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Abstract

The global effort to decarbonize energy production has placed growing emphasis on the develop-
ment of clean and sustainable alternatives to fossil fuels. Among these, nuclear fusion stands out
as a promising long-term solution, offering the potential for virtually limitless and carbon-free
energy. Magnetic confinement devices, such as tokamaks and stellarators, represent the most
advanced pathway toward practical fusion power. In these systems, powerful magnetic fields are
used to confine the plasma, preventing it from coming into contact with the reactor walls and
enabling the conditions required for sustained fusion reactions.

To achieve economically viable fusion power, reactor designs must operate at high energy gain
(@), which is strongly correlated with either increasing the reactor size, as in the International
Thermonuclear Experimental Reactor (ITER), or increasing the magnetic field strength in the
confinement system. Most current research efforts are focused on the second approach, which
is driving the development of high-field superconducting magnets capable of sustaining extreme
mechanical loads and irradiation damages while producing the magnetic fields required to confine
the plasma.

In particular, High-Temperature Superconductors are enabling the design of more compact and
efficient magnetic systems, making them an essential technology for future fusion devices. How-
ever, the intense magnetic fields produced by such systems give rise to large electro-magnetic
forces, leading to significant stresses and deformations within the structural supports and rein-
forcements of the magnet.

Efficient structural design is therefore critical to ensure both mechanical integrity and material
optimization, particularly when the system must operate under tight geometric constraints and
such enormous electro-magnetic loads. In this context, the present work focuses on the structural
optimization of fusion magnet reinforcement systems for Renaissance Fusion’s stellarator, aiming
to minimize mass while satisfying stringent stress, displacement, and manufacturing constraints.
By integrating numerical modeling and optimization techniques, such as topology optimization,
this work provides insight into design solutions capable of withstanding electro-magnetic loads
while reducing structural weight, ensuring acceptable mechanical performances and reducing the

time to transition into realistic engineering solutions.
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1 Structural Optimization

In modern engineering, the demand for lighter, stronger, and more efficient structures
continues to grow, since it is driven by the pursuit of performance, cost-effectiveness,
and sustainability. Whether designing aerospace components, civil infrastructure, or
the complex internal architecture of a nuclear fusion reactor, engineers are constantly
faced with the challenge of making the best possible use of available materials. Struc-
tural optimization provides a systematic approach to this challenge, allowing engineers
to mathematically and computationally determine the most efficient configurations of a

structure while meeting specific performance and manufacturing criteria.

Rather than relying solely on intuition or iterative trial and error, structural op-
timization leverages numerical methods to guide the design process. It helps answer
fundamental questions such as: Where should material be placed? What shape should the
structure take? How can weight be reduced without compromising strength or functional-
ity? These questions are particularly critical where structures must withstand extreme
forces in constrained spaces, like those in fusion experiments which are using evenly in-
creasing magnetic field for achieving the positive 3 (meaning that the power produced

by fusion reaction is higher then the injected).

Structural optimization is typically categorized into three main classes, each targeting
different aspects of the design process (Fig. [1.1)):

e Sizing Optimization: involves adjusting parameters such as cross-sectional ar-
eas, thickness distributions, or material properties within a fixed structural layout.
For example, one might seek the optimal thickness distribution of a linearly elas-
tic plate or the ideal member sizes in a truss structure. The objective typically
involves minimizing or maximizing a physical quantity such as compliance (a mea-
sure of structural stiffness), maximum stress, or deflection, all while adhering to
equilibrium conditions and design constraints. In this context, the design variables
(e.g., thickness or cross-sectional area) and the state variables (e.g., stress or dis-
placement) are defined on a fixed domain, which remains unchanged throughout

the optimization process.

10
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e Shape Optimization: extends this approach by treating the geometry of the
domain itself as a variable. Rather than adjusting internal parameters within a
fixed boundary, shape optimization seeks the best contour or surface that improves
performance criteria, such as reducing stress concentrations or minimizing drag,

under the given loading and boundary conditions.

e Topology Optimization: it is the most general optimization allowing for the
creation or removal of material within the design domain. It determines not only the
shape but also the optimal number, location, and distribution of voids or material
regions. This method enables the exploration of novel structural configurations,
often leading to highly efficient and unconventional geometries that would not be

achievable through traditional design approaches.
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Figure 1.1: (a) Sizing Optimization; (b) Shape Optimization; (c¢) Topology Optimization.

1.1 Topology Optimization

Topology Optimization (TO) is a powerful computational technique aimed at determining
the optimal material layout within a predefined design domain, subject to performance
objectives and constraints. Unlike traditional structural design methods, which often
rely on manual iterations or fixed geometries, TO enables the automated synthesis of
structural forms that maximize performance metrics, such as stiffness or load-bearing
capacity, while minimizing material usage. This approach is especially valuable in high-
performance and weight-sensitive applications, including aerospace, automotive, and nu-

clear fusion systems.

The main goal of TO is to distribute material within the design space in the most

efficient way possible, often resulting in organic and counterintuitive geometries that
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would be difficult to conceive through conventional design approach. The outcomes can
significantly improve structural performance, reduce weight, and enable innovative, man-

ufacturable solutions.

Several TO problems were addressed since its inception, and they can be classified

according to their primary objectives and constraints. Common problem types include:

e Stiffness maximization (Compliance minimization) [5]: minimize the com-

pliance (or maximize the stiffness) of a structure for a given volume of material;

e Stress-constrained optimization [6]: minimize the weight or material usage

while ensuring that the stress in the structure does not exceed a certain limit;

e Frequency optimization [7]: optimize the natural frequencies of a structure to

avoid resonance with external vibrations;

e Multi-objective optimization [8]: optimize for multiple criteria simultaneously,
such as minimizing weight while maximizing stiffness and ensuring a certain level

of manufacturability;

e Thermal optimization [9]: optimize the thermal performance of a structure,

such as maximizing heat dissipation or minimizing thermal stress;

e Buckling optimization [10]: minimize the propensity of a structure to buckle

under compressive loads;

e Fluid-structure interaction optimization [11]: optimize structures that inter-
act with fluid flows, such as minimizing drag or optimizing load-bearing capabilities

in fluid environments.

A typical TO workflow, illustrated in Fig. [I.2] involves the following sequential steps:

1. Initialization: construct the Finite Element (FE) model, including the mesh, bound-
ary conditions, and applied loads. Define the design space, Design Variables (DVs),

and the objective and constraint functions;

2. Filtering Techniques: apply filtering or regularization methods to DVs. This step is
crucial to eliminate numerical instabilities such as mesh dependency, checkerboard

patterns, and non-physical local minima;

3. Finite Element Analysis (FEA): perform structural analysis to obtain the response

of the system under the applied loads for the current material distribution;
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4. Sensitivity Analysis: compute the derivatives of the objective function and con-
straints with respect to the DVs. These sensitivities quantify the influence of each

variable on the performance metrics and guide the optimization process;

5. Sensitivity Filtering: apply a spatial filtering operation to the raw sensitivity values
computed in the previous step. This procedure smooths out abrupt local varia-
tions and ensures that the sensitivities are consistent with the physical length scale
imposed by the filter radius. By redistributing sensitivities across neighboring ele-
ments, the method avoids non-physical artifacts such as checkerboard patterns and

mesh dependency, while promoting well-defined structural features;

6. Design Variable Update (Optimization): update the DVs using numerical optimiza-
tion algorithms, such as the Method of Moving Asymptotes (MMA), Optimality
Criteria (OC), or other gradient-based solvers. The updated material distribution

reflects a better-performing structure according to the objective function;

7. Convergence Check: evaluate convergence based on defined criteria such as maxi-
mum number of iterations, change in objective function value, or variation in DVs.
If convergence is not achieved, the process returns to the FEA step and continues

iteratively.

This iterative loop continues until a satisfactory solution is found, balancing perfor-
mance objectives with the given constraints. In this context, a satisfactory solution is
mathematically defined by meeting a specified tolerance, typically chosen by the user. A
looser tolerance can accelerate convergence but may yield less precise results, whereas a
tighter tolerance ensures higher accuracy at the cost of increased computational effort

and slower convergence.
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Figure 1.2: General Topology Optimization workflow.

1.2 How Topology Optimization is accounted in FEA

Various material models have been proposed in literature to solve the discrete TO problem

with continuous DVs. The most prominent approaches include [12]:

e Density-based methods: the Solid Isotropic Material with Penalization (SIMP)
approach interpolates material properties based on element density and is widely

used for its simplicity and efficiency;

e Topological derivatives: these provide a mathematical framework to assess the
sensitivity of the objective function to the creation of an infinitesimal hole, guiding

material removal;

e Level-set methods: the structure’s boundary is implicitly represented by a level-

set function, allowing smooth evolution of shape and topology;

e Phase-field methods: these use a continuous scalar field to represent material

distribution, enabling smooth transitions between solid and void regions;

e Evolutionary approaches (ESO/BESO): evolutionary Structural Optimization
(ESO) and its extension, Bidirectional ESO (BESO), iteratively remove or add

material based on element performance.
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In this work, the focus is primarily on density-based material models, as they have
been employed throughout the study. Their mathematical formulation is relatively simple
and straightforward, making them widely adopted in the field and extensively supported

by most commercial FE software packages.

As previously mentioned, density-based methods are among the most widely used
approaches in TO due to their simplicity and ease of implementation. These methods
parameterize the material distribution problem using a scalar field of material densities,
which serve as the DVs. In a discretized design domain, the mechanical properties of each
finite element (particularly the stiffness tensor) are interpolated between void and solid
using a power law function. This penalization strategy is commonly known as the Solid
Isotropic Material with Penalization (SIMP) method [13].

The SIMP approach is based on a heuristic relationship between the filtered relative
density of an element and its corresponding Young’s modulus E;(p;), which is expressed

as:

Here, Ej is the elastic modulus of the solid material, and p is the penalization power
(typically set to p = 3), which encourages the optimization to favor values of p; close to
0 or 1, thereby driving the solution toward a black-and-white distribution of material,
where p; is the filtered density of the i-th element, representing its relative contribution

to resisting the applied loads in the FE model.

To avoid numerical instabilities associated with near-zero stiffness values, especially
when p; approaches zero, a modified version of the SIMP method is often employed
(referred as MSIMP). This formulation ensures that the stiffness matrix remains well-
conditioned by introducing a small, non-zero lower bound F,,;, on the Young’s modulus

of void elements:

E; = Ei(pi) = Emin + pi* (Eo — Ein),  pi € (0,1] (1.2)

In this expression, E,,;, is typically chosen to be a very small fraction of Fy (e.g., 1072 Pa),
sufficient to prevent singularities in the global stiffness matrix while still effectively mod-

eling a void.

For each element 7, the original stiffness matrix k; o, corresponding to the solid mate-
rial with full density (p; = 1), is scaled according to either the SIMP (Eq. or MSIMP
(Eq. power laws. The resulting element stiffness matrix, using the SIMP method,

becomes:
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ki(p;) = pi¥ Eokio (1.3)

This modification ensures that the mechanical behavior of each element reflects its
current material state, ranging from nearly void (low stiffness) to fully solid (high stiff-
ness). The global stiffness matrix K(p) of the structure is then assembled in the usual

manner by summing the contributions of all element matrices:

€tot

K(p) = Y Ki(j) (14)

where e;,; is the total number of elements. This formulation couples the density field with
the FEA process, allowing the optimization algorithm to iteratively update the DVs vector

p based on structural performance metrics such as compliance, stress, or displacement.

In the Finite Element Method (FEM) the 3D constitutive matrix for an isotropic

element is interpolated from void to solid as:

Di(p:) = Ei(pi)Dio (1.5)

where Dj g is the constitutive matrix with unit Young’s modulus, and it is defined as [14]:

o © O O O O

the mechanical parameter v, in Eq. [1.6] is the Poisson’s ratio.

Using the FEM, the stiffness element matrix k;(p;) is the volume integral of the
elements constitutive matrix Dj(p;) and the strain-displacement matrix B in the form
of:

() = /V BID;(5)B, dVi = 5" Eoks o (L.7)

where the dV; is the ¢ — th elemental volume in the FE model. Therefore, in a static

structural analysis with isotropic materials, the element stiffness matrix k;(p;) is updated
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by modifying the constitutive matrix to reflect the material density. From a finite element
perspective, Young’s modulus F; associated with the element ¢ — th within the design
domain 2434 must be updated according to Eq. . (or Eq. if MSIMP is employed) .

Once the global stiffness matrix K(p) is updated, it is then used to solve the equilib-

rium equation with the actual material distribution:

K(p) U(p) = F (1.8)

where Eq. is solved within each TO iteration, and consider the current material

distribution.

1.3 Filtering technique

Several restriction methods have been suggested in the literature to eliminate the checker-
board effect and mesh-dependency in TO. Many of the proposed restriction methods have
the secondary effect of introducing a mesh-independent length scale into the TO problem,
thereby reducing, but not eliminating, the effect of mesh dependency. The checkerboard
effect (see Fig. in TO is a numerical instability that manifests itself as an alternating
pattern of filled and empty material regions in the optimized design, creating a non-
physical two-color pattern instead of a uniform single-density distribution, i.e. a pattern

in which neighbouring elements are assigned opposite densities (e.g. 0 and 1).

Figure 1.3: Solution of 2D beam problem displaying checkerboard patterns [I].

In general, filtering technique consists of [15]:

e Density Filtering: the density filtering technique smooths out the element den-
sities to reduce mesh-dependency and eliminate checkerboard patterns. The idea
is to compute a filtered density p; for each element i as a weighted average of the

densities p; of the surrounding elements j;
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e Sensitivity Filtering: the sensitivities of the objective and constraint functions
are smoothed instead of the densities. This helps in achieving a similar goal of

reducing numerical instabilities and mesh-dependency.

From the implementation point of view, both methods utilize a matrix of weighting
values that incorporates the sensitivities or densities of neighbouring elements. The values
of elements within the weighting matrix are dependent upon a user-defined filtering radius
as well as the distances between element centroids in each finite element discretization
(it is strongly suggested to use a filter radius larger then at least two times the minimum
element size in the FE model). For centroid-to-centroid distances greater than the user-
defined filter radius, the weighting value is zero. The weighting matrix depending only on
the geometry of the design domain finite element discretization, it needs to be calculated
only once for a given TO problem. For larger mesh model, the process may require a

significant amount of time.

Sensitivity filtering works by modifying the objective function f after solving the FE
problem; the sensitivity is heuristically modified as weighted averages of the sensitivities

in mesh-independent neighborhood as [5]:

3f o 1 af
Opi  max(pmin, pi) >,  Hy Z Hijpj=— (1.9)

JEQ

1
neighbor

In contrast to sensitivity filters, density filters are not heuristic. This means they
can be used with line search optimization methods and convergence checks based on the
Karush-Kuhn-Tucker (KKT) conditions, as long as the filter and its sensitivity terms are

correctly implemented [16].

The process of applying a density filter may be summarized as follows:

1. The un-filtered element-densities p are passed to a filtering function F', yielding the

filtered element-densities p;

2. The stiffness element matrices of each element are updated using the filtered element-
densities p, then FEA is performed (in FE softwares, elemental material properties

are modified element by element);
3. Objective and constraint functions are calculated using outputs from FEA;

4. The objective and constraint sensitivities w.r.t. the un-filtered element-densities,
p, are calculated. In this step, it is important to account for chain rule terms
associated with differentiating the filtering function with respect to the un-filtered

element-densities;



19

5. The objective, constraint, and sensitivities w.r.t. the un-filtered element-densities

are used to update the current design point (i.e., the vector p).

It is important to note that the described process is repeated at each TO iteration.

Several number of different density filters have been studied and proposed in the
literature, but the most popular and widely used is the linear density filter [I7], which
modifies existing element-densities to be linearly weighted based on the element-densities
of neighbouring element. In this work, linear density filter were employed, therefore the
main focus will be given to describe its mathematical formulation. Regardless of the
type of filter used, the neighboring elements of the i-th element are identified based on
the distance between their centroids. Specifically, an element e; is considered a neighbor
of element e; if it lies within a predefined filter radius ry;,. This neighborhood can be
mathematically defined as (see Fig. [1.7h):

tesgior = €5 | 176 = 2511 < P, Vi, € Qua } (1.10)
where z; and z; represent the coordinates of the centroids of elements e; and e;, respec-
tively, and 4q denotes the design domain. In vectorized form, the density filtering is

obtained by multiplying the filter matrix H and the element density vector:

plp)=Hp (1.11)

and the corresponding components of the filtered element density vector are computed

as:

> hiup;
jeQr .
ﬁi _ J neighbor (112)

> hiv,

i
neighbor

jEQ
In Eq. [1.11} the components of the filter matrix H are defined as:

hijvj
> hijv

jeqi

neighbor

H,;; = (1.13)

where h;; is the so-called weighting function, which is given by the linearly decaying

(cone-shape) function:

neighbor
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where the operator dist(i,j) is the centroid distance between elements ¢ and j. Other

types of weighting functions can be used, like constant or exponential.

1.4 Sensitivity Analysis

Depending on the nature of the problem being solved, different objective and constrains
function may be defined. Since most of the effort in TO has been pointed towards gradi-
ent based algorithms, due to their numerical stability, when defining the TO problem one
needs to evaluate numerically at least first order derivatives of both objective and con-
straint functions w.r.t. element density vector p. Gradient free algorithms, like Particle
Swarm Optimization (PSO) or Genetic Algorithms (GA), suffer for optimizing a mul-
tidimensional problem with more then hundred of variables, and are indeed not widely
employed in TO (indeed, the number of DVs are usually equal to the number of elements
in the FE model). In the next sections, two of the most important TO problems in clas-
sical solid mechanics are presented to give the reader a mathematical formulation that
can be easily implemented in a language program like Python or Matlab. In this work
the stiffness maximization problem with volume and extrusion constraints were employed
due to its ease implementation and faster convergence. Additionally, the maximum size
constraint is shown due to its importance when dealing with large scale structure, like
future fusion power plants. In this context, for manufacturing reasons might be essential

to reduce the size of the structural components.

1.4.1 The stiffness maximization Problem with volume constraint

The easiest TO problem is the stiffness maximization, also well known as minimum
compliance optimization. The objective of the minimum compliance problem is to find
the material density distribution p that minimizes the structure’s deformation under the
prescribed support and loading condition (or to minimize the work done by the external
forces), with a predefined amount of volume (or mass in case of homogeneous material

with constant density).

From the mathematical point of view, the minimum compliance problem can be for-

mulated as following:
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min C(p) = UTK(p)U = tZOt 7! Eoui k; ou;
i=1

P
s.t. K(p)U=F
caq _ (1.15)
/_glpi'vi
Gy =Sz —1<0

Pmin S Pi S 17 Vi € Qdd

where:

e C(p): total structural compliance;

e U: nodal displacement vector;

e K(p): global element stiffness matrix;
e u;: element nodal displacement vector;
e k;o: unit element stiffness matrix;

e F: external force vector;

e (7, global volume constraint:

e v;: 1 — th element volume;

e f: volume fraction;

e Vj: total volume of Qgq;

® ppin: Minimum element density.

