order to accomplish the theoretical definition of an
innovative finite element with the capability of accurately modeling composite bolted joints along with a modest quantitative
of DOFs, exploiting the Spot Element simulation technique described in Ref. [13]. This solution is needed to evaluate the
corresponding terms of the Spot Element stiffness matrix. For that purpose, the theoretical reference model of composite bolted
joints was employed an externally clamped rectilinear orthotropic composite annular plate featuring an internal rigid core. In
this regard, a new analytical methodology for the bending analysis of rectilinear orthotropic composite circular plates undergoing
orthogonal loads was defined accounting for shear deformability.

Solutions were provided making use of Ritz method, so, at first, the rectilinear orthotropic composite circular plates were
characterized in the framework of the first-order shear deformation theory: the stress resultants, in-plane forces and bending and
torque moments, were derived in cylindrical coordinates.
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Then, the general expression of the principle of virtual works was outlined and specified for the external load condition.
The unknown displacement components were written in discretized form through the formulations of original approximation
functions compliant with both essential and natural boundary conditions of the problem. The approximated form of the mid-
surface deflection and of the rotations about the circumferential and the radial directions were split into a contribution not-
dependent on the angular coordinate θ and into a contribution needed to account for their circumferential variation, due to the
not-axisymmetry of the material properties.

The generalized form of the system of linear equations for the transversal load condition is reported and solved for some case
studies. In order to assess the effect of the plate shear deformability on results accuracy, the influence of the slenderness ratio
variation on the results was investigated; demonstrating that the proposed analytical method is capable of accurately taking into
account this effect. Furthermore, the effect of the plate aspect ratio was also analyzed.

Results of the original proposed method were compared to those obtained by means of FEA performed with a refined reference
model, obtaining a good agreement. A quasi-isotropic and a zero-dominated stacking sequences symmetrical in reference to the
plate mid-surface are employed for the case studies because of their widespread employment in the realization of composite
materials components to be connected with bolted joints.

The results of the original proposed method were exhibited along with the FE analyses ones, considering a refined reference
model, demonstrating a very good agreement.
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Appendix A

As described in Section 3, the numerical examples were realized making use of series WN(r, θ), ΦN
r (r, θ) and ΦN

θ (r, θ) com-
posed of 10 terms; in particular, 5 terms series to represent the medium and axisymmetric contribution of displacement compo-
nent and 5 for the not-axisymmetric ones. The approximation functions ϕ j(r) and the functions p(r) employed in the numerical
examples are of polynomial type revealed to possess no general and repetitive expression.

Consequently, the polynomial functions ϕ j(r) employed for the realization of the case studies, which encompass polynomials
from the first to the fifth degree, are hereafter reported:

ϕ1(r) = r − a

ϕ2(r) =
(
r − a

)(
r + a + 1

)
ϕ3(r) =

(
r − a

)(
r2 + (a + 1)r + a2 + a + 1

)
ϕ4(r) =

(
r − a

)(
r3 + (a + 1)r2 + (a2 + a + 1)r + a3 + a2 + a + 1

)
ϕ5(r) =

(
r − a

)(
r4 + (a + 1)r3 + (a2 + a + 1)r2 + (a3 + a2 + a + 1)r + a4 + a3 + a2 + a + 1

)
Appendix B

Furthermore, the polynomial functions from p1(r) to p5(r), ranging from a first degree polynomial function in the variable r
until a sixth degree one, are:

p1(r) =
(
r − a

)(
r − b

)
p2(r) =

(
r − a

)(
r − b

)(
r + a + b + 1

)
p3(r) =

(
r − a

)(
r − b

)(
r2 + (a + b + 1)r + a2 + ab + b2 + a + b + 1

)
p4(r) =

(
r − a

)(
r − b

)(
r3 + (a + b + 1)r2 + (a2 + ab + b2 + a + b + 1)r + a3 + a2b + ab2 + b3 + a2 + ab + b2 + a + b + 1

)
p5(r) =

(
r − a

)(
r − b

)(
r4 + (a + b + 1)r3 + (a2 + ab + b2 + a + b + 1)r2 + (a3 + a2b + ab2 + b3 + a2 + ab + b2 + a + b + 1)r+

+ a4 + a3b + a2b2 + ab3 + b4 + a3 + a2b + ab2 + b3 + a2 + ab + b2 + a + b + 1
)

p6(r) =
(
r − a

)(
r − b

)(
r4 + (a + b + 1)r3 + (a2 + ab + b2 + a + b + 1)r2 + (a3 + a2b + ab2 + b3 + a2 + ab + b2 + a + b + 1)r+

+ a4 + a3b + a2b2 + ab3 + b4 + a3 + a2b + ab2 + b3 + a2 + ab + b2 + a + b + 1
)
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