When coupling TO with commercial FE software, one need to replicate internal FE
matrices which might be not ease or impossible to access. Therefore, to avoid the im-
plementation of k;j(p;), which may differ from the formulation used in the FE software
being considered, the strain energy w;(p;) for each element in the mesh can be used di-
rectly to calculate the compliance of the element ¢;(p;). This is particularly convenient
since strain energy is typically one of the outputs of FEA. Specifically, the element strain

energy w;(p;) is defined as:

1 1
wl(p]) = iuiTki(p})ui = §p~/’E’0uiTki70ui (116)

where k;(p;) is computed by scaling the element stiffness matrix by the Young’s modulus
Ey (see right side of Eq. [1.16). Meanwhile, the compliance of i — th element can be

expressed as:
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Cl(ﬁz) = uiTki(p})ui = ﬁi”EOuiTkmui =2. wz(ﬁ2> (117)

and the total structural compliance finally is:

C(p) =Y alp) =2 wi(p) (1.18)

It is important to note that in Eq. et includes both design and non-design
domain elements, all of which contribute to the total structural compliance. Moreover, as
shown in Eq. [I.17], minimizing structural compliance is equivalent to minimizing the total
strain energy deformation, which, in other words, corresponds to maximizing structural

stiffness.

Compliance gradient

In a stiffness maximization problem (see Eqs. [1.15)), the objective function sensitivity can

be expressed using the chain rule:

9C(p) 0C(5) 05,
- ¥ p) 1.19
Ip; G Ip; Ip; ( )
J eﬂneighbor

The derivative of the total compliance w.r.t. filtered element density, using Eq. [[.17] is

as following:

o0(p)
Ip;

= —pp;" ' Eou;” K ou; (1.20)

In practice, when TO is coupled with commercial FE solvers, the available output is
typically the element strain energy w;(p;) (see Eq. , which is already computed using
the penalized stiffness matrix ki(p;) = pf Eok;o. Since only the penalized energy might be

accessible, the derivative in Eq. can be reformulated by eliminating u;”k; ou; from
Eq. [1.16], yielding:

9C(p e
ag, : =—pp By uikjouy = — — w;(p;)- (1.21)
Pj P;

The right side of Eq. is directly employed to evaluate the compliance derivative w.r.t.
Pj-
Eq. (or Eq. [1.21]) can be expressed in vectorized form as:
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V,C =HV,C (1.22)

where V,C denotes the vector of elemental compliance derivatives, computed according

to Eq.

Volume constraint gradient

The gradient of the volume constraint, GG, is given by:

0G,(p) dv  0p;
_ o _ v: - Hi; 1.23
dpi Z dp;  Opi jEQZ o (129

i
neighbor

e

neighbor

where H;j is the filtering weight and v; is the elemental volume contribution. This gradient
remains constant throughout the optimization process, as it depends only on the filtering

scheme and the fixed design domain discretization.

Eq. can be expressed in vectorized form as:

V,G, =Hv (1.24)

where v is the vector collecting the elemental volumes of the design domain.

Filter gradient

The derivative of the filtered density w.r.t. p; is given in a straightforward form as:

9p;
Ip;

— Hy, (1.25)

Eq. shows that the filter derivative is exactly given by the filter matrix H.

1.4.2 The stiffness maximization Problem with volume and stress

constraints

In the traditional TO formulation, stiffness is maximized for a prescribed amount of ma-
terial. Traditionally optimized designs often contain high stress concentrations, therefore
major manual adjustments or shape optimization is needed to fulfill engineering require-

ments such as stress constraints.

From the mathematical point of view, the minimum compliance problem with volume
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and stress constraints can be formulated as following:

min C(5) = UTK(F)U = 3 3 Eowy ks ous
=1

p
s.t. K(p)U=F
3 v (1.26)
Go =T —1=0
GU - 0':.12,36 o 1 S 0

Pmin S Pi S 17 Vi € Qdd

where (G, denotes the local stress constraint, o,,,, is the maximum allowable stress, and
o; 1s the evaluated stress at the i — th node of the FE model.

Just as in the classical stiffness maximization problem, introducing a stress constraint
in TO requires incorporating a stress penalization function. This function penalizes

elements with intermediate densities to discourage non-physical stress distributions.

At a generic point a (typically a Gauss integration point), the stress vector contains

six components, including both normal and shear stresses:

Galp) = | 7 (1.27)

Ta7xy

Ta,yz

~
Ta,zx

To account for material interpolation, a penalization function 7(5(p)) is applied, resulting

in the penalized stress:

aa(pi) = 1(p(p:)) - Galpi) = p° - 6a(ps) (1.28)

where 8 = 1/2 [6]. In FEA, the stress at a Gauss point a is typically computed from the

constitutive relation:

Gq4(pi) =D B, u (1.29)
Here:

e D is the constitutive matrix (e.g., elasticity tensor);

e B, is the strain-displacement matrix evaluated at Gauss point a;
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e u is the nodal displacement vector of the corresponding element.

The penalization ensures that elements with intermediate densities do not artificially

carry stress, encouraging binary designs.

Several stress measures can be used in structural analysis; however, the von Mises
stress is the most commonly adopted in TO due to its effectiveness in representing yield

criteria for ductile materials. The penalized von Mises stress at a stress evaluation point

oM

vM(p), is computed from the corresponding penalized stress tensor intro-

a, denoted as o

duced earlier, and is given by:

vM — 2 2 2 _ _ _ 2 2 2
Ua (p) - \/(Ua,x + Ua,y + Ua,z Utmfaa,y Ua,yamz 0'(1720'[1’m + 3Ta,zy + STa,yz + 3Ta,zx

(1.30)

Three different stress constraint approaches are reported in literature [6]:

e Local: a stress constraint is applied to each design variable individually. While
this provides high accuracy in controlling local stresses, it results in a very high

computational cost, making it impractical for large-scale problems;

e Global: a single aggregated stress constraint is applied to the entire structure.
This approach significantly reduces computational cost, but may be too coarse,

potentially overlooking local stress concentrations;

e Clustered: the design domain is divided into groups (clusters) of stress evaluation
points, and a stress constraint is applied to each cluster. This method offers a
balance between accuracy and computational efficiency, allowing for better stress

control than the global approach while being less expensive than the local one.

Among these three strategies, the clustered and global approaches are generally pre-
ferred in practice. Notably, the global formulation can be seen as a special case of the
clustered approach with a single cluster encompassing the entire domain. Since greater
emphasis has been placed on the clustered approach, the following formulation will focus
on this method.

The primary motivation for using a clustered approach is to significantly reduce the
number of stress constraints compared to the local formulation, while still retaining con-
trol over local stress behavior. In this method, multiple stress evaluation points are
grouped into clusters, and a representative stress measure is computed for each clus-
ter. This is typically done using a modified p-norm function, which provides a smooth

approximation of the maximum stress within the cluster.
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The p-norm stress measure for i — th cluster Q;, oF'V, is defined as [6]:

o) = (5 Sl o)) (131)

v aEQi

where N; is the number of stress evaluation point within €2;, agM is the local von Mises
stress (evaluated at Gauss point), and ¢ represents the p-norm exponent. This approx-
imation yields a smooth and differentiable function that replaces the behavior of the
non-differentiable maximum function. When all local stress values within a cluster are
equal, the p-norm exactly matches those values. However, in all other cases, it underes-

timates the true maximum stress.

Increasing the exponent ¢ in the p-norm formulation brings the aggregated stress
value closer to the maximum local stress within each cluster. However, using excessively
high values of ¢ can lead to numerical instabilities and convergence issues. On the other
hand, setting ¢ = 1 yields the average stress within the cluster. A commonly adopted
compromise found in the literature is ¢ = 8, which balances accuracy and numerical
stability.

Numerical accuracy issues can arise depending on the values of the stress constraint

and the exponent p, as the term (0 (p))? may become excessively large. A common

oM
a

remedy is to normalize o?(p) by the allowable stress 0,,4,, which leads to a mathe-
matically equivalent but more numerically stable formulation. As a result, the stress

constraint in the optimization problem is reformulated as:

Uma:r:

Gy = (w)p ~1<0 (1.32)

The way clusters are formed, specifically, which evaluation points are included in the
set (2;, affects the outcome. Two approaches are commonly adopted when forming stress

clusters:

e Stress level approach: in this method, stress evaluation points with similar stress

magnitudes are grouped into the same cluster. This leads to a large variation among
PN

each cluster are nearly uniform. As a result, the p-norm provides an accurate

the values of the clustered stress measures o; " (p), but ensures that stresses within
approximation of the maximum local stress within each cluster. The procedure
consists of sorting the stress values at all evaluation points in descending order and

then assigning consecutive points to clusters;

e Distributed Stress Approach: in this approach, each cluster contains stress

evaluation points covering a broad range of stress magnitudes. Consequently, all
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clusters tend to have similar average stress levels. The main motivation for this
strategy is that it can enhance convergence behavior. High local stresses are effec-
tively dampened by the presence of lower stresses within the same cluster, leading

to smoother optimization updates.

Both approaches require the choice of the number of clusters, which is unfortunately
problem-dependent and often requires some trial and error. Moreover, even when a stress
constraint is explicitly imposed, the optimized solution does not necessarily guarantee

that the maximum stress will remain below the prescribed limit.

Stress Gradient

The derivative of the p-norm approximation w.r.t. the design variable p; can be computed

using the chain rule. It involves the multiplication of three intermediate derivatives:

9otV (p) _ <~ 99N (p) (95:M(p)\" dou(p)
o, aogM(p)( o, ) o, (1:33)

a€f;

The gradient is composed of the following three terms:

1. The derivative of the p-norm stress measure w.r.t. the von Mises stress at each

evaluation point;
2. The derivative of the von Mises stress w.r.t. the stress components;

3. The derivative of the stress tensor w.r.t. the design variable p;.

The first term:

oalN (p) (1 oM { A\ i1 oM/ Avg1
Do () (E(;Qi(% (p))) E(aa (n) (1.34)
The second term:
2 0) (oMol elpM (1.5)

where M is von Mises stress matrix, defined as:
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[ 1 05 —05 0 0 0
05 1 —050 0 0

Mo |08 05 10000 (1.36)
0O 0 0 300
0O 0 0 030
0 0 0 00 3

The last term is not so straightforward like the previous, since it requires the solution
of an adjoint model. Expanding the last term in Eq. [1.33] we get:

doa(p)
dpi

du(p)
pi

00
= 8- ﬁﬁ—la—p]DBau + 5°DB,u (1.37)
Pi

The derivative of displacement u(p) w.r.t. element density can be obtained from the

equilibrium equation by differentiating it w.r.t. the well-known element density:

u(p) (1.38)

In Eq. [1.38] is assumed that the derivative of F(p) w.r.t. p is zero; this assumption
is valid only in static load driven problems, where loads are independent from material

distribution.

By replacing [1.38]in [I.37, we have the following expression:

doq(p)
Ip;

_5.10p; . 3
=B-p 18—27DBau — p"DB,K ' (p) u(p) (1.39)

op

Substituting [1.34] [1.35] and [1.39] into [1.33] and considering one cluster that contains all

the stress evaluation points [18|, the p-norm gradient becomes:

9N (p) _ 9" (p) oM (p)

a

op  OovM  Jo,

(6 : ﬁﬁ_lg—ZDBau(P) — 7"DB.K ' (p) 81;;" )u<p>)
(1.40)

The gradient of the p-norm can be further decomposed for clarity. Specifically, it can
be separated into two distinct components based on their dependence: one associated with
the stress penalization factor (see Eq. ), and the other with the nodal displacements

(see Eq.[1.42)).

dal¥(p)  9aPN(p) dotM 5
= Tt g (377 DB.u(p) Ly
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9o N(p) _ 9"V (p) Dai™ (p)

a

op  OovM  Jo,

. _ 0K
(-oBk () a)) )
By summing and |1.42] we get:

aUPN(p) _ acfé;]}[(p) N 8UPN(p)

U

ap dp dp

(1.43)

Eq. depends on the stress penalization factor and is relatively simple to compute,
as it only requires the stress vector and the element density. In contrast, Eq. depends
on the nodal displacements and is more complex to evaluate. This is due to the need for
an explicit definition of the strain-displacement matrix and the global stiffness matrix,

both of which are influenced by the specific element formulation.

The solution of depends on derivative of displacement w.r.t the element density

vector. Since the number of variables in TO is usually large, and adjoint model is required:

9o (p) dos™ (p)
dogM doa(p)

9" (p) oM (p)

K —
(P)A ot doalp)

DB, — A = DB, K 1(p)  (1.44)

where A represents the adjoint variable and it is equal to nodal displacements when

95" (p) 05 (p)
9o5M Doalp)

easily extracted from a FEA by applying the adjoint nodal loads F,q;. and solving the

the adjoint loads F,4 = are applied. This nodal displacements can be

equilibrium equation.

Replacing the adjoint variable in [1.42} then leads to:

dorN(p)  9a"N(p) daeM (p) 0K (p)

op oM oo, (‘5%3@@) p 55(/))) (1.45)

where:

o £.5 = By is the deformation vector of the adjoint model;

o ¢, = B,U is the deformation vector of the state model,

OK(p)

* =

is the derivative of the element stiffness matrix w.r.t. element density.

On the Use of Stress Constraints

While incorporating stress constraints is essential to ensure that the optimized design

meets structural requirements, it can also lead to an overly constrained optimization
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problem. In such cases, the feasible design space becomes significantly restricted, which
may result in difficulties in achieving convergence or even prevent the solver from finding
a viable solution. In this work, stress constraints were not included in the final for-
mulation. Despite several attempts, it was not possible to reproduce results consistent
with those from ANSYS, primarily due to the inability to exactly match its internal
strain-displacement matrix formulation. Multiple efforts were made based on standard
isoparametric element formulations from the literature, but discrepancies remained (see

appendix . As a result, stress-based comparisons were not pursued in this work.

It is also worth noting that even when stress constraints are included in the optimiza-
tion formulation, there is no guarantee that the final optimized structure will strictly
satisfy them. This limitation arises because the local stress constraints are typically
represented using an aggregation function (such as the p — norm function), which ap-
proximates the maximum stress over the domain. Consequently, some localized stress

violations may still occur.

1.4.3 Manufacturing Constraints in Topology Optimization

In practical applications of TO, the resulting design must not only satisfy structural
performance requirements but also be manufacturable using the intended production
method. Manufacturing constraints are therefore essential to ensure that the optimized

geometry is feasible to produce without extensive manual intervention or reinterpretation.

Typical manufacturing constraints include: minimum and maximum feature sizes,
symmetry, pattern repetition, extrusion, turning, casting, forging and rolling. The in-
tegration of such constraints has become a key area of research [19, 20)], especially for
large-scale or industrial applications. Without them, the highly complex geometries gen-

erated by TO may be impractical to fabricate or convert into clear CAD models.

In this work, particular attention is given to two widely used manufacturing con-

straints: extrusion and maximum size constraints.

Extrusion constraint

Among various manufacturing techniques, extrusion is widely utilized due to its cost
efficiency and its capability to produce components with a constant cross-section. Fur-
thermore, this makes it particularly essential for applications such as ribbed slabs and
shell structures in industries including construction, automotive, aerospace, and nuclear
fusion. Ribbed shells are widely used in engineering as they enhance structural perfor-
mance by reducing overall shell thickness. However, designing ribbed shells using conven-

tional engineering methods often results in limited structural configurations, suboptimal
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performance, and high material waste. Existing methods that use extrusion manufactur-
ing constraint employ techniques such as anisotropic Helmholtz filters [21] and mapping
constraints [22]. These approaches ensure uniformity along the extrusion directions, but
often require complex mathematical models or lack practical implementations. The map-
ping constraint approach, for example, has proven effective in generating ribbed slab
designs while relying on a less complex mathematical model. However, it requires exten-
sive preprocessing to group elements that share the same extrusion direction, particularly
in curved shell structures. In contrast, the use of Helmholtz filters offers a more general
approach, applicable to both structured and unstructured meshes. However, its prac-
tical implementation remains challenging, and a vector of extrusion directions must be

computed.

Differently from the approach in [21] 22], we developed extrusion constraint based on
the element connectivity [23]. Its mathematical formulation, as well as its implementa-

tion, are discussed below.

The extrusion constraint ensures uniform material distribution along a predefined
direction (or directions in the case of a curved body) in a structured mesh. This constraint
is essential for manufacturability in extrusion-based processes and is also particularly
useful for designing ribbed layouts; The proposed method leverages the connectivity of
the structured mesh to identify and enforce the extrusion direction using a systematic

approach.

Sweep direction - Target surface

\
——————l
\

=~ -~
=~

Source surface

Figure 1.4: Example of structured mesh obtained using sweep method.

A structured mesh is composed of hexahedral (either a combination of hexahedral and
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pyramidal, either only pyramidal) elements generated using the sweep method, where
source and target surfaces can be clearly identified (Fig. [[.4). Due to their favorable
numerical properties, hexahedral meshes are widely used in numerical simulations across
engineering disciplines. Their structured nature offers higher accuracy and convergence
rates in FEA than tetrahedral meshes, particularly for bending and contact problems.
Additionally, they reduce numerical dispersion and locking effects, improving efficiency in
structural, fluid, and multi-physics simulations. Their better aspect ratio control further

minimizes the number of elements needed for a given accuracy level [24].

Let © be the domain which is composed of design domain (£24q) and non-design
domain elements (£2,4q), discretized into n elements. The extrusion constraint requires
that, elements along the same extrusion direction maintain consistent material densities.

This can be mathematically expressed as:

ﬁi:pNj, Vi,j €Cr, k=1,2,...,1 (146)

where:

pi: 1 — th filtered element density associated with those belonging on the base

surface;

p;: j —th filtered element density associated with those sharing the same extrusion

column as p;;

Ck: set of elements aligned along the k — th extrusion column;

{: total number of extrusion columns.

The mapping constraint in Eq. enforces the elements belonging in the same
extrusion direction to have the same density as the corresponding element on the base
surface. The base surface, also referred as reference surface, divides the non-design and
design domains, and its identification is crucial for applying this method. Once the base
surface is defined, the design elements belonging on it become automatically the base

elements used to impose the extrusion constraint, so equal element densities within each

Cr.

To enforce the extrusion constraint, we construct a binary matrix Heygrugion € R4 dd

that represents the extrusion connectivity:

. 1, if elements ¢ and j are in the same extrusion column,
HY = (1.47)

extrusion i
0, otherwise.
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NON_DESIGN DOMAIN (Elems)

m—th extrusion direction

Set of elements aligned along
the k—th extrusion column

Base surface

Figure 1.5: Example of structured mesh with the base surface (red dot line), k — th
extrusion direction and set of elements sharing common extrusion direction (Cy).

The Heytrusion matrix is a square matrix and its construction is described by the following

pseudo-code:

1. Select a surface as the base surface. This surface divides the design and non-design

domains.

2. Identify all extrusion columns Cp by following adjacency relationships along the

extrusion direction.
3. Construct Heygirusion matrix:

3.1 For each extrusion column Cj:

3.2 For each element ¢ € Cy:
3.3 Set HY, . =1, Vj€C.

A clear understanding of how the neighbor adjacent elements search is performed for
linear hexahedral elements is shown in Fig. [I.6] where a column of design and non-design
elements and the base surface are depicted. Starting from element ey, the shared nodes
with its adjacent element are ng, n1g, 711 and nio; therefore, element e3 will have the same
extrusion direction as e;. This process is repeated for element e; and continues until no

more common shared nodes exist.

Now, let & represent the filtered sensitivity vector of the objective function with
respect to the filtered element density vector p. The average sensitivity, as suggested in

[22], can be computed as follows:
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N Njg
Ny %0 1— e4(design domain element)
Nyg, N3
F
Dz 14 1— es(design domain element)
= Ny2 nji
(1]
=
e 1 . .
= e; (design domain element)
5 Mo ng ¢ - J-2 - ——¢n;
8, - 4007
=g ” y
& e » ¥ T— Base surface
= . .7 1 e;(non-design domain element)
= I &£ — — — — 4 - — ¥
g Na
I 2

Figure 1.6: Example of column elements that share the same extrusion direction.

Hextrusion -

Qgvg = (148)

Niayer

where nyqy, in Eq. represents the number of elements along k—th extrusion direction.
In other words, it is the number of elements within the C; set. Since the mesh is obtained

with the sweep method, the number of elements will be constant for each Cj. set.

Multiple Extrusion constraint

The multiple extrusion constraint introduced in this work represents a natural extension
of the single extrusion constraint described in sec. [L.4.3] The principle remains the same:
a uniform material distribution is enforced along an extrusion direction, but now this is
applied independently within different subdomains of the FE model. For each subdomain,
a reference (or base) surface is first identified, and the extrusion matrix Hexgrusion 1S then
constructed according to the pseudo-code provided in sec. [1.4.3] with the additional rule
that elements outside the current subdomain are set to zero in Heygrusion- This strategy is
particularly useful because, if only a single extrusion constraint were applied to the entire
model, the optimization would tend to produce an “averaged” structural response under
the applied loads. By applying multiple extrusion constraints, the optimization is able
to capture localized effects more accurately and identify additional structural features

that contribute to a more effective and realistic design. This methodology were applied
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k-th element centroid
J-th element

N .
\ \

Qineighbor Qitr Q
(a) (b) (c)

AranRE

tr

Figure 1.7: Sketch of a 2D filter used to impose: (a) minimum length scale and neighbor
filtering; (b) maximum size constraint [2]; (¢) maximum size constraint [3].

in chapter |4} to achieve a conceptual design of magnet’s reinforcements.

Maximum Size constraint

In TO, simplistic loading conditions or excessive material usage often result in the concen-
tration of material in localized regions. This leads to unclear or poorly defined reinforce-
ment structures. To address this issue and achieve well-defined reinforcement patterns,
the maximum size constraint is used to control the spatial distribution of material by
limiting the maximum size of material features in the design domain. The constraint
formulation was first proposed by Guest [2]|, and it is still the reference for most TO
codes. The maximum size constraint is typically enforced through the concept of local
test regions resulting in several local constraints within Q44 domain (Fig. [1.7p). In 3D
problems, a spherical volume is used as the test region, defined by an outer radius d,;./2
equal to the maximum member size desired. Fernandez et al. [3] proposed also the use of
a spherical shell as the test region (Fig.[I.7c)), defined by an inner radius d,,;,/2 and an
outer radius dp,q,/2. This approach, which is also implemented in this work, minimizes
the introduction of holes in the topology, thereby enhancing the manufacturability. For

each element in Qqq the associated test region Q¢ is defined as:

Q, = {ej

i
tro

dmin dmax ..
T < ||€j — 61” < 5 \V/’L,j S Qdd} (149)

For each test region €2 | the local maximum size constraint is defined as:

> vi(l—=p)

’iGQtr

> v

’ithr

gi = — <0, Vi€ Qq (1.50)
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where 1) is a small positive value that represents the minimum allowable void ratio (v =
0.05). This void ratio acts as a buffer, preventing structural members from achieving
diameter d,,.,. The larger 1, the smaller will be the structural members within 234. The
exponent p determines the extent to which elements with intermediate volume fractions
contribute to satisfying the volume of voids requirement, and it is usually set as in the
SIMP method [2]. Eq. can be formulated in vectorized form, which is easier for

implementation purposes:

g=1—Hyd (1.51)

where Hg, is the test region matrix, while the vector § groups the measure of void in

each test region 2 . Hy, components are computed as:

HI =" VieQu (1.52)
U;
1€y

meanwhile, the components of & are defined as:

o = (1= p;)" (1.53)

Due to the large number of constraints, the local maximum size constraints are ag-

gregated using p-mean or p-norm function P, which smooths the individual constraints:

1

(
Pmean - eL Z (3i>pagg y Zf P = Pmean
RRT=TOM
p= 1 (1.54)
Pnorm - Z (Si)pagg 3 Zf P = Pnorm
L 1€Q434q

where egq is the number of elements in €44, pagy is the aggregation exponent that governs
the accuracy of the aggregation, s; denotes the Quantity of Interest being aggregated.
Pagg 1S @ large number (greater than one hundred) to capture the most violated maximum
size constraint; in fact, when a large exponent is used and s; takes positive values, the
aggregation function closely approximates the maximum value. Additionally, the key
distinction between these functions lies in their estimation behavior: the p-norm tends
to overestimate the maximum value, whereas the p-mean tends to underestimate it. The
primary advantage of these aggregation functions is their ability to provide sensitivity
information, which is crucial for gradient-based optimization methods. In this work,

we adopt the p-norm aggregation function instead of the p-mean, as it provides a more
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accurate approximation of the most violated constraint when a large exponent is used.
Specifically, we set p,qy = 300 to effectively capture the most critical constraint violations.
While both functions have been studied in the literature, a detailed comparison of their
properties can be found in [3]. Since the primary focus of this study is on the integration
of manufacturing constraints in TO rather than on the choice of aggregation function,
we do not present an extensive analysis of their differences here. However, for further
extensions of this research, we have considered both formulations and included them in

our manuscripts.

In Eq. the Quantity of Interest is defined as:

S; = g; + 1-— 1/1, Vi € Qdd (155)

which ranges between 0 and 1. Using P, which can represent either the p-mean or p-norm

function, the global constraint G,,, is replaced as follows:

Gus=P -1+ <0 (1.56)

In this work, due to the enforcement of the extrusion constraint, which ensures uniform
element density within each Cj set, the test regions are defined exclusively for elements
located on the base surface, therefore the local constraints g; are only evaluated for these

elements. This significantly reduces the computational effort.

Maximum Size constraint gradient

Differently from the objective and global volume constraint function gradients, the max-
imum size constraint gradient requires more terms to be evaluated. Its gradient is com-

puted using the chain rule:

p; B Opi Op; 96; 0g; Os; OP

(1.57)

The derivative of the measure of void §; with respect to the filtered element density p; is

as follows (see Eq.[1.53)):

a5
pi

—p- (1= ;)P (1.58)

The derivative of the local maximum size constraint g; with respect to p; is given by (see

Eq. :
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9gi _ b
8(51 a Z v;

’ithr

(1.59)

The derivative of the Quantity of Interest, s;, with respect to g; is expressed as follows

(see Eq. [L.55)):

881‘

50 = ! (1.60)

The derivative of the aggregation function P with respect to s; is given by (see Eq. [1.54)):

1 Pagg—1 1-p .
8P n_dd ) Si o : Pmeaﬁbgg7 lf P = Pmean
_ (1.61)
asi Pagg—1 1—pagg if
S; - Priean ) 1 P = Pnorm

)

Finally, the derivative of the aggregated maximum size constraint G,,s with respect to P

is computed as (see Eq. |1.56):

aG(ms

op =1 (1.62)

About the use of Maximum Size constraint

In sec. we presented the analytical formulation of the maximum size constraint and
its gradient. This manufacturing constrain was initially introduced for allowing smaller
geometrical features in large scale magnets, typical of a fusion power plant. However,
even if not directly applied in the context of magnet reinforcement design, is intentionally
described for a future use where is essential to constraint the size of the components for

easier manufacturability, handling and assembly.

1.5 Updating Design Variables: Optimization Algorithms
The optimization problem that comes from TO can be addressed using:

e Optimality Criteria (OC);
e Sequential Quadratic Programming (SQP);

e Method of Moving Asymptotes (MMA).
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The nature of the problem’s approximation depends on the type of algorithm. Both
SQP and MMA are general method that can address several constrained optimization
problems, but they are complex to implement, meanwhile OC is simpler, but it works only
for few problems (like stiffness maximization under volume constraints) and it suffers from
slow convergence requiring more iterations. Therefore, to solve more case of structural

optimization problems, it is preferred to use either SQP or MMA, despite their complexity.

Since the MMA algorithm is used in this work, a brief overview of its key principles

is provided below.

1.5.1 Method of Moving Asymptotes (MMA)

A general optimization problem is described as following;:

min  f(x)
hj(X):O, jzl,...,n

The optimization problem aims to find the design variable (or set of variables) x that
minimizes a given objective function f(x), subject to a set of m inequality constraints
gi(x) < b; and n equality constraints h;(x) = 0. In the context of structural TO, this

general formulation is commonly expressed as following:

mxin f(x)

st gi(x)<b;, i=1,....m (1.64)
K(x)U = F(x)
' < xp <alt j=1,...,n

where g;(x) denotes the constraint functions associated with the final design (e.g., limits

on material usage or allowable stress), K(x)U = F(x) represents the equilibrium equation
;i in

max
J

and z"** are the lower and upper bounds of the DVs,

solved at each iteration, and z

respectively.

Structural optimization problems are usually coupled with FEA, with up to millions of
degrees of freedom leading to nonconvex form, which makes finding their explicit solution
computationally expensive or in most cases either impractical or impossible. To face these
limitations, an approach to approximate large scale problems as a sequence of explicit,
convex subproblems was proposed by Krister Svanberg in 1987 [25] through the Method
of Moving Asymptotes (MMA).
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MMA is a gradient-based optimization algorithm that requires the evaluation of gra-
dients for both objective and constraint functions at each iteration. MMA addresses chal-
lenging nonlinear and potentially non-convex optimization problems by replacing them
with a sequence of convex approximation subproblems, which are significantly easier to
solve. The construction of these subproblems is guided by dynamically adjusted param-
eters known as moving asymptotes, which help control the shape and curvature of the

approximations throughout the iterative process.

The iterative scheme of MMA is composed of the following steps:

1. choose a starting point x°, that represents the vector of DVs;

2. given an iteration point x*, calculate the constraint functions f;(x*) and their gra-
dients V f;(x");

3. generate an explicit subproblem P* which approximates the original problem m;

4. solve P* and let the optimal solution of this subproblem be the next iteration point

x**1 Then go to step 2 and repeat until a convergence criteria is fulfilled.

The approximating functions replaced in P* at x* design point, are as following:

n ok o
k %) L) k .
.= + + ) = ]_, ey 165
7 Z Ulc _ xj xj o Léq T t m ( )

where L? and U f represent the so called lower and upper moving asymptotes, which limit

each DVs such that:

L <af <UJ (1.66)

while the terms pfj, qu and 7% are defined as following:

|- efPgk, i g >0
Pi; = , (1.67)
0, if §-<0
0, if 2L >0
= (1.68)
ij :
—(ak — Lf)?ﬁ-;”;, if gg;; <0

" Pk qr
F=fF— ol Cl 1.69
T fz Z(Uk—xj+xj—L’“> ( )
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Ofi
B:ch

a first order approximation of f; at x

are evaluated at design point x = x*. The expression of fF is
k

where the derivatives
. Since pfj > 0 and qu > 0, the approximating
function fF is convex. Considering the design point x = x*, the second derivative of fF

1s:

297

ox . %
02 ft —U]’-“—;»‘?’ if e; > 0
oy = . (1.70)
J T . Afi
x;?fi;“ if Ox; <0

k
70

the larger the resulting second derivatives become. This increases the curvature of the

Therefore, the closer the bounds L;? and UJI.C are set to the current design variable x

approximating functions fF, making the approximation of the original problem more

conservative.

Dual method to solve the subproblems

The MMA subproblem (P*) at k-th iteration is now defined as:

. & Poj qoj
+ +
m’gn Z(UJ‘_%‘ x»—L) "0

j=1 J J

s.t. Z( Py 4 )gbi, i=1,....m (1.71)

Uj—ﬂfj ij—L]’

Jj=1

ajnggﬁja jzla"'an

where the parameters ozf? and Bf are the so called mowve limits that aim at avoiding division
by zero when solving the subproblem. The subproblem [I.71] is a convex and separable
problem, meaning that a dual method can be employed for its solution. If the primal
problem is a minimization, its corresponding dual will be a maximization problem (and
vice versa). According to the principle of weak duality, any feasible solution of the dual
provides a lower bound to the objective value of the primal, and any feasible solution of
the primal gives an upper bound to the objective value of the dual. In other words, the
value of the objective function in the dual problem never exceeds that of the primal when

both are evaluated at feasible points.

The Lagrangian function of the subproblem is defined as:

Uay) = 1500+ Dl () (172)
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which can be rewritten as:

laz,y)=ro+y b+ ( O;J, _ym T+ o;_ngJ> =rg—y b+ Ljz;y) (1.73)
J J J J

Jj=1 Jj=1

y in Eq. is the vector of Lagrange multipliers.

Using the weak duality property, a dual objective function W (y) is defined for all
y; > 0:

W(y) =min{l(x,y); aj <z; <8 forall j} =rg—y b+ Y Wi(y)  (1.74)

J=1

where:

Wily) = min = {Ij(z;,¥) a5 < 2; < i} (1.75)

Since y > 0, it follows that po; + y™p; > 0 and qo; +yTq; > 0, therefore [;(z;,y) is

convex.

The first and second derivatives of [;(x;,y) w.r.t. x; are, respectively:

olj(z;,y) _ boj + yij Qo; + quj

- (1.76)
Iz Uy —;)*  (zj— Ly)?
Plxy,y) 2o +y'py) | 2(q0 + Y qy)
= 5~ + 3 (1.77)
O (U; — ;) (z; — L)
Since % is strictly positive, az]-é(}zjl,y) is strictly increasing in z; and the following
J J
statements are verified:
1. If %ﬂcj’y) > 0 then z;(y) = «; (17)
2. If %ﬂ’” < 0 then z;(y) = 5; (18)
3. If %x;’y) < 0 then z;(y) is the unique solution of the equation %ﬂ;y) = 0.
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ol (xj YY)

It can be verified that the unique solution x;(y) satisfying = 0 is given by:

1/2 1/2
(poj +y'Pj) 2L+ (0, + v 'q;) ",
(poj + ¥ P;)" + (q0; +y ;)"

75(y) = (1.78)

Given that an explicit expression for z;(y) exists, the corresponding expression for

the dual objective function W (y) can be written as:

+y'P;  qjty'q;
W(y)=ro—y b+ <p0ﬂ 3+ J 3) 1.79
(y) =10 Z —oty) T 00— L (1.79)

Furthermore, the partial derivatives of W (y) w.r.t. the dual variables y; are given by:

oW - Dij 4ij
= b + ( J + J ) 1.80
Oyi z:: Up—x;(y)  x(y) — L (1-80)

The dual problem associated with subproblem P®*) is to maximize the function W (y)
(considering y > 0)
D: maxW(y) st. y>0 (1.81)

Since z;(y) is a continuous function of y (except in the degenerate case where pg; +
y 'p; = 0 and qy; +y'q; = 0), the dual objective W (y) is smooth. Moreover, because it

represents the point wise minimum of a family of affine functions in y, it is also concave.

Consequently, problem D in Eq. is well-behaved and suitable for gradient-based
optimization methods. Once the dual problem has been solved, the optimal solution to
the primal subproblem P™®) is easily recovered by substituting the optimal dual variables

y into the analytical expression for x;(y) given in Eq. [1.78

1.5.2 About normalization in optimization problems

It is important to note that the sensitivities of both objective and constraint functions
are unit-dependent. This means that the magnitude of an elemental sensitivity can
vary significantly depending on the units in which it is expressed. As a consequence,
sensitivities related to one constraint might dominate others, potentially leading to an

ill-conditioned and unbalanced optimization process.

To address this, normalization is employed to improve both the numerical stability
and performance of the optimization algorithm. In particular, normalization is essential

for the following reasons:
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e Numerical stability: DVs and sensitivities may differ in scale by several orders of
magnitude, which can introduce instability. Normalization brings all quantities to

a comparable scale, mitigating this risk;

e Improved convergence: normalized variables contribute to a smoother and more
well-behaved optimization landscape, aiding convergence, especially for gradient
based algorithms such as MMA or SQP;

Normalization typically involves scaling objective functions, constraints, and their
gradients using appropriate reference values—such as their initial magnitudes or known

feasible bounds.

In this work, normalization was consistently applied to both objective and constraint
functions, as well as their respective gradients. Mathematically, the normalization of the

objective function F'(p) is performed w.r.t. its initial value at the first iteration:

From(P) = ()( )) (1.82)

where k denotes the current iteration.

For a generic constraint function G, gradient normalization is performed as follows:

Gnorm _ /||VG|| (1.83)

where the gradient norm ||VG||:

(1.84)

This normalization strategy ensures that all constraints are appropriately weighted and
contribute meaningfully to the optimization process, without being biased by differences

in scale or units.

1.6 PyMapdl Topology Optimization Tool

In this work, a TO tool has been implemented into the PyMAPDL class within the
ANSYS suite. The package provides a Python-friendly interface to control the software,
enabling the execution of low-level APDL commands and facilitating data exchange via

high-performance gRPC interfaces [26]. The open access code on how Python and APDL
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are coupled for TO applications can be found here [27]. This code provides an intuitive
way to implement the TO framework in PyMAPDL. Other interesting open-access code
that couples the Abaqus FE software and Python is [28]. Here, the stress constraint is

also integrated into the TO formulation.

The developed PyMAPDL TO code is organized into several sections, as illustrated
in the flowchart in Fig. [[.8 The main sections are described below.

e Parameter Settings: this section defines the primary TO parameters, such as
the mechanical properties (Young’s modulus of solid (Ej) and Poisson’s ratio (v)),
the maximum number of iterations, the convergence tolerance, filter size, and TO

constraints.

e Initialization: this phase stores information about the mesh, design elements,
and non-design elements. These details are subsequently used for calculating the
minimum filter radius and constructing the filter (Eq.[1.13)), extrusion (pseudo-code

in sec. [1.4.3)) and test region matrices (Eq. [1.49)).

e Solver: During this iterative phase, the optimization problem is solved using the
MMA algorithm [25], chosen for its versatility, widespread application in TO prob-
lems, and availability in Python [29]. The process follows these key steps:

1. Initialize MMA parameters and set the initial element densities to the pre-

scribed volume fraction.

2. Material Property Update: compute the element Young’s modulus based on
the density values using Eq. [L.1]

3. Density Filtering: apply the density filter through Eq. to smooth the

element densities.

4. Finite Element Analysis (FEA): solve the equilibrium equation K(p)U = F
using ANSYS FE software.

5. Objective and Constraint Evaluation: compute the objective function (Eq.|1.18)
constraints (Eq. [1.15] Eq. [L.56), and their respective gradients (Eq. [1.23]
Eq. [1.57).

6. Gradient filtering: apply the filter to the objective gradient (Eq. [1.19)) and
compute the average objective function for each C, set (Eq. [1.48)).

7. Optimization Step: update the element density vector p using the MMA op-

timizer.

8. Convergence Check: if convergence criteria are met (Eq. [1.86]), the process

stops; otherwise, the loop repeats from step 2 to 8.
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e Postprocessing: in the final stage, element density plots are generated and saved

as ".vtk" format, and maximum stress and displacement values are recorded and

printed.
PyMAPDL Topology Optimization Tool
ﬂ)efine:
* FE model: applied loads and
displacement constraints
* Design domain elements
Inputs (Qq40)
* Non-design domain elements
(Qnad)
 Base surface node and
\ element IDs belonging on it /
e s N\ N N
Parameter settings J—' Initialization > Solver —{ Postprocessing
. - J - J J
~ | 1 | |
ﬁ Retrieve mesh info: tot n® of\ K Initialize MMA parameters\ N .
Set: ) ) clements, mesh connectivity, + Set element densities to «  Visualize element density
* Mechanical properties: E, v h id X plot
« Max n° of iteration mesh centroids . volume fraction value
» Compute average mesh size « Solve TO: «  Export FE mesh for further
 Convergence tolerance . . R .
« Filtersize + Compute filter radius 1. Update element Young’s postprocessing
! e . + Setto 1 element densities of modulus J
* Volume fraction constraint (% o " ..
of Qu0) ¢ nddt filter H. extrusi 2. Filter element densities
L . * Create filter H, extrusion 3. RunFEA:K(p)U=F
* Max size constraint . \
\ Hextrusion and test region Hy, 4. Compute obj. , const. and
matrices / their gradients
5. Apply filter on gradients
and average obj. fun. for
each Cset
6. Update element density
vector p using MMA
7. Check convergence: if not

converged, repat from 1 to
k 6, otherwise stop J

Figure 1.8: Flowchart of PyMAPDL Topology Optimization Tool.

The code has been developed with flexibility in mind, enabling it to be easily updated
to accommodate other TO problem formulations. This includes defining alternative ob-
jective and constraint functions, manufacturing constraints, as well as implementing dif-
ferent types of filters and material law interpolations, ensuring adaptability to various

optimization scenarios.

Since TO is an iterative method, a convergence criterion must be established. In this
work, the convergence check is based on the stability of the objective function over recent
iterations. Specifically, a moving average of the objective function values from the last

five iterations is computed as:

fobi=1 3 Fiy (1.8

i=it—4

The absolute difference between the current objective function value and the computed

moving average is then evaluated:
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convergence = | fobj — fobj"| < 7 (1.86)

where 7 represents the tolerance for the convergence check. This criterion is applied
only after the 10" iteration, ensuring that the optimization process has sufficient time
to evolve from its initial state and preventing premature termination due to early fluc-
tuations. Compared to alternative methods, this approach generally leads to faster con-
vergence while maintaining solution quality. Another common approach for defining
convergence criteria is to monitor the maximum change in the element density vector

between successive iterations.

1.6.1 Benchmark problems

The following sections present a set of standard benchmark problems used to assess and
validate the performance of the developed TO tool. These test cases are commonly em-
ployed in the literature and span a variety of structural configurations. The objective
is to compare the numerical results obtained from the in-house optimization framework
with those from the commercial ANSYS Workbench software, focusing on stiffness maxi-
mization under a volume constraint. Additionally, to demonstrate the effectiveness of the
implemented extrusion and maximum size constraints, two supplementary test cases are
included: the plate and the cylinder. For these two last cases, we employed the extrusion

constraint as an effective strategy to generate rib layout design.

All problems are defined using the following material properties:

e /=200 GPa
e v—=0.3

e 7 = 7850 kg/m*

It is important to note that only a qualitative comparison was performed, as ANSYS
does not provide access to key quantitative details such as the actual objective function

value, maximum displacement, or stress levels.

3D Cantilever Beam

The 3D cantilever beam consists of a rectangular domain with dimensions L = 2 m,
H =1m, and W = 1 m. The left face is fully fixed, and a downward point load of
1000 N is applied at the bottom of the opposite face, as shown in Fig. [[.9. The finite
element discretization employs the SOLID185 element type, with a total of 64k elements
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used in the mesh. The optimization problem is defined as stiffness maximization under

a volume constraint of 30%.

Figure 1.9: 3D Cantilever Beam.

The optimized topology obtained using the in-house code and ANSYS Workbench
exhibit noticeably different material distributions. While both solutions maintain struc-
tural connectivity, the Workbench solution retains more material around the fixed end
and the area where the load is applied. This leads to a more robust and stable struc-
ture, especially near critical regions (see Fig. . In contrast, the solution from the
developed tool tends to reduce material more aggressively, resulting in a slightly simpler
topology with fewer redundant paths (see Fig.|1.10al). This may suggest that the density
filter and optimization settings in the custom implementation favor global stiffness over

local reinforcement near constraints.

(a)

Figure 1.10: (a) In-house TO: nje,, = 188, t = 2.14 h, C,,; = 40441 Nm; (b) ANSYS TO:
Djter. = 01, ¢ = 9.30 min.
3D MBB Beam

The 3D MBB beam has dimensions L = 3 m, H = 0.5 m, and W = 0.5 m. A vertical
point load of 1000 N is applied at the middle of the top surface.
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The bottom left edge is constrained in both vertical and horizontal directions, while
the bottom right edge in vertical and normal directions (constraint normal to zy-plane
to prevent rigid body motion), as shown in Fig. [l.11} The finite element discretization
employs the SOLID185 element type, with a total of 125k elements used in the mesh.

The optimization aims to maximize stiffness using only 30% of the volume.

I

W, I¥

Figure 1.11: 3D MBB Beam.

In the MBB beam case, the topology generated by the in-house optimizer contains a
higher number of holes compared to the ANSYS Workbench outcome (see Fig. .
The Workbench solution tends to retain material more consistently around the boundary
conditions and load applications, forming a more continuous structure (see Fig. . In
contrast, the in-house solution removes material even in some regions where constraints
are applied, resulting in a more perforated design with less emphasis on local reinforce-
ment. This suggests that Workbench favors preserving structural continuity near critical
regions, while the in-house approach prioritizes global stiffness more aggressively, poten-

tially at the expense of local compliance.

(a) (b)
Figure 1.12: (a) In-house TO: nj,. = 200, ¢t = 6.37 h C,pr = 341 Nm; (b) ANSYS TO:

Diter. = 29, t = 10.39 min.
3D L-Bracket

This problem features an L-shaped bracket with horizontal (L) and vertical (H) legs of
length 1 m, respectively, and a thickness (W) of 0.33 m. A vertical point load of 1000 N
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is applied at the end of the free horizontal leg, while the top face of the vertical leg is
fixed, as shown in Fig. [[.I3] The finite element discretization employs the SOLID185
element type, with a total of 40k elements used in the mesh. The optimization problem

focuses on stiffness maximization with a 30% volume constraint.
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Figure 1.13: 3D L-Bracket.

In the L-Bracket case, the solution generated by the in-house optimizer appears denser
overall, with fewer internal holes and more solid regions (see Fig. [1.14a)). The material
tends to remain well-distributed across the bracket, resulting in a stiffer-looking struc-
ture. In contrast, the ANSYS Workbench solution forms a more refined topology, in-
cluding thinner members and finer features, especially near the load application zone
(see Fig. [L.14b)). This suggests that Workbench may better capture the need for local
reinforcements, while the in-house tool favors broader material retention and simpler

connectivity patterns.

Plate

The analyzed plate is 5x5x0.4 m. A vertical load F, = —404 kN is applied on the right
side, while the opposite side is fixed, as illustrated in Fig.[I.I5b. The mesh consists of 16
layers along the z direction (see Fig.|1.15a), with 3 layers of elements forming 2,44, which
has a thickness of t,3q¢ = 0.075 m; a total of 160k elements composes the FE model. The
average element size is 0.04 m. The extrusion constraint is enforced in the z direction, and
the final material distribution is restricted to 30% of the initial volume Qg4 (G, = 0.3).
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(a) (b)

Figure 1.14: (a) In-house TO: njte;, = 179, t = 1.00 h, C,p = 2381 Nm; (b) ANSYS TO:
Dijter. = 36, ¢ = 3.39 min.

k-th extrusion direction

(a) (b)

Figure 1.15: Plate FE model: (a) €244 and 2,44 domains; (b) applied loads and displace-
ment constraints.

The optimized plate without considering manufacturing constraints is shown in Fig.[1.16]
The initial mass is 78.50 tons. The initial structural compliance, Cjpi, is 4.460 - 102 Nm
calculated by setting the element densities in {244 equal to the prescribed volume frac-
tion, while the final compliance, C,, is 9.301 - 10" Nm. The final mass is 33.86 tons.
The optimization process primarily removes material near the central region, promoting

thinner members at the edges and forming complex curved structures.
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Figure 1.16: Plate TO results: (a) element density plot; (b) top view (5 > 0.5); (c)
isometric view (p > 0.5).

When manufacturing and volume constraints are introduced, the final structural com-
pliance C,,; increases to 11.166 - 10" Nm, but a less complex and more manufacturable
design is obtained, as shown in Fig.[I.I7 In this case, the extrusion constraint prevents
the formation of cavities parallel to the plate surface, leading to a clear rib layout. Ad-
ditionally, the maximum size constraint with .. = 0.24 m ensures that bulk material is
split, preventing excessive material concentration and limiting member sizes within the

acceptable range.
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Figure 1.17: Plate TO results with extrusion and max size constraints: (a) element
density plot; (b) top view of optimized rib (p > 0.5); (c) isometric view of optimized rib
(p > 0.5).

The convergence history for the plate case is illustrated in Fig. [[.1I8} The Fig. [I.18h
corresponds to the standard TO case, where the normalized objective function rapidly

decreases within the first few iterations before stabilizing. The Fig. [1.18b represents the
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case where manufacturing, volume constraints, and an adaptive move-limit strategy are
applied. Here, the convergence behavior exhibits a more gradual decrease in compliance,
reflecting the additional constraints imposed on the design space. The smoother transition
observed in the constrained case indicates enhanced numerical stability, which helps to
prevent abrupt changes in the material distribution and ensures a manufacturable final

design.

Convergence plot Convergence plot
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(@) (b)

Figure 1.18: Plate TO convergence plot: (a) normalized objective function with no man-
ufacturing constraints; (b) normalized objective function with manufacturing constraints
and decreasing m; strategy.

Cylinder

The analyzed cylinder has an inner radius of 2 m, an outer radius of 2.5 m, and an axial
length of 10 m. A net force F, = 1 MN is applied to the inner middle section, directed
along the z axis, while both ends are fixed (see Fig.[1.19p). The FE mesh consists of 10
layers along the radial direction (see Fig.|[1.19), with 3 layers of elements forming €244,
which has a thickness of t,qq4 = 0.15 m. In total, the FE model comprises 160k elements,
and the average mesh size is 0.076 m. The extrusion constraint is applied in the radial

direction, and the final material distribution is restricted to 30% of the initial €244 volume
(G, =0.3).
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Qg

k-th extrusion direction

Qnaa

(a)

Figure 1.19: Cylinder FE model: (a) Q4q and Q,qq domains; (b) applied loads and
displacement constraints.

The optimized cylindrical structure without manufacturing constraints, depicted in
Fig. , has an initial mass of 555 tons. The initial compliance is Cjp;s = 9.477-108 Nm,
computed by setting the element densities in {2434 equal to the prescribed volume fraction.
After optimization, the compliance reduces to C,,; = 5.314 - 10® Nm, with a final mass
of 274 tons. Due to the symmetric geometry, loads, and displacement constraints, the

design exhibits a rib-like structure, but significant material concentration occurs in the

central region.
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Figure 1.20: Cylinder TO results: (a) element density plot; (b) top view (p > 0.5); (c)
isometric view (p > 0.5).

Introducing manufacturing and volume constraints slightly increases compliance to
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Copt = 5.617-10° Nm, as shown in Fig. [1.21] The extrusion constraint prevents excessive
material buildup at the center by introducing radial holes, improving manufacturability
while preserving structural efficiency. The maximum size constraint, set to . = 0.45 m,
ensures a balanced material distribution and limits oversized structural members, result-

ing in an optimized yet practical design.
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Figure 1.21: Cylinder TO results with extrusion and max size constraints: (a) element
density plot; (b) top view of optimized rib (p > 0.5); (c) isometric view of optimized rib
(p > 0.5).

The convergence history for the cylinder case is shown in Fig. The Fig. [1.22h
corresponds to the standard TO approach, where the normalized objective function de-
creases steeply in the early iterations before stabilizing. The Fig. presents the case
where manufacturing and volume constraints and an adaptive move limit strategy are
applied. The introduction of these constraints leads to a different convergence behavior:
the objective function initially follows a similar rapid decrease but then exhibits a more
gradual decline in later iterations. This behavior reflects the influence of manufacturing
constraints, which limit abrupt changes in material distribution and enforce manufactura-
bility at the cost of slightly slower convergence. The gradual refinement observed in the
constrained case demonstrates the effectiveness of the move limit strategy in stabilizing

the optimization process and ensuring a practical final design.
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Figure 1.22: Cylinder convergence plot: (a) normalized objective function with no man-
ufacturing constraints; (b) normalized objective function with manufacturing constraints
and decreasing m; strategy.

1.6.2 Conclusions on benchmark problems

A qualitative comparison between the in-house developed TO code and ANSYS Work-
bench reveals distinct differences in the resulting structures. While both approaches aim
to maximize stiffness under a volume constraint, their outcomes differ due to algorithmic

strategies and implementation details.

ANSYS Workbench employs either OC or SQP algorithms, which, coupled with its
built-in filtering and constraint handling techniques, tends to preserve more material near
load and boundary condition regions. This often results in more refined and complex
geometries, featuring a larger number of thin structural connections. The convergence of

ANSYS TO is generally faster, which can be advantageous for quick evaluations.

In contrast, the in-house method, based on the MMA algorithm, exhibits more ag-
gressive material removal strategies. The solutions tend to be sparser in regions where
structural connections may still contribute to local stiffness, occasionally removing ma-
terial even around constrained zones. Consequently, the generated topologies appear

simpler and more perforated in comparison.

Overall, while ANSYS excels in speed and refined structural detail, the in-house code
provides superior flexibility and transparency in post-processing, making it a valuable

tool for detailed structural assessment and further customization.
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1.7 Particle Swarm Optimization

Particle Swarm Optimization (PSO) [30} 31] is a population-based algorithm designed to
solve global optimization problems, both constrained and unconstrained. It operates by
iteratively improving a set of candidate solutions, known as particles, based on a defined
objective function. Each particle explores the search space by updating its position and

velocity at each iteration.

The movement of a particle is influenced by two main factors: its own best-known
position (personal best) and the global best-known position found by the swarm (or
particles). By combining individual experience with collective knowledge, the swarm
is guided toward promising regions of the search space. As the algorithm progresses,
particles converge toward optimal or near-optimal solutions through this cooperative
behavior. The advantage of this algorithm is that it doesn’t require gradient information
to advance towards the optimal solution, but it suffers from slow convergence when a

large number of DVs are employed.

The PSO algorithm was employed to explore alternative structural layouts for the
large cylindrical magnet presented in chapter 3| Its use is motivated by the fact that the
problem at hand involves a shape optimization task, where the objective is to identify
the most effective reinforcement configuration without relying on gradient information to

advance the optimization.

1.7.1 PSO: Analytical Formulation

The algorithm that describes the PSO uses a velocity vector to update the current position
of each particle in the swarm; the velocity vector is updated based on the “memory”
gained by each particle, conceptually resembling an autobiographical memory, as well as
the knowledge gained by the swarm. Thus, the position of each particle in the swarm
is updated based on the social behavior of the swarm which adapts to its environment
by returning to promising regions of the space previously discovered and searching for

better positions over time. Numerically, the position x of a particle ¢ at iteration k + 1 is

updated as:

Pt = g 4R TIAL (1.87)
where vf“ is the particle velocity vector at iteration k, while At is the time step set as
unit value.

The velocity vector of each particle within the swarm is calculated as:
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where:

e 1, and ry are random numbers in the range of 0 and 1;

p¥ is the best particle position of particle i at iteration k;

p’; is the global best position in the swarm up to iteration k;

¢ and ¢y are, respectively, cognitive parameter and social parameter (¢; = ¢y = 2);

w is the inertia parameter (w = 0.9).

Each particle, which represents a candidate solution of the optimization problem, is
characterized having n-dimensional vector position and velocity. The dimensionality is

given by the number of DVs used in the optimization.

This gradient-free algorithm is relatively simple, as it only requires the evaluation of
the particle positions (defined by the set of DVs) and the corresponding velocity vectors.
making it particularly suitable for problems where there is no explicit or direct rela-
tionship between the DVs and the objective function, such as in black-box optimization

scenarios

The velocity update, as shown in Eq. [I.88] incorporates both individual learning
and social interaction mechanisms. Specifically, the cognitive parameter ¢; controls the
tendency of a particle to return to its own best-known position (personal experience),
while the social parameter cy governs the attraction toward the best known position
discovered by the swarm (collective experience). These two components, modulated by
inertia parameter w, allow PSO to balance exploration and exploitation across the design

space and during the optimization.

In general, PSO algorithm is based on the following steps:

1. Initialize a set of particles positions 2 and velocities v{ randomly distributed

throughout the design space bounded by specified limits;

2. Evaluate the objective function values f* using the design space positions x¥;

3. Update the optimum particle position p¥ at current iteration k and global optimum

particle position p’g ;
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4. Update the position of each particle using its previous position and updated velocity

vector through Eq. [1.88}

5. Repeat steps 2—4 until the stopping criteria is met. The basic stopping criteria is

defined based on the number of iterations reached.

The initialization phase is critical to ensure that the optimization process converges
toward a global optimum rather than being trapped in local minima. In particular,
it is important to distribute the swarm homogeneously across the entire design space,
especially in problems where the location of the global optimum is unknown. Common
strategies to enhance initial coverage include Latin Hypercube Sampling (LHS), Sobol
sequences, and other low-discrepancy methods, which help to avoid clustering and ensure

a uniform distribution of particles [32].

1.7.2 Constrained PSO

The basic PSO algorithm does not inherently consider constraints on the DVs. However,
in most engineering problems, the DVs are bounded by physical or design limitations,
such as dimensional constraints. These constraints are often expressed as inequalities, for

example a thickness parameter limited between 20 mm and 50 mm.

Moreover, the standard PSO algorithm does not account for constraints related to
the system response, such as stress, displacement, or frequency requirements for instance.
These types of constraints on the outputs of the analysis are equally critical in engineering
design and must be handled through additional constraint-handling techniques to ensure

acceptable solutions.

Boundary Handling

Many practical optimization problems impose lower and upper bounds on DVs. Several

strategies have been developed to ensure particles remain within these bounds [33] [34]:

e Modify personal /global best update: in this simplest method, the particle’s position
and velocity remain unchanged, but infeasible particles are not selected as personal
or global bests. Their objective function evaluations can be skipped or assigned a

high penalty value.

e Reposition infeasible particle: this approach directly adjusts particles that move

outside the feasible bounds:
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— Nearest method: particles exceeding the bounds are clamped to the boundary:

k+1

i

k+1

)

pe1 ) Tups 2T > @y

L

Tlow, if x < Zlow

— Pbest method: particles are returned to their last feasible personal best posi-

tion.

To prevent the particle from immediately exiting the feasible region again due to

its "momentum", the velocity is often modified:

— Adsorb: reset the velocity to zero: v¥*' =0

— Deterministic back: reverse and scale the velocity to bring the particle back:
vitt = —\oF ) where A € [0, 1] (commonly A = 0.5)

1

— Random back: a stochastic variation of the deterministic back approach

e Preventing infeasibility: instead of repositioning after violation, these techniques
constrain the velocity update such that the particle does not leave the feasible

domain:
— Hyperbolic method: normalizes the velocity to ensure the next position is
within bounds.

— Random forth: projects the particle to a random point between its current

position and the nearest boundary.

Constraint Handling

To ensure that the optimization remains within the feasible design space, constraint-
handling strategies must be implemented. A common and effective approach is the
Penalty Function technique, which increases the objective function value for infeasible

solutions [35].

In this method, a penalty term is added to the objective function when one or more

constraints are violated. The penalized objective function f¥  can be expressed as:
e = T A max(0, g (%))’ (1.89)

Jj=1

where:

e f* is the original objective function;
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e gj(x) <0 are the constraint functions:
° )\f are the penalty coefficients;

e m is the total number of constraints.

The penalty coefficients /\f must be carefully selected: if they are too small, the
algorithm may still accept infeasible solutions; if too large, the search may be overly
restricted and converge prematurely. This technique allows unconstrained optimization
algorithms like PSO to be adapted for constrained problems in a straightforward and

flexible way.

An easier approach to account for constraints within the optimization process involves
normalizing both the objective and constraint functions with respect to reference values,
without the need of defining the parameters )\f. This not only simplifies their integration
but also ensures that the functions, often expressed in different units, are brought to
a comparable scale. Additionally, the objective function can be penalized whenever a

constraint is violated:

Foen = f +§: <M> (1.90)

fref Gjref

Eq. was implemented in this work due to its simplicity and its ability to easily

scale all parameters, such as objective and constraint functions.

Furthermore, in this work a combination of repositioning and velocity adjustment
techniques was implemented to maintain feasibility of all particle positions during the
optimization (deterministic back and nearest method). Additionally, LHS was used in the
initialization phase to ensure a homogeneous distribution of particles across the feasible

design space.

The implementation, fully developed within the APDL (ANSYS Parametric Design
Language) environment, is provided in appendix .

1.7.3 Simply supported beam optimization

The effectiveness of the PSO algorithm was assessed by applying it to a benchmark case,
namely a simply supported beam. The beam is subjected to a 1000 N force, as shown in
Fig.[1.23] The goal of this optimization problem is to minimize the beam’s weight while
ensuring that the stress does not exceed the allowable limit. The DVs are the beam’s
cross-sectional dimensions, which must be determined to achieve the minimum weight.
The width (W) and height (H) of the beam are constrained to be no less than 10 mm,
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and the maximum stress anywhere in the beam must not exceed 200 MPa. The beam
is assumed to be made of steel (y = 7850 kg/m®) with a Young’s modulus of 200 GPa.
Furthermore, the FE model of the beam was developed using BEAM188 elements.

The analyzed problem is taken from [36]. The reference solution is:

W = 13.24 mm

H = 29.16 mm

oM — 199.83 MPa

max

V = 386100 mm?

All the results obtained are shown in Table

0.75L

L=1000 mm

Figure 1.23: Simply supported beam model.

Table 1.1: Beam optimization results for different settings of maximum iterations and
particle number using PSO algorithm.

Sol. n° Max iter. Particle n® H [mm] W [mm] V [mm?] opaxeq [MPal
1 100 10 26.60 15.54 413307 197.9
2 10 100 30.82 11.86 365351 193.2
3 10 10 33.94 10.19 345935 185.3
4 10 10 36.15 10.08 364289 165.2
5 10 10 36.27 10.46 379214 158.2
6 20 10 33.33 10.07 335748 194.3
7 10 20 31.77 12.44 395076 173.3
8 30 2 26.76 17.70 473771 171.5
9 30 30 32.65 10.96 357860 186.2
10 10 200 32.17 10.90 350813 192.7

Comparing the reference solution with those shown in Table it can be observed

that the obtained results are generally consistent with the reference in terms of both

stress and volume, but they exhibit slight variations in the cross-sectional dimensions.
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For instance, the best solutions (e.g., Solutions 3, 6, and 10) achieve volumes in the
range of 335000-351000 mm? with stresses close to the allowable limit, while others (e.g.,
Solution 8) result in larger volumes but lower stresses. In all cases, the maximum stress
remains below the 200 MPa threshold.

It should be emphasized that the final solutions obtained are always slightly different
from the reference one and from each other. This is due to the stochastic nature of the
employed optimization algorithm, which introduces variability in the convergence path

and final outcome.



2 Nuclear Fusion: A brief introduction

The global demand for energy continues to rise steadily, driven by rapid industrial devel-
opment in many emerging countries. Currently, the majority of energy production relies
on fossil fuels such as oil, natural gas, and coal. These sources, however, are finite and
represent the primary contributors to environmental pollution and greenhouse gas emis-
sions. As a result, there is an urgent need to transition toward sustainable and cleaner
energy alternatives. Among these, nuclear fusion represents a promising solution, offer-
ing the potential for large-scale, low-emission energy production that could significantly

reduce our dependence on fossil fuels.

2.1 Fundamentals of fusion energy

Nuclear fission is the most widely used nuclear reaction for energy production, with many
operational reactors around the world. Fission offers several advantages, including the
absence of direct gas emissions. However, it also presents notable drawbacks, such as the

long-term management of radioactive waste and the potential for weaponization.

In contrast, nuclear fusion (the process that powers the sun and stars) offers a fun-
damentally safer and more sustainable approach. Although fusion reactions also produce
radioactive by-products, the associated risks are considerably lower. Neutron irradiation
can induce radioactivity in structural materials, and tritium (one of the fuels used) has
a relatively short half-life of about 12 years. Nevertheless, careful selection of structural
materials can mitigate these effects, and the environmental impact of fusion waste is

generally lower and shorter-lived than that from fission [37].

Fusion fuel is another significant advantage: deuterium is widely available, while
tritium can be breed from the interaction between neutron and lithium within the reactor.
Additionally, the fusion reaction naturally stops if the fuel supply is interrupted. Fusion
systems typically operate at very low pressure minimizing the risk of catastrophic failure
or explosion. Moreover, only a small quantity of tritium is used, further enhancing

operational safety.

64
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Although nuclear fission and fusion are fundamentally different processes, both are

governed by Einstein’s mass-energy equivalence principle:

E = (m, —m,)-c (2.1)

where m, is the mass of the reactants, m, is the mass of the products, and c is the
speed of light in vacuum. Even a small mass difference between reactants and products

can result in the release of a tremendous amount of energy, due to the large value of c?.

In fission, a heavy atomic nucleus (such as uranium-235 or plutonium-239) is split into
two lighter nuclei upon absorption of a neutron, releasing energy and additional neutrons
that can sustain a chain reaction. In fusion, by contrast, two or more light atomic nuclei,
typically isotopes of hydrogen, combine to form a heavier nucleus. This process also
releases energy, and in most practical applications, produces high-energy neutrons as a

by-product.

A plasma is generally required for fusion reactions, and it is classified as fourth state
of matter. While the solid, liquid, and gaseous states are electrically neutral, consisting of
atoms with positively charged nuclei surrounded by negatively charged electrons, plasma
differs significantly. When a gas is heated to extremely high temperatures, the thermal
energy causes the atoms to collide with such intensity that electrons are stripped from
their nuclei. This results in a highly ionized gas composed of free electrons and ions that
move independently. Unlike neutral gases, plasma can conduct electricity and respond

strongly to electric and magnetic fields.

In stars, the formation of plasma and subsequent fusion reactions occur naturally
due to the high temperatures (between 5 and 15 millions degrees Celsius) and immense
gravitational forces, which both heat and confine the plasma, enabling sustained fusion.
Replicating this process on Earth, however, presents a major technological challenge. To
achieve fusion under terrestrial conditions, a device must be capable of heating the fusion
fuel to temperatures exceeding 100 million degrees Celsius and simultaneously confining

the resulting plasma long enough for the fusion reactions to occur efficiently.

To achieve nuclear fusion, one must overcome the Coulomb barrier, the electrostatic
repulsion between positively charged atomic nuclei. Since like charges repel, fusion does
not occur easily under normal conditions. However, as the temperature of the fuel in-
creases, the kinetic energy of the particles also increases. At temperatures on the order
of 100 million degrees Celsius, nuclei move fast enough that, during collisions, some are
able to get close enough for the strong nuclear force to overcome the repulsive Coulomb

force, allowing fusion to occur.

The probability that a fusion reaction will happen during a collision between two
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particles is quantified by the cross-section. This cross-section depends strongly on the
particles’ impact energy: the higher their energy, the greater the probability that they
will overcome the Coulomb barrier and successfully fuse. Therefore, increasing particle
energy not only enhances the rate of collisions but also the chance that each collision

results in fusion.

The most promising fusion reactions involve light nuclei, especially the isotopes of
hydrogen: deuterium (D or 2H) and tritium (T or *H). The key fusion reactions involving

these isotopes include the following:

D+ T — “He+n+ 17.6 MeV
D+D — *He+n+ 3.3 MeV

D+D — T+H+4.0 MeV

D + He — “He + H + 18.3 MeV

In these fusion reactions, helium (also referred to as an alpha particle) and neutrons are
among the primary products. A significant portion of the energy released (approximately
80% for D-T reaction) is carried away as kinetic energy by the neutrons. This high-energy
neutron flux plays a crucial role not only in the overall energy yield but also in breeding
tritium when interacting with lithium. The total energy released in each reaction is
shown on the right-hand side of the respective equations above and is distributed among
the reaction products. In physics, this energy is commonly measured in eV, where 1 eV

corresponds to approximately 11,605 K (based on the Boltzmann constant).

Deuterium, one of the key fuels for fusion, is abundant in seawater (around 30 grams
per cubic meter). Its nucleus consists of one proton and one neutron, giving it roughly
twice the mass of regular hydrogen (which has only a single proton). Lithium (Li), another
essential element in the fusion fuel cycle, is naturally found in the Earth’s crust (about
30 parts per million) and in smaller quantities in oceans. It is primarily extracted from
salt lakes and plays a key role in tritium production: when lithium absorbs high-energy

neutrons from the fusion reaction, it undergoes a nuclear reaction that produces tritium.

Tritium, required for the most favorable fusion reaction with deuterium, consists of
one proton and two neutrons. Although it is radioactive, its beta radiation is relatively
low-energy and cannot penetrate human skin, posing a health risk only if inhaled or

ingested.

Another fusion product is helium, a stable and non-toxic noble gas. It consists of
two protons and two neutrons and is completely inert, posing no environmental or health

hazard.
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Among the various possible fusion reactions, the deuterium-tritium (D+T) reaction is
considered the most promising and practical, as it has the highest cross-section—meaning
the highest probability of occurrence—at relatively low ignition temperatures. This is

illustrated in the diagram in Fig. [2.1]
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Figure 2.1: Fusion cross-section vs. temperature for different reactions. The D-T reaction
peaks at the lowest temperature [4].

In the D-T reaction, helium nuclei (alpha particles) and neutrons are produced.
The helium nuclei, being positively charged, are confined by the magnetic fields within
the plasma. In contrast, neutrons are neutral and thus are unaffected by magnetic
fields—they escape the plasma and are absorbed by the surrounding walls of the fu-
sion device. This energy transfer from neutrons to the walls, in future fusion reactors,
will be converted into heat, which will be subsequently used to generate steam that drives

a turbine connected to an alternator, producing electricity.

As mentioned earlier, the neutrons generated in the D—T reaction are also absorbed
by a specially designed component of the reactor known as the breeding blanket. This
blanket contains lithium, which reacts with the neutrons to produce tritium and helium

via the following nuclear reaction:

°Li+n — ‘He+ T + 4.86 MeV

This reaction is essential for maintaining the tritium supply required for the D-T

fusion process.

The main challenge associated with the DT reaction is the use of tritium, a radioac-

tive isotope that is not naturally abundant. As such, tritium must be bred within the
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reactor itself. Due to its radioactive nature and the high-energy neutrons produced, ad-
vanced shielding and remote handling systems are required to ensure the safe operation

of the reactor.

2.2 Experimental Devices for Magnetic Confinement

To sustain fusion reactions, effective plasma confinement is crucial. There are three main

approaches:

e Magnetic confinement: plasma is enclosed within a vacuum chamber, and an
appropriate configuration of external magnetic fields and or a field produced by cur-
rent induced in the plasma prevent contact with the vessel walls. Charged particles

can interact with magnetic fields, while neutral particles escape from plasma;

e Inertial confinement: a small sphere of Deuterium and Tritium (also known as
pellet) is subjected to micro explosions using high-energy laser or ion beams. The
energy is transferred onto the sphere’s surface, which evaporates immediately, and
the fuel is compressed and heated; in this way the very high-density condition of

the plasma is achieved, and fusion reactions take place;

¢ Gravitational confinement: plasma is compressed to a high density and tem-
perature by a gravitational field due to the enormous mass. In this way, the matter
is so dense and hot that the nuclei cannot repel each other, because the force of

gravitational field exceeds the electrostatic repulsion.

The two most important fusion devices that use magnetic confinement are Tokamak
and Stellarator. Both of them, represented in Fig. confine plasma in a toroidal

(doughnut-shaped) vacuum chamber. The main differences between the two devices are:

e Tokamak: utilizes both external magnetic coils (producing a toroidal field) and
an induced plasma current (producing a poloidal field) to create a helical magnetic

field. This system is pulsed in nature and susceptible to plasma disruptions;

e Stellarator: achieves the helical magnetic field configuration entirely through ex-
ternally twisted magnetic coils, without relying on plasma current. This allows for

steady-state operation and greater stability.

From a physical point of view, the Tokamak benefits from toroidal symmetry, which
simplifies modeling using the Grad—Shafranov equations. In contrast, Stellarators are in-
herently three-dimensional and require more complex analysis and optimization to achieve

good confinement properties.
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Figure 2.2: A Tokamak (on the left) and Stellarator (on the right) representation.

2.3 Lawson Criterion

The Lawson Criterion defines the minimum conditions under which a fusion reactor can

achieve a net positive energy output. It is typically expressed as the triple product:

n-T -1 >1.2-10" m™3 keV s (2.2)

where n indicates the density of particles, 7z indicates the confinement time (i.e., time
required to completely dissipate the plasma energy if the sources that are feeding it are

interrupted) and 7" the temperature.

To meet the Lawson Criterion, all three parameters must simultaneously reach suffi-
ciently high values. While current devices can achieve high values of individual parame-

ters, achieving all three together remains a major technological challenge.

Improvements to 7 in magnetic confinement devices can be achieved by:

e Increasing the magnetic field strength, which enhances particle confinement, but at

the cost of increasing the overall stress on the magnet system:;

e Increasing the size of the reactor, which increases the path length for particle escape,

but at the cost of increasing the overall reactor size.

Meeting the Lawson Criterion is a crucial step toward making fusion a sustainable

and safe energy source for the future.

2.4 The role of Renaissance Fusion

Renaissance Fusion (RF) is a French start-up based in Grenoble, founded in 2020, with

the following core objectives [38]:
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e Demonstrate an innovative High-Temperature Superconductor (HTS) manufactur-
ing process with potential applications in medical imaging and simplified stellarator

design;

e Construct the first high-field (10 T) HTS-based stellarator featuring thick, flowing

liquid metal walls;
e Deliver fusion electricity to the grid by 2030s.
Among experimental fusion devices, tokamaks are currently the most advanced, with
stellarators following closely behind. In recent years, interest in stellarators has grown

significantly due to increased investments and their inherent ability to operate in steady-

state, making them promising candidates for continuous energy generation.

However, stellarator fusion reactors development presents several key challenges:

e Neutron-induced radioactivity, which damages solid reactor components;

e Large reactor size required for achieving net energy gain;

e Complex coil geometries, which increase manufacturing and assembly difficulty.

It is worth noting that the first two challenges are common to tokamaks devices,

whereas the third is specific to stellarators due to their intrinsically three-dimensional

magnetic field topology and non-axisymmetric coil design.

To address these challenges, RF is developing a compact, high-field stellarator using:

e HTS magnets capable of producing strong magnetic fields, thus reducing reactor

size;

e Liquid metal walls, which absorb neutron radiation and mitigate material degrada-

tion;

e Modular coil designs, which simplify manufacturing and allow for on-site assembly.

Traditional stellarator coil production involves a series of intricate steps:

1. HTS, electrical, and mechanical layers are deposited on tapes by multiple machines;
2. These tapes are twisted helically into cables;

3. Cables are wound onto non-planar forms to create complex 3D coils;
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4. The coils are precisely installed around the vacuum vessel with sub-millimeter ac-

curacy.
RF proposes a novel, streamlined approach to coil fabrication:

e Multiple HT'S layers are deposited directly onto a cylindrical ((or nearly cylindrical)

substrate;

e Current paths are defined via laser grooving, which etches the HTS film with sub-

millimeter precision;

e A numerically controlled process rotates the cylinder while the laser scans it axially,

achieving accurate, repeatable patterns.

This approach eliminates the need for bending or forming cables and enables the
creation of highly precise and complex current distributions. The same process can be
replicated across all modules, which are later assembled to complete the Stellarator’s

magnetic coil system.

2.5 Topology Optimization in Nuclear Fusion

In recent years, Topology Optimization (TO) has emerged as a powerful tool in structural
design, particularly in fields such as as aerospace, automotive, and biomedical engineer-
ing [39, 40, 41]. The TO strength lies in the ability to generate efficient, lightweight,
and mechanically robust structures by systematically distributing material within a de-
fined design space, often finding non-intuitive solutions that would be difficult to achieve
through traditional design approaches. The solutions generated by TO are often highly
complex and not directly compatible with traditional manufacturing methods, especially
for large scale problems. As a result, the integration of manufacturing constraints into the
TO workflow has become a critical area of research [19, 20]. Without such constraints,
that limit the space of admissible solutions, the optimized geometry may be difficult or
even impractical to fabricate, requiring significant manual effort and time to convert the

result into a clean engineering solution.

In the context of nuclear fusion, TO showed its potential for the development of the
FFHR-c1 helical fusion reactor [42]; here, researchers applied TO to redesign the coil
support structures. This approach led to a significant weight reduction of more than
25% compared to conventional designs. Subsequent static and seismic analyzes con-
firmed the structural integrity of the optimized supports under both operational and

earthquake-induced loads. TO has also been utilized to determine optimal placements
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and orientations of permanent magnets in Stellarators [43]; this method aims to sim-
plify coil designs while maintaining effective plasma confinement, potentially reducing
manufacturing complexity and enhancing performance. Researchers have also employed
thermal TO to design plasma-facing components, such as the divertor [44]. By optimizing
the distribution of the high thermal conductivity material within these components, the
designs achieve improved thermal performance and structural resilience under extreme
operating conditions. Further research applied TO to design tungsten-copper structures
for plasma-facing component applications [45]. This approach improves the thermal and
mechanical performance of components exposed to high heat fluxes, ensuring durability
and efficiency in fusion reactor environments. The integration of automated parameter,
shape, and topology optimization techniques has been also explored in the design of di-
vertors [46]. These methods aim to optimize the geometry and material distribution to
handle power exhaust effectively while maintaining structural integrity and manufactura-
bility.

Despite these promising applications, most of the existing research on TO in nuclear
fusion has focused either on relatively localized components (e.g., divertors, plasma-facing
materials) or on global coil support structures with limited constraints. A notable gap

remains in the application of TO to where manufacturing requirements must be also
addressed.

In particular, the use of extrusion constraints, commonly applied to enforce manufac-
turability by maintaining a constant material distribution along a specified direction, has
not been extended to handle multiple subdomains. Moreover, to the best of the author’s
knowledge, this approach has never been applied in the context of structural optimiza-
tion for nuclear fusion magnets. This limitation often leads to designs that represent an
“average” structural response across the entire domain, potentially overlooking localized

features that are critical for mechanical performance and realistic manufacturability.

The work presented in chapter 4| addresses this gap by introducing and applying a
multiple extrusion constraint approach within the TO framework. This method enhances
the optimizer’s ability to capture structurally relevant features, ultimately producing
more realistic and manufacturable reinforcement concepts for stellarator fusion magnets,
like those under design by RF.



3 Parametric Modeling for 10 T, 8.5
m bore Stellarator magnet reinforce-

ments

This chapter focuses on the development of advanced parametric modeling techniques
aimed at optimizing the structural reinforcement systems of the large scale stellarator
under design by RF. The goal is to provide reliable mechanical reinforcements under
high EM loading conditions while reducing structural mass and complying with manu-
facturability constraints. Parametric modeling enables a flexible and efficient framework
for exploring different reinforcement configurations, allowing rapid design iteration and
optimization, but more restriction on the final outcomes come into the design compared

to the topological approach.

In this study, the limit stress gy, is set to 900 MPa and is compared with the maximum
equivalent von Mises stress within the stress region (Fig. for each optimization case.
The exact material for the reinforcement structures has not yet been finalized. For the
purposes of this analysis, a material with properties similar to those used in ITER was
assumed (SS316 LN), exhibiting high strength of approximately 1000 MPa at cryogenic
temperatures near 4 K [47]. The magnet under consideration will operate at around 20 K;
therefore, a yield strength of 1000 MPa for the structural reinforcements was adopted.
The assumed stress limit represents a preliminary value with a relatively low safety margin
within the elastic range of the material. In subsequent design stages, this limit may be
reduced to account for additional operational loads and to ensure an adequate safety

margin.

No displacement and strain constraints were imposed at this stage. This choice was
intentional, as the primary aim was to explore the design space and evaluate the structural
performance under a less restrictive or over constrained formulation. Introducing only a
stress constraint allowed the optimizer greater flexibility in modifying the reinforcement
topology. Subsequent analyses will evaluate the resulting displacements and strains to

confirm that they remain acceptable and to quantify their influence on the magnetic

73
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field accuracy resulting from magnet deformation, as well as magnet safety. If these
analyses show a significant impact, displacement and strain limits will be enforced through

additional penalty terms in the objective function.

To achieve these goals, a combination of FEA and stochastic optimization techniques,
particularly PSO, is employed. This hybrid approach allows the exploration of large
design spaces while efficiently converging toward structurally sound and material efficient
solutions. The optimization targets include minimizing total structural weight, while

constraining the maximum stress and the geometrical complexity to be manufacturable.

The following parametric models have been developed and analyzed:

e Minimum vessel thickness (sec. |3.3));

Poloidally variable thickness (sec. |3.4));

Double-wall shell with internal poloidal ribs (sec. ;

Double-wall shell with internal beam reinforcements (sec. [3.6)).

Each optimization problem addressed, can be stated as:

p
. Myeal Omazx
min m = -+

X Myef Olim

(3.1)

s.t. Omax S Olim

L U
v, <z, <z, 1=12....n

where m,.¢q; is the mass of the optimized structure at a given iteration, o,,,, represents the
maximum stress within the stress evaluation region (see Fig. , Myes is the reference
mass, set to 1500 t, and the penalty function used for the stress constraint is a simple
power law depending on the parameter p, as shown in Egs. which penalizes the

objective function when the stress limit is exceeded.

The vector of DVs (x = x1, Za, ..., 2,,) contains the geometric parameters being optimized,
which are highlighted for each analyzed scenario. Each design variable is constrained be-
tween lower and upper bounds, xF and ¥, respectively, ensuring that the solutions remain
manufacturable. Finally, all the results reported in the subsequent sections correspond

to the best global objective function achieved by the swarm.

3.1 Magnet System Overview

The magnet system design relies on four large cylindrical superconducting magnets ar-

ranged symmetrically. Each magnet has a diameter of approximately 8.5 m, with a
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maximum axial length of 16.6 m at outer radius and a minimum axial length of 3.6 m at
inner radius, as shown in Fig. 3.1 The magnet system is designed to generate a magnetic

field of up to 10 T at the plasma axis.

Reactor axis

~16.60m

Figure 3.1: (a) Magnet system overview, (b) Top view and main dimensions of one
magnet.

During the design process of the magnet system, EM loads were computed to estimate
the mechanical demands on the structural supports. For each magnet, the EM forces were
found to be not radially symmetric and not directed toward the geometric center (see
Fig. . As a consequence, the coil loads are not self-balanced, meaning that the net
force resulting from summing all coil contributions does not strictly vanish. This imbal-
ance arises from preliminary calculations performed at an early stage, using numerical

models that did not yet implement the constraint of globally self-balanced force distri-
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Figure 3.2: EM loads plot [MPal].

butions. Although the absence of enforced equilibrium conditions affects the absolute
accuracy of the computed EM forces, it does not invalidate the exploration of structural
concepts. Therefore, the present results still provide a representative mechanical loading
scenario that enables development and testing of the structural optimization framework.
As the numerical modeling for EM loads computation is refined in future iterations, with
the inclusion of force-balancing constraints, the methodology developed in this work can

be directly applied to updated load cases with minimal adjustment.

One of the most challenging aspects of the magnet design is the presence of extremely
high EM forces generated during operation. The peak values of these forces can reach
locally up to 1200 MPa, posing significant mechanical stresses on the coil structure and
its reinforcement components (see Fig. . As a result, the mechanical integrity of the
reinforcement system surrounding the coils must be carefully engineered to withstand

these forces without excessive stresses.

The magnet reinforcements are supposed to envelope the magnets. More specifically,
the magnets will occupy a small portion of the reinforcement structure and will be placed

closer to the plasma, in order to minimize the magnetic field error.

3.2 FE model

Fixed displacement constraints are imposed on the lateral ends of the magnet structure
to replicate the increased stiffness due to mechanical junctions and to prevent unrealistic
torsional deformations resulting from the non-self-balanced EM loads. The evaluation of
mechanical stress is restricted to a region located 0.5 m from both magnet ends, enabling
the analysis to focus on a representative structural volume while avoiding artificially

high stress peaks caused by boundary constraints and localized high peak EM loads (see
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Fig. .

Region of stress

/ evaluation

Figure 3.3: Region of stress evaluation (0.5 m from both magnet ends).

Each FE model is built using SHELL181 elements, with BEAM188 elements included
in the final model that features internal beam reinforcements. The EM loads, expressed
as pressure distributions, are interpolated and applied to the inner surface of the magnet
reinforcement using ANSYS APDL. In this study, material plasticity is not considered,
and the material behavior is assumed to be linearly elastic even when stresses exceed the
yield strength of SS316LN. Consequently, in cases where the stress overcomes the yield

limit, the resulting displacements may be significantly underestimated.

Thermal effects and self-weight are neglected in this study, as the EM loads dominate
the structural response by several orders of magnitude. This assumption allows the opti-
mization framework to concentrate solely on the structural behavior under EM loading,

which is the primary design goal in this context.

Differently from chapter [4] the magnets were not modeled using the homogeniza-
tion technique. This assumption was adopted to simplify the analysis and focus on the
structural performance and optimization methodology, rather than on detailed material

heterogeneity.
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3.3 Minimum Vessel Thickness

The first parametric study focuses on identifying the minimum allowable thickness of the
magnet structure. The primary design variable is thickness t of the cylindrical magnet

casing.

The optimization problem can be expressed as:

Myef Olim
st Omae < 900 MPa

50 mm < ¢t < 2000 mm

3
. Myeal Omax
min m = +
t

(3.2)

where m is the total structural mass and o,,,, is the maximum von Mises stress measured

in the designated evaluation zone.

Regarding the PSO settings, the population is composed of 10 particles (referred as
npgo in Table and the maximum number of iterations is 10, 20 and 30 (referred as
itmax in Table in order to ensure that the optimization algorithm reached a stable

optimum point.

All the results obtained for the constant thickness configuration are summarized in
Table [3.1], while in Fig. is shown the outcome of the 2"¢ case. The optimization of
the single thickness magnet reinforcement model was performed to identify the minimum
uniform thickness that satisfies the imposed mechanical constraint. Three evaluations
were conducted under different conditions. In the 1%¢ case, a thickness of 675 mm resulted
in a total mass of 1714 t, with a maximum stress of 712 MPa and a maximum displacement
of 21 mm. In the 2"? case, the optimized thickness was reduced to 544 mm, achieving
a structural mass of 1381 t, with a maximum stress of 898 MPa and a displacement of
30 mm. A 3" evaluation yielded a nearly identical thickness of 543 mm, maintaining
the same mass (1381 t) and satisfying the stress constraint (o, = 898 MPa). These
results indicate that, for a constant-thickness reinforcement model, the optimal solution
that minimizes structural mass while complying with the stress limit is achieved with a
thickness of 543 mm.

Table 3.1: Optimization results for constant-thickness reinforcement model.

Case t |mm| m [t] 0Omee [MPa]  Upnee [mm| itnae npso

1 675 1714 712 21 10 50
2 044 1381 898 30 20 50
3 243 1381 898 30 30 50

While the design meets the stress constraint, the resulting thickness is relatively large,
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which may cause difficulties in the manufacturing process. The structure is therefore likely
to be over-conservative in regions experiencing lower stresses, leading to excess material

usage and reduced design efficiency.

This outcome serves as a reference for more advanced parametric models introduced
in the following sections, which aim to improve material distribution, reduce overall

structural thickness and mass.

3.4 Poloidally variable thickness

In this model, the reinforcement thickness is allowed to vary along the poloidal direction
to better accommodate the local structural demands imposed by the EM loads. The DVs
are defined as twelve thickness values, t;, each associated with a specific angular segment
of the magnet cross-section (see Fig. [3.4)). The optimization problem is formulated as

follows:

p
. Myreal Omax
min m = -+
t

Myef Olim

st 50 mm < <2000 mm, i—=1,... 12 (3.3)

Omax S Olim

t=f(0)

"y
v

Figure 3.4: Cross-section of the poloidally variable thickness model.

To ensure a smooth variation of thickness and to avoid abrupt changes that may lead
to stress concentrations, a Bézier interpolation is applied to connect the ¢; values. This
interpolation provides a continuous thickness profile normal to the circular cross-section

of the magnet.

Two separate optimization runs were performed using a population size of 50 and a

maximum of 50 iterations. The first run adopted a penalization exponent p = 3, while
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the second used p = 5, increasing the penalty for stress constraint violation. The number

of DVs are 12 for both analyzed cases. All the results obtained for the poloidally variable

thickness configuration are summarized in Table [3.2] while in Fig. [3.11b] and [3.11¢] are

shown the outcome of the 4" and fifth cases.

In the 4" case (p = 3), the optimization resulted in a significantly lower structural
mass of 970 t, but at the cost of a maximum stress of 1236 MPa, which exceeded the allow-
able limit. The corresponding maximum displacement was 54 mm, with local thicknesses

ranging from 139 mm to 1211 mm.

In the 5" case (p = 5), the optimizer favored a thicker configuration to better comply
with the stress constraint. The final mass increased to 1383 t, while the maximum stress
slightly decreased to 1179 MPa. The maximum displacement was reduced to 33 mm, and

the local thickness varied between 168 mm and 1644 mm.

Table 3.2: Optimization results for poloidally variable thickness configuration.

Case  tmin — tmaz [mm| m [t]  Omae [MPa]  Upmae [mm]  itpax  npso P
4 139-1211 970 1236 54 50 50 3
5 168-1644 1383 1179 33 50 50 5

These results highlight the influence of the penalization exponent on the optimiza-
tion outcome. A higher penalization exponent led to improved stiffness with the stress
constraint but at the cost of increased mass. In both cases, however, the final stress val-
ues remained above the imposed limit. This suggests that the stress constraint was not
strictly enforced within the optimization framework. When the penalty is not sufficiently
steep, the optimizer may treat the stress limit as a soft constraint, balancing it against
the objective, rather than as an absolute restriction. As a result, the optimizer prioritized
overall performance while tolerating small violations of the stress limit. In addition, the
limited number of iterations have further restricted the optimizer to approach a feasible
solution, suggesting that further iterations may be required to achieve full constraint
satisfaction. Furthermore, in both cases the maximum thickness is still relatively large

(more then 1 m), posing difficulties in its manufacturing.

3.5 Double-wall shell with internal poloidal ribs

The double-wall shell model introduces a more structurally efficient reinforcement con-
figuration by combining an Inner Shell (IS), an Outer Shell (OS), and internal Poloidal
Ribs (PRs) that connect the two shells.

Initially, the OS was defined with a fixed racetrack shape, selected to facilitate struc-

tural integration. Similarly, the PRs were constrained to follow this racetrack geometry,
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Figure 3.5: Representation of double wall with poloidal ribs like racetrack shape.
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Figure 3.6: Representation of double wall with poloidal variable ribs model.

regularly distributed along the poloidal direction to transfer loads between the IS and
OS (see optimization problems and , and Fig. [3.5). These ribs act as stiffeners,

enhancing the structural resistance and allowing for overall thickness reduction.

In a subsequent refinement of the model, the geometric constraints on the OS and PRs
were relaxed. Inspired by the variable thickness strategy used in the previous sec. [3.4
the shape of the OS, as well as of the PRs, were parameterized using control points and
Bézier curves, allowing for smooth and continuous geometric variations along the poloidal

direction (see optimization problems [3.6 and and Fig. [3.6).

The following optimization problems were formulated for the double-wall shell rein-

forcement configuration:



82

o IS- OS—PRSracetrack :

3
. Myeal Omazx
min m = +
t,6 Myef Olim

s.t. Omax S Olim

4
50 mm < tg,tos, tpr < 500 mm (3-4)
80 mm < §,; < 1500 mm
— 3500 mm < ¢, < —1000 mm
b IS’OS’PRSracetrack:
3
. Myeal Omaz
min m = +
t,0 Myef ( Olim )
s.t. Omazx S Olim
50 mm < t1s, tPR < 300 mm (35)
0 mm < tog < 300 mm
80 mm < §,; < 1500 mm
— 3500 mm < 4, < —1000 mm
L4 IS'OS’PRSvariable:
. Myreal <Umax > ’
min m = +
t,0 Myef Olim
s.t. Omax S Olim
50 mm S tls,tpR S 500 mm <36)
0 mm < tps < 500 mm
100 mm < §; < 1500 mm
L IS'OS'PRSvariable:
. Myeal (Umam > ’
min m = +
t,0 Myef Olim
s.t. Omazx S Olim
(3.7)

50 mm S tls, tPR S 300 mm
0 mm < tog < 300 mm
100 mm < §; < 1500 mm

In problems[3.4] 3.5 B.6land [3.7], t1s, tos and tpg are referred to IS, OS and PR thicknesses,
respectively. In problems[3.4]and [3.5] §, represents the vertical offset between the highest
point of the inner IS and the highest point of the straight section of the OS, when

viewed in cross-section (see Fig. [3.5). This parameter effectively controls the vertical
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positioning and extent of the OS relative to the IS. Meanwhile 6, ; represent the minimum
and maximum radial distances between OS and the machine center. Furthermore, in
problems [3.4) and [3.6] a lower nonzero bound is imposed on tos, whereas in problems [3.5
and 3.7 the lower bound is set to zero to allow the optimizer to explore the possibility
of including or excluding an outer shell. Finally, in problems and d; represents
the i-th control point for optimizing the OS shape, as well as the PRs; in these last two
problems, the control points are used to create the Bézier curve. The PSO was set to 30

iterations and a population size of 30 for each optimization problem.

For manufacturing reasons it is fundamental to place the PRs far enough from each
other to allow sufficient space for welding them on both IS and OS. A rule of thumb is

to consider the minimum distance between adjacent ribs as:

Amin,pr > 2 - tPR (3.8)

The maximum number of PRs at each optimization step is determined based on the
minimum available axial length required to accommodate them. This available length
depends on the axial extent of the OS at its minimum radial position relative to the
machine center, as well as on the thickness of the PRs (tpr). The PRs are uniformly
distributed between the IS and the OS, spanning the entire axial length of the magnet.
First, the minimum available axial length of the OS, denoted as L5, is estimated based

on its inner radius 7, 0s:

O = 2. 108 - tan(45°) (3.9)

The length occupied by each PR, Lpgr, depends on the minimum distance between ribs

dwmin pr and the rib thickness tpg:

Lpr = dmin,pr + PR (3.10)

The maximum number of PRS, nyax pr, is computed as:

Nmax,PR = int \‘ 8 J (311)
LPR

where int L%J is approximated to the nearest lower integer.

The remaining free space along the OS length, Ly, is given by:

Lfree = Lglsn — Nmax,PR ° LPR (312)
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The offset from one of the two ends of the magnet to the first PR, denoted o0y, is defined

as:

Otor = 9 + 1.5 tpr (313)
The angular position 6; of each rib ¢ (with i = 1,..., paxpr) is then calculated geomet-
rically:
0; = tan ! ' (Otor + (Z — 1) . L.PR) . COS(45°) (3.14)
L8 - cos(45°) — (0gor + (1 — 1) - Lpgr) - cos(45°)

All the results obtained for both poloidally variable thickness and OS racetrack shape
configurations are summarized in Table [3.3] while in Fig. [3.11d] [3.11¢] [3.11f and [3.11g]

are represented the outcomes from the sixth to the ninth cases.

The optimization results show significant improvements in structural efficiency across
the evaluated configurations. Solutions of problems 3.4 and [3.5 demonstrate a substantial
reduction in thickness while maintaining acceptable mechanical performance, with both
cases reaching the maximum allowable stress of 900 MPa (cases 6 and 7/ in Table .
The corresponding maximum displacements are 28 mm and 24 mm, respectively, and
the resulting total masses are 1379 t and 1642 t. In the 6" case, the configuration is
characterized by a relatively thick IS (f;s = 397 mm), a minimal OS (tos = 50 mm),
and moderately thin PRs (tpg = 63 mm), with a total of 8 PRs (nprs = 8). The 7%
case instead makes more extensive use of the OS (tos = 249 mm), while reducing the IS
thickness to 299 mm and minimizing rib dimensions to 50 mm, using a total of 16 ribs

(nPRS = ]_6)
The solution of problem (case 8 in Table , although still requiring a rela-

tively large IS thickness (¢;s = 422 mm), achieves a significant mass reduction to 1122 t
compared to the minimum thickness model in sec. [3.3] while also satisfying the stress
constraint with a maximum displacement of 34 mm. Here, the OS is entirely removed
(tos = 0 mm), and the ribs are relatively thick (tpg = 135 mm), with a minimal number

of only 2 PRs (nprs = 2), showing a tendency to concentrate structural function in the
ribs and IS.

Finally, the solution of problem (9™ case in Table yields a considerable thick-
ness reduction similar to the 6* and 7" cases, reaching the stress limit of 900 MPa
and exhibiting a maximum displacement of 24 mm. The resulting total mass is 1457 t,
with a thinner OS (tpg = 186 mm), IS (t;s = 297 mm), and intermediate PRs thickness
(tpr = 73 mm), supported by 10 ribs (nprs = 10).

When enforcing an upper bound of 300 mm on the IS thickness, the optimizer favors
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Table 3.3: Optimization results for reinforcement systems with internal PRs.

Case mnprs tis [mm| tos [mm| tpr [mm| m [t] Omax [MPa]  tUmax [mm| itmax  7pso

6 8 397 20 63 1379 893 28 20 10
7 16 299 249 50 1642 900 24 30 30
8 2 422 0 135 1122 900 34 30 30
9 10 297 186 73 1457 900 24 30 30

configurations with multiple slender ribs, which help distribute the loads more effectively.
In contrast, relaxing this constraint allows the optimizer to eliminate the ribs altogether
and compensate with a significantly thicker IS. While this reduces design complexity, the

resulting large thickness may pose manufacturing challenges and reduce practicality.

3.6 Double-wall shell with internal beam reinforcements

The double-wall shell with internal beam reinforcements represents an alternative struc-
tural strategy in which discrete cylindrical beams are introduced between the IS and OS
(see Fig. . In both cases, the DVs include the thicknesses of the IS and OS, the radius
of the beam elements (rpeam) and the offset of OS (0pg) w.r.t. IS (here, the OS shape was

considered circular for simplicity).

beam

Figure 3.7: Representation of double wall with poloidal ribs and internal beams model.

The optimization problem is defined as following:
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. Myeql (0-7710,1:)3
min m = +
t,7beam,008s m'ref Olim
s.t. Omar < 900 MPa
50 mm < t;g < 300 mm (3.15)
0 mm < tog < 300 mm
100 mm < opg < 1500 mm

0 mm < rpeam < 250 mm

Two optimization runs were evaluated for this configuration due to significant large
number of DVs for a gradient free algorithm (1417). The first run (10" case in Table
was limited to 30 iterations, while the second (11" case in Table was extended to

100 iterations. In both optimizations, a particle population of 30 was employed.

All the results obtained for the double-wall shell with internal beam configuration are
summarized in Table while in Fig. [3.11h|and [3.11il are shown the results of cases 10"
and 11",

The results of both optimizations show that the algorithm tends to minimize the con-
tribution of the OS, with its thickness converging toward zero (tos = 12 mm and 0 mm,
respectively). This suggests that the optimizer favors a structurally minimal OS, relying
primarily on the IS and beam reinforcements for load resistance. However, both solutions
result in relatively high maximum stresses (1371 MPa and 1281 MPa) and displacements
(46 mm and 47 mm), exceeding those found in the more efficient poloidal rib config-
urations. Additionally, the overall structural mass remains considerably high (1946 t
and 1932 t), which further indicates that this configuration, while conceptually promis-
ing, is less effective in minimizing weight while satisfying stress constraint compared to

alternative reinforcement strategies.

Table 3.4: Optimization results for double-wall shell with internal beam reinforcements.

Case tis [mm| tos [mm| m [t] omax [MPa] Umax [mm| itnax  npso
10 300 12 1946 1371 46 30 30
11 299 0 1932 1281 47 100 30

3.7 Uncertainty of PSO results

To quantify whether the cases analyzed and shown in Fig. have converged or still
exhibit dispersion in their objective function values, a fitness variance metric is employed.
This quantity measures the spread of the particles’ objective function values within the

swarm at a given iteration and provides insight into the optimization process. Although a
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predefined convergence criterion was not applied during the optimization, the convergence
status of each case was evaluated a posteriori through the analysis of fitness variance and

best global objective function history.

From a statistics point of view, the fitness variance is a measure of how spread out a

set of values is around their mean (average). The fitness variance is defined as following:

N,
1 N
o} (t) = N > (i) = 1) (3.16)
i=1
where NN, is the number of particles in the swarm, f;(¢) is the objective function value of

particle 7 at iteration ¢, and f(t) is the mean fitness value across all particles, given by

Np
ft)= Nip ; fi(t) (3.17)

A decreasing a?(t) indicates that the swarm is converging toward a region of similar
objective values, while a low or near-zero variance suggests that the particles have reached
a stable configuration, potentially corresponding to an optimal or near-optimal solution.
The evolution of the fitness variance across particles at each iteration is illustrated in
Fig. [3.9] while Fig. presents the normalized objective function values, referenced to

the best value achieved by the swarm at each iteration.

Cases 3, 6, 8, 9, 10, and 11 exhibit stabilization of the global best objective function
after a certain number of iterations, together with a near-zero fitness variance, suggesting
that the swarm reached a steady-state condition and that the optimization process had
largely stabilized (see Figs. [3.8a) [3.8d} [3.8¢] |3.8f, [3.8h] and as well as Figs. [3.94]
13.9d} 13.9¢ [3.91] [3.9h} and [3.9i). This behavior is consistent with the swarm approaching

a region of minimal objective function variation, indicative of near-convergent or quasi-

stationary conditions.

In contrast, cases 4 and 5 show comparatively higher fitness variance values (see
Figs. and , and Figs. and , suggesting that the optimization process
had not yet stabilized within the assigned number of iterations. The persistent spread
in objective function values indicates that the swarm was still exploring multiple regions
of the design space, and that additional iterations could potentially have led to further

improvement or stabilization of the solutions.

Similarly, in case 9, although the objective function appears to flatten after approxi-
mately 12 iterations (see Fig. [3.9g)), the fitness variance remains on the order of 10. This
residual variability suggests that the swarm had not fully converged to a single region of

attraction, and that extended optimization could have further reduced the uncertainty



associated with the obtained solution.
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Figure 3.8: Normalized objective function wvs iterations: constant thickness; |3.8b

variable poloidal thickness; double wall shell with racetrack PRs; [3.883.8g]
double wall shell with poloidal variable PRs; double wall shell with internal

beams.

3.8 Conclusions

In this chapter, a comprehensive parametric modeling framework was developed to design
the reinforcement system for a 10 T, 8.5 m bore Stellarator magnet. The modeling
was carried out entirely within the ANSYS APDL environment, enabling efficient and

automated analysis workflows.

To optimize the reinforcement configuration, the PSO algorithm was integrated with

different parametric models.

Constraint-handling strategies were implemented to enforce physical and performance
limitations, including bounds on DVs and stress constraints on the structure. A penalty
function approach was adopted to steer the optimization away from infeasible regions

while allowing a continuous search toward the optimal solution.
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Figure 3.9: Normalized objective function variance across PSO swarm vs iterations:

constant thickness; variable poloidal thickness; double wall shell with
racetrack PRs; [3.813.8g] double wall shell with poloidal variable PRs; double

wall shell with internal beams.

The plot in Fig. summarizes, for each case, the minimum structural mass re-
quired to satisfy the stress constraint (900 MPa) along with the corresponding maximum
displacement. From the results, it is evident that the IS-OS-beams configuration does
not meet the stress requirement (10 and 11%* cases in Table , despite its mass being
significantly higher than the other cases (exceeding 1800 tons per sector).

The most effective solution, which minimizes mass while still respecting the stress con-
straint, corresponds to a configuration where the IS thickness is constant (t;¢ = 543 mm)
and no additional supporting or reinforcing elements are included (3" case in Table .
This design achieves a total mass of 1380 tons. However, such a large thickness poses
major manufacturing challenges, as typical industrial capabilities are limited to plate
thicknesses of 200-300 mm.

By constraining the IS thickness to a more realistic value of 300 mm, the optimal solu-
tion becomes the one in which the PR (and thus the OS) is allowed to vary poloidally. This
configuration represents a balanced compromise between structural complexity, stress lev-

els, maximum displacement, and overall mass, making it the most practical design choice



90

among those investigated (9™ case in Table .

An a posteriori assessment of the optimization process was also conducted using the
fitness variance as an indicator of swarm stability. Although no explicit convergence
criterion was applied, the combined analysis of fitness variance and objective function
history allowed identification of cases that reached near-steady conditions and those still
exhibiting residual variability. In particular, cases 4, 5, and 9 showed noticeable variance
at the final iteration, suggesting that additional iterations would likely be required to

achieve full stabilization of the swarm.

Solution Comparison

55

1300
50

1200
45 -

T g
£ =
E 40 1100 '»
2 £
g p
S 35 = 1000 §
5 ¢ o5 =
— (=
(=] =]

30 - 23 900 =

o5
251 g ®7 800
]

201

T T T T T
1000 1200 1400 1600 1800
Mass [tons]

Figure 3.10: Results of parametric model in terms of mass (one sector), maximum global
stress and maximum displacement.
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Figure 3.11: Parametric modeling solutions: constant thickness; |3.11b vari-

able poloidal thickness; double wall shell with racetrack PRs; [3.111{3.11g
double wall shell with poloidal variable PRs; double wall shell with internal

beams.



4 Topology Optimization of the 10 T,
52 cm bore Stellarator magnet rein-

forcements

The development of next-generation stellarator experiments presents increasingly struc-
tural engineering challenges. Compact devices operating at high magnetic fields require
highly optimized mechanical supports and reinforcements capable of withstanding ex-
treme Electro-Magnetic (EM) loads without compromising manufacturability and system
performance. Several fusion projects (both stellarators and tokamaks) have indeed high-
lighted that the peak stresses within coil support structures often approach the limits of
structural materials [48] [49, [50].

Unlike the previous chapter, where the number of DVs was defined by the selected
structural members, in this case the topology complexity was increased in order to move
toward a more detailed and realistic experimental design concept. Such a design can serve

as a smaller-scale prototype, with the potential to be scaled up for reactor-size magnets.

In this chapter, we present a comprehensive TO workflow, employing the PyMAPDL
tool presented in sec. [I.6] for the design of magnet reinforcements conceived by RF.
Unlike previous studies, which have focused on traditional HTS configurations, where re-
inforcement strategies follow relatively well-established structural design principles, our
work addresses a novel challenge: the use of wide HTS tapes. This non-standard geom-
etry significantly alters the mechanical load paths and creates new constraints on how

reinforcement structures must be designed, assembled, and supported.

To tackle this, we developed a new methodology combining a novel implementation of
simultaneous multi-directional extrusion constraints (see sec.[1.4.3))), iterative refinement
of the design domain based on material efficiency, and a parametric study to translate
TO outputs into manufacturable components. This approach enables the systematic
exploration of lightweight, stiff, and robust reinforcement topologies capable of with-
standing extreme EM forces. To the best of our knowledge, this represents one of the

first applications of TO to the structural design of 10 T stellarator magnets. Beyond

92



93

identifying efficient reinforcement topologies, a key goal of this work is to ensure that the
proposed structures can be translated into a manufacturable design. Particular attention
is therefore given to incorporating manufacturing constraints and to developing an assem-
bly strategy that bridges the gap between topology-optimized concepts and engineering

solutions.

Here we apply this new TO method to magnetic confinement devices for the first
time. As a first test application, we consider a hypothetical device of the same size and
approximate geometry of an actual small test device under consideration at RF. However,
in the present application of this chapter we consider a much higher field (10 T on the
plasma axis) and therefore much higher forces than in the actual device. Also note that
the coils lie on cylinders (see Fig. , whereas in future embodiments they might lie
on slanted cylinders, which would require a revised TO. The device considered in this
study can be regarded as a scaled version of the Wendelstein 7-X (W7-X) Stellarator in
Germany [51], with the difference that the coil winding surface is piece-wise cylindrical
rather than fully conformal to the plasma boundary. While this approach simplifies
coil manufacturing, it introduces a non-uniform current distribution and, consequently,
strong spatial variations in the EM forces that must be addressed by the structural

reinforcements.

In the present study, the structural optimization problem can be formulated in prin-
ciple as a mass minimization under mechanical performance constraints, namely max-
imum displacement below 1 mm, maximum magnet strain below 0.5%, and maximum
von Mises stress below 800 MPa. However, in the current implementation we did not
explicitly enforce these constraints in the topology optimization formulation. Instead,
we adopted a stiffness maximization approach with varying volume fraction constraints
(see sec. , which provides an equivalent pathway to identify efficient and lightweight
structures (in second step of optimization we employed extrusion constraints, as shown in
see sec. . The relationship between the imposed volume constraint and the resulting
mechanical performance was subsequently analyzed through a sensitivity study, enabling
us to identify configurations that satisfy the displacement, strain, and stress limits while

maintaining minimum mass.

4.1 Magnet System Overview

A new class of stellarator magnets are being developed by Renaissance Fusion based
on laser engraved wound HTS tapes. These magnets are designed to generate a target
magnetic field of 10 T on the plasma axis, with a corresponding peak magnetic field of
15.8 T on the coil windings (Fig. [£.3). Such high field results in substantial EM forces,
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placing significant mechanical demands on the supporting and reinforcement structures.
To estimate the magnitude of these loads, the magnet can be approximated as a simplified
helical solenoid. Using standard expression from electromagnetic theory, the magnetic

pressure P exerted by a magnetic field can be calculated as:

_ B

p=_-9
2410

(4.1)
where By is the magnetic field on the cylinder axis and pq is the vacuum permeability
(o = 471077 Tm/A). Assuming By = 10 T at the plasma axis, the resulting uniform
magnetic pressure on the windings is on the order of 40 MPa. This pressure generates sub-
stantial hoop and radial stresses that must be contained by structural supports to prevent
failure or excessive deformation. The main parameters of the magnet are summarized in

Table H.11

The mechanical challenge becomes even more complex when considering the overall
magnet arrangement and load distribution. Five magnets will be positioned along a
pentagonal path, as shown in Fig. [4.1] and will have a cylindrical shape, with an axial
length of 50 cm and a diameter of 52 cm. The EM loads generated by the combination
of the magnetic field B (see Fig. and the density current J (see Fig. produce an
antisymmetric distribution, with an order of magnitude higher than 40 MPa, reaching
locally peaks of several hundreds of MPa (see unwrapped cylindrical map of EM loads
in Fig. ; in practice, reproducing a stellarator magnetic field topology with a non
conformal coil winding surface requires additional shaping of the current distribution (or
equivalently the magnetic field). Radially, the centroids of each magnet are 65 cm and
are equally spaced in the toroidal direction of 72°. Each magnet will be composed of
wide HTS tapes with a thickness of 0.1 mm, forming a total thickness of 1.5 cm. The
HTS laser engraved wide tapes will be wrapped on a former and we assumed the same
thickness as the magnets for initial modeling. The former must carry and sustain the
inward loads that come from the magnet, while the outer reinforcement structure must

yield the loads pointing outward.

Table 4.1: Key parameters of the magnet.

Magnetic field on plasma axis, By 10T
Peak magnetic field on coil windings 15.8 T

Magnet axial length 50 cm
Magnet diameter 52 cm
Radial centroid position 65 cm
Toroidal spacing 72°

HTS tape thickness 0.1 mm
Total winding thickness 1.5 cm

Number of magnets 5
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Figure 4.1: (a) Top view of magnet arrangements; (b) Magnet cross-section (not drawn
to scale).
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Figure 4.2: Two-dimensional distribution of the density current magnitude [MA /m|, with
axes normalized w.r.t. the magnet’s axial and poloidal directions.

4.2 FE model of initial non-optimized structure

The structural Finite Element (FE) model consists of two concentric cylinders (magnet

and former) which represent the non-design domain €44 surrounded by a larger domain
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Figure 4.3: Two-dimensional distribution of the magnetic field magnitude [T], with axes

normalized w.r.t. the magnet’s axial and poloidal directions.
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Figure 4.4: Two-dimensional distribution of the Laplace force magnitude [MPa|, with

axes normalized w.r.t. the magnet’s axial and poloidal directions.
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that defines the so called design domain region €234 where the material must be removed,
as shown in Fig. [£.5] The choice of this initial geometry is based on rational considera-
tions. First, a sufficiently large design domain ensures that mechanical constraints such
as maximum stress, displacement and strain remain within acceptable limits, even before
optimization, thereby guaranteeing the feasibility of the starting model (providing also a
larger margin when removing unnecessary material). Second, a generous initial volume
provides the optimizer with enough freedom to systematically remove material, enabling
the identification of efficient reinforcement layouts that would be difficult to obtain with
a smaller design domain. Finally, the use of concentric domains reflects a practical as-
sumption: in such application where the magnet behave like a pressure vessel, structural
reinforcements are expected to surround the magnet itself, making this configuration a

natural starting point.

Periodic BC
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\\\\\:\\\.\u\‘\“\u. i
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Figure 4.5: Structural FE model of magnet (£,4q), former (Q,44) and design domain

(Qaqa)-

The initial mass considering both 2,44 and 4q is about 11.3 tons. Both the former
and the design domain are assumed to be made of SS316LN (£ = 200 GPa, v = 0.3),
a material widely adopted in cryogenic structural applications due to its favorable com-
bination of mechanical performance and manufacturability. This steel is widely used in
large-scale fusion systems such as ITER. At cryogenic temperatures, which match the

operating range of the structure, this material exhibits a yield strength of around 1000



98

MPa at 4 K [47], making it particularly suitable for high-field, mechanically demanding
environments such as this one. Although these limits were not explicitly included in the
optimization formulation, the solutions presented in this work were selected to satisfy a
conservative global stress limit of 800 MPa and a maximum magnet displacement of 1
mm. The effect of such displacements on magnetic field errors will be investigated in

future studies.

The HT'S magnets are composed of several layers of different materials, which are com-
monly a Hastelloy C-276 substrate (65- 75% of total HTS thickness), a buffer layer (2-
5%), a REBCO superconducting layer (1- 2%), a stabilizer layer made of copper (15-25%)
and an optional encapsulation layer (0-10%). Since a final HT'S composition has not yet
been specified, this multilayer configuration is based on representative architectures com-
monly found in existing commercial HT'S tapes [52]. Because of this multilayer structure,
the mechanical behavior of HT'S materials is highly anisotropic, making direct modeling
challenging, specifically with the various geometric scales. To address this, a homogeniza-
tion technique was applied, allowing the magnet to be modeled as a transversely isotropic
material [53, 54, 55]. In this model, mechanical properties are assumed to be constant
in the plane of the HTS tape and variable in the out-of-plane (radial) direction. The
following material parameters were defined for the HT'S: radial (E,), tangential (Fy) and
axial (F,) Young’s moduli; in-plane (G,y) and out-of-plane (Gy.) shear moduli, in-plane
(vr9) and out-of-plane (vy,) Poisson’s ratios (see Table 4.2 for HTS equivalent mechanical
properties). Additional details on how the homogenization technique is applied can be
found in appendix

Although the magnets will operate at cryogenic temperatures around 20 K, thermal
contraction effects and thermomechanical loads have not been included in the present
work. This assumption is justified by the focus of the study on EM load-bearing optimiza-
tion during the early conceptual design phase, where stiffness and material distribution
are the primary concerns. Moreover, in high-field fusion magnets, EM loads generally

dominate the mechanical response.

Table 4.2: Equivalent mechanical properties of homogenized HTS material.

Er [GP&] E9 [GPa] Ez [GP&] Grg [GP&] G@z [GP&] Vrg Vg,
115 141 141 44 54 0.3 0.3

Due to the periodic symmetry of the EM loads produced by the magnets, the re-
sulting forces generated by each coil are directed radially inward toward the central axis
and repeat every 72° (see Fig. . This periodicity allows structural analysis and TO
to be performed in a single representative sector, significantly reducing computational
cost without sacrificing accuracy. The EM loads were mapped onto the inner magnet

surface using ANSYS Workbench’s interpolation tools. The components of the original
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loads for the first magnet are F, =4.96 MN and F, = -3.61 MN, respectively. Due to
the mentioned periodicity of the loads, the total net force and resulting moment, when

considering all modules, are zero, ensuring global static equilibrium.

The interaction between the former and the magnet, as well as between the magnet
and the design domain, was initially modeled using bonded contacts. This simplification
is appropriate for the early conceptual design stage, where the focus is on exploring op-
timal material distribution for structural stiffness and mass efficiency. Although bonded
contacts may slightly overestimate load transfer efficiency and potentially increase local
stress concentrations in the magnet, they allow for a more stable and computationally
efficient simulation. Frictional contact, while more realistic for detailed mechanical be-
havior, was intentionally not implemented due to its high computational cost and slow
convergence behavior, which can be prohibitive in iterative TO workflows. Regarding
boundary conditions, the periodic nature of the geometry was enforced by applying pe-
riodic symmetry on the two lateral faces of the 72° sector, and constraint to prevent the

vertical displacement were applied at the base of the design domain (see Fig. .

The displacement and stress fields of the initial non-optimized structure is shown in
Fig. and Fig. 4.7, The maximum displacement, that is lower then 1 mm, occurs in the
magnet, while the most stressed components is the former which exhibits a peak stress
about 530 MPa; furthermore, most of the stress is observed around the magnet and on its
front side, reflecting the directional nature of the applied EM loads. An important safety
parameter for the magnet is the longitudinal strain (along the tape-wrapping direction),
which must be kept below 0.4-0.5% [56] to prevent irreversible degradation of the HT'S
material’s current-carrying capacity. Although tangential strain is typically used in the
assessment of narrow HT'S tapes, in this study we opted to evaluate the equivalent strain.
This choice reflects the consideration that in wide HTS tapes, deformation components
in all directions can contribute to mechanical degradation. Moreover, to the best of
our knowledge, there is lack of data or established criteria available in the literature
for strain limits in wide HTS. Therefore, the equivalent strain offers a conservative and
holistic metric for evaluating the mechanical behavior of the superconducting winding.
In this case, the maximum equivalent strain in the magnet is about 0.34% (see Fig. ,
while the maximum stress on the magnet is about 410 MPa (see Fig. [4.7).

4.3 Conceptual design of magnet’s reinforcements

The TO process for the design of the magnet’s reinforcements was conducted in an itera-
tive and hierarchical manner to progressively refine the material layout within the design

domain. In the initial stage, the entire design domain was explored using a classical stiff-
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Figure 4.7: Stress field [MPa| of initial non-optimized structure.

ness minimization approach with only a volume constraint. This allowed the optimizer to
identify the general load paths and primary structural features needed to withstand the
EM loads. Based on the outcome of this first optimization, a more compact design domain
was defined, excluding regions consistently identified as non-essential in the initial itera-
tion. This updated domain was then used as the starting point for a second optimization
run incorporating extrusion constraints, enabling the identification of key reinforcement
patterns. Following this second iteration, a parametric model was developed by extract-
ing and combining the key structural features observed in both TO outcomes. This model

was used to refine and formalize the design, enabling controlled variation of geometrical
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Figure 4.8: Equivalent strain field [m/m| of magnet (initial non-optimized structure).

parameters and further guiding the development of a manufacturable and mechanically

robust solution.

4.3.1 Maximum Stiffness of initial model s.t. volume constraints

Three different volume fraction constraints were investigated: 30%, 20%, and 10%. These
cases allowed for a comparative analysis of how material layout impacts the overall me-
chanical performance in terms of displacement, strain and stress. The outcomes are

summarized in Table .3l

All resulting outcomes exhibited a similar qualitative behavior: material was mainly
distributed around the magnet, forming a continuous reinforcement structure that re-
sisted the EM forces. Notably, none of the configurations developed gravity support-like
features, which is consistent with the nature of the net EM load being directed radially

toward the machine center, and thus self-balanced in the full assembly.

Quantitatively, the solution at 30% volume fraction yielded a maximum displacement
of 0.62 mm located on the magnet, a maximum equivalent strain of approximately 0.34%
(also within the magnet), and a peak von Mises stress of 540 MPa in the former. The
corresponding maximum stress within the magnet itself is 411 MPa. Reducing the volume
fraction to 20% resulted in an increase in displacement to 0.81 mm and a slight increase
in former stress to 566 MPa, with the magnet stress again reaching 422 MPa. The
maximum equivalent strain remained essentially unchanged at 0.34%. Finally, under the
most aggressive volume constraint of 10%, the maximum displacement increased to 1.5

mm, the equivalent strain in the magnet to 0.36%, and the peak stress in the former
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reached 692 MPa. The corresponding magnet stress in this case is 463 MPa. Figures[4.9]
[4.10] and [£.11] present the element density distributions obtained at the end of each TO

run. In these figures, the non design regions are depicted in yellow.

Table 4.3: Mechanical response of initial model under varying volume constraints.

F 1% mypina [t] Umag [mm]  €mag. [%]  imax [MPa

30 3.20 0.62 0.34 540
20 2.30 0.81 0.34 566
10 1.30 1.50 0.36 692
N S e
T

Figure 4.9: Element density plot of Initial Topology Optimized model with 30% of volume
fraction (M fina = 3.20 t).

4.3.2 Maximum Stiffness of optimized model s.t. volume and

extrusion constraints

Based on the obtained results in sec. a new starting geometry (3.93 t) was defined
to initiate the next stage of optimization (see Fig. [4.12)). To simplify the shape while
retaining key structural features, the material distribution from the first TO was projected
onto the magnet’s cross-sectional plane. This projection was then used to delineate the
new design boundary. For clarity and manufacturability, the boundary was reconstructed
using a B-spline representation controlled by a limited number of points, allowing the

complexity of the geometry to be reduced.

Following the methodology described in sec. [4.3.2] several optimizations were per-

formed by progressively modifying the extent of the non-design domain around the mag-
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Figure 4.11: Element density plot of Initial Topology Optimized model with 10% of

volume fraction (ming = 1.30 t).

net and adjusting the volume fraction accordingly. This approach was adopted to assess

how the imposed non-design domain influences the final material distribution and to bet-

ter understand the impact of its size on the optimized structural layout. This adjustment

ensured that all design cases resulted in comparable total masses, maintaining a consis-

tent baseline for performance comparison. As in the previous analysis, each solution was
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Figure 4.12: Reconstructed design domain for second-stage optimization.

evaluated in terms of material distribution, displacements, equivalent strains, and von

Mises stresses, with particular attention paid to the structural response of the magnet.

The extrusion constraints were enforced simultaneously by partitioning the design
domain into several distinct regions as shown in Fig. .13 each assigned to a specific
extrusion direction. In more detail, the extrusion directions are radial (normal to the
cylindrical magnet surface) for Region 1, and axial (along magnet axis) for Region 2-3-4.
This method of enforcing multiple different extrusion directions enables more practical
and manufacturable designs while preserving optimization flexibility and mechanical per-

formance.

To constrain the model, one node of the design domain has been constrained in both
toroidal and vertical directions, while bonded contacts have been again applied between
each body in the FE model. The analyzed cases are shown in the first and second columns
of Table . Here, njayers is the number of layers and it is referred to the number of
elements that surround the magnet and belong to the non design domain during TO
process. The elements around the magnet are largely uniform in the direction normal to
its respective outer surface, but tend to contract in Region 2. Approximately each layer

of elements has a thickness of 1.6 cm.

The optimized material distributions are presented in Fig. As shown in Fig. [1.14h—d,
TO consistently promotes the formation of rib-like structures surrounding the magnet,
providing enhanced stiffness along critical load paths. Additionally, all solutions consis-
tently retain material at the front side of the magnet, as clearly illustrated in Fig. [4.14F.

This recurring feature highlights its structural importance across different configurations
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Figure 4.13: Extrusion regions.

and suggests the necessity of incorporating a central ring in the final design. It is also
evident that the majority of material tends to concentrate in regions 1 and 2. Minor
differences in mass (see Table across analogous cases are due to the relatively large
tolerance set for the termination criteria (7 = 0.1). This choice enabled faster conver-
gence of the optimization process without significantly affecting the quality or reliability

of the results.

As the thickness of the material surrounding the magnet increases, both the maximum
displacement within the magnet and the peak stress in the structure tend to decrease. In
terms of equivalent strain, values remain largely consistent across most cases; however,
a noticeable increase is observed in the configuration with three layers and the lowest

volume fraction due its lower stiffness.
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Figure 4.14: Topology optimization solutions with volume and extrusion constraints.
Figures (a)—(c): 3 layers, volume fractions 50%, 37.5%, 25%; Figures (d)—(f): 6 layers,
45%, 31%, 17%; Figures (g)—(i): 9 layers, 36%, 21%, 5%.

Niayers f [%] mfinal [t] Umayg. [mm] 5mag. [%] Omaz [MP&]

50 1.89 0.64 0.37 620
3 37.5 1.57 1.30 0.36 720
25 1.17 1.60 0.47 886
45 1.99 0.62 0.36 600
6 31 1.58 0.83 0.37 710
17 1.22 0.88 0.38 793
36 1.94 0.57 0.34 620
9 21 1.62 0.60 0.35 670
5 1.33 0.65 0.37 780

Table 4.4: Topology optimization results for different extrusion constraints. Here, njgyers
denotes the number of extrusion layers and f the applied volume fraction. Reported
values include final mass m fnq, maximum magnet displacement 4., equivalent strain
Emag., and maximum stress o,q;.
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Figure 4.15: Lateral view of the parametric model for DoE. t,,zr: Magnet Reinforcement
thickness; tformer: former thickness; tcr: Central Ring radial thickness; tpgr: Poloidal
Ribs radial thickness.

4.3.3 Transitioning from TO to Parametric model

Here, the objective was to minimize the structural mass ensuring that the displacement
of the magnet was below 1 mm, while its strain under 0.5%, and the maximum global
stress lower then 800 MPa.

To transition from the TO results to a manufacturable structural concept, a para-
metric model was developed. The goal was to capture and combine the most relevant
geometric features consistently observed across the optimized solutions, such as the pres-

ence of reinforcing ribs and the central ring (see Fig. |4.14]).

The parametric model comprised of a Magnet Reinforcement (MR) with two Poloidal
Ribs (PRs) at each end, and a Central c-shaped ring (CR), as shown in Fig. 4.15 Con-
sistent with sec. [4.3.2 one node is constrained in both toroidal and vertical directions,

and periodic symmetry were applied.

The key design parameters selected to define the optimal configuration include the
Magnet Reinforcement thickness (¢/r), the former thickness (¢ former ), the radial thickness
of the Central Ring (tcr), and the radial thickness of the ribs (¢,s), while the remaining
geometrical parameters have been set according to the TO solutions (see Fig. for

selected parameters).

The impact of the selected parameters on the structural performance was assessed

using ANSYS Design of Experiments (DoE), which enabled a systematic exploration of
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the design space through a series of parametric simulations, facilitating the identification

of optimal configurations. The results obtained are shown in the plots of Fig. [£.16] and

Fig. 4.17

Parametric Model Results: Mass - Stress - Strain
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Figure 4.16: Results of parametric model in terms of mass (one sector), maximum global
stress and maximum magnet strain.

Each solution in Fig. and Fig. is referred to a combination of ¢y, t former, tor
and t,4s, obtained with the Latin Hypercube Method (LHM). Additional bound limits
on the selected variables were included to promote a feasible design. Nearly all evaluated
design points satisfied the imposed constraints, with the exception of solution 3, where
both maximum displacement and stress slightly exceeded acceptable limits. Among all
the evaluated design points, solutions 5 and 18 emerged as the most promising. While
solution 18 exhibits marginally higher displacement (0.7 mm vs. 0.5 mm for solution 5)
and stress (625 MPa vs. 588 MPa), its equivalent strain remains comparable to that of
solution 5 (0.37%). Notably, solution 18 achieves this performance with a reduction of

nearly 300 kg in total mass, making it an attractive lightweight alternative.

4.3.4 Proposed design of magnet’s reinforcements

The selected design (solution 18) was refined to ensure well-defined, manufacturable
structural features and to prevent any interference with adjacent sectors (see Fig. |4.18)).
Specifically, the PRs were positioned slightly inward from the ends to mitigate potential

interference caused by manufacturing tolerances and deformation during operation. This
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Parametric Model Results: Mass - Stress - Displacement
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Figure 4.17: Results of parametric model in terms of mass (one sector), maximum global
stress and maximum magnet displacement.

offset also facilitates assembly: the PRs are intended to be directly welded onto the outer
MR surface, but a small clearance is necessary to slide them into place before welding.
Therefore, a gap is intentionally provided at both ends of the MR to allow sufficient space

for the weld seams.

A central hole was introduced in the CR to ensure tangential continuity, thereby

eliminating sharp corners and reducing stress concentrations.

Additionally, two plates were designed to fully enclose the magnet and former, effec-
tively preventing possible axial motion (along magnet axis). The former will be directly
connected to these plates through bolted joints, ensuring secure and reliable attachment.
A further structural element, referred to as the Outer Cylinder (OC), was introduced to

fully enclose and protect the magnet during the fitting operation within the MR.

The thickness of the CR were reduced by increasing the MR thickness towards the
machine center, allowing the possibility of assembling the two components using bolted
connections. Moreover, the CR were furthermore divided in three main components, that
are vertical plates which will be joined with the MR and two upper and bottom horizontal
plates. The bottom plate, with a pentagonal shape, will serve as a base for the vertical
plates; the two components can be jointed either with bolt connections or weldings. In
the first case, the assembly is clearly more modular, however the bolts will carry most of

the applied loads. In contrast, the welded connection offers better load distribution due
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Figure 4.18: Representation of the conceptual design of the magnet’s reinforcements.

to greater continuity and more effective load sharing across the entire joint. However, if
the weld joints are large and deep, heat treatment becomes necessary to relieve residual
stresses and ensure proper mechanical performance. If the HT'S cannot tolerate elevated
temperatures, which may be the case, the welding process would need to be carried out
without the magnets in place. This condition introduces a significant constraint on the

overall manufacturability of the structure.

Lastly, the double symmetry of the MR allows for efficient production via casting.
The inner surface, which interfaces with the OC, can be further refined to achieve the

required surface roughness.

4.3.5 Assembling procedure

In this section, we outline a proposed assembly procedure to ensure that all components
can be integrated seamlessly and achieve the desired structural integrity under operational

conditions. An exploded view of the magnet reinforcements components is depicted in
Fig.

The first step consists of winding the wide, engraved HTS tape around a cylindri-
cal former with suitable winding tension. This operation results in the creation of the
magnet—inner former unit. Once the winding is complete, the entire assembly is cooled

down to facilitate the next step, which involves inserting this unit into the OC. This
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)E

Figure 4.19: Exploded view: 1) former, 2) magnet, 3) OC, 4) MR, 5) PRs, 6) former
caps, 7) CR vertical plate, 8) CR bottom plate, 9) CR upper plate.

step requires a slight interference fit to ensure a secure and rigid connection between the

components.

After assembling the magnet, inner former, and OC into a unified structure, this com-
posite unit is inserted into the MR. This second insertion can be achieved through either
a classical interference fit or a tapered fit. In the case of a conical (tapered) coupling,
cooling of the internal components can often be avoided, as the angled surfaces allow in-
sertion by applying an axial force, which generates the required contact pressure between
components. The efficiency of this method, however, depends heavily on the taper angle,
interference magnitude, and surface roughness (an analytical method to quickly estimate
the the sliding force and the pressure contact is described in appendix. Once inserted,
two additional plates are attached to the lateral faces of the module. These plates serve
to fully enclose the magnet—thereby minimizing possible axial movement—and mechan-
ically connect the inner former to the MR using bolted joints. The MR also extends
toward the machine center to provide sufficient material thickness to host radial bolts

used for connecting to the CR.

Following this step, the CR assembly can be performed independently. The CR con-
sists of a bottom pentagonal plate, five vertical plates, and a top plate matching the

bottom geometry. These components are joined using either bolted or welded connec-
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tions, depending on the desired mechanical performance and modularity.

Then, the MR and CR assemblies are connected using radial bolts inserted through
the inner sides of the CR’s vertical plates. Finally the upper plate is bolted on CR’s

vertical plates.

Future design could include a larger circular hole for the upper plate, which could be
welded with the vertical plates for better structural connection. This should also provide
sufficient space for inserting the radial bolts. Another option that could increase the CR
stiffness, consists of directly casting all components (vertical, bottom and upper plates),

eliminating the need for precise welded connections between the plates.

Even if the primary considered approach to assemble the magnet within the MR is a
fit interference, an alternative may involve splitting the MR into two halves and joining
them using bolted connections. A high-level calculation of the segmentation strategy and

the corresponding number of bolts required is presented in appendix [.2]

4.3.6 FEA of conceptual design

To evaluate the effects of the design changes described in sec. [4.3.4] a FEA was carried
out using boundary conditions similar to those detailed in sec. [4.3.2] with the exception
of contact definitions used to model the interactions between the OC, the magnet, and
the MR. Specifically, a bonded contact was assumed between the magnet and the former,
reflecting the presence of tape that will be secured to the former. In contrast, frictional
contacts were defined at the interfaces between the OC and the magnet, as well as between
the OC and the MR, using a friction coefficient of u, = 0.15. A preliminary interference
value of 7+ = 0.05 mm was assumed in this study for the fit interfaces; however, dedicated
analyses are required to determine the optimal interference values to guarantee consistent
contact, particularly during cool-down and to avoid separation between components under

operational conditions.

The magnet undergoes a maximum displacement of 1.1 mm (see Fig. [4.20), with a
peak strain of 0.50% and a corresponding maximum von Mises stress of 648 MPa (see
Fig. . The highest stress within the entire assembly occurs in the lateral plates,
where the stress reaches up to 870 MPa.

Although the peak stress slightly exceeds the value obtained with the parametric
model, it remains below the acceptable limit of 1000 MPa. The magnet displacement,
which is nearly two times greater, could be reduced by increasing either the PRs di-
mensions or the MR thickness. Finally, the magnet strain can be further minimized by
increasing the interference fit between components. These observations suggest that a

parametric sweep, which can be readily performed in ANSYS, would be an effective way
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to systematically evaluate the influence of these variables. Such an approach can be
viewed as a brute force optimization method, yet it remains perfectly suitable given the

limited number of parameters involved.
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Figure 4.20: Displacement field of proposed design [mm].
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Figure 4.21: Stress field of proposed design [MPa].

4.4 Conclusions

In this chapter, a structural optimization framework was developed for the conceptual
design of reinforcement structures for a 10 T on axis, 52 cm bore stellarator magnet. The
design process began with an initial mass minimization strategy, which led to a significant
reduction in the design space, from 11.3 t to 3.93 t. A second round of TO, incorporat-
ing multiple extrusion constraints, further reduced the mass to 1.65 t and revealed key
structural features such as a C-shaped Central Ring (CR), Poloidal Ribs (PRs), and a

Magnet Reinforcement (MR). A parametric model was then created based on the second
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optimization run to explore design variants and refine key parameters, ultimately achiev-
ing a final mass of 1.20 t. To accommodate manufacturing and assembly requirements,
the design was slightly adjusted without compromising its structural integrity. The final
proposed configuration experiences a maximum displacement of 1.1 mm, a peak strain of
0.50%, and a von Mises stress of 648 MPa in the magnet. The highest stress in the assem-
bly (870 MPa) is reached in the lateral plates. Compared to the initial large-scale design,
this approach resulted in a nine-fold reduction in mass, while maintaining acceptable

mechanical performance.

Future developments should focus on the detailed design of sub-components through
high-fidelity FEA, including the modeling of bolts, and welds. Additional efforts should be
directed toward optimizing interference fits to achieve the desired magnet pre-compression.
Another promising direction is the exploration of higher-dimensionality TO, for exam-
ple using beam or truss representations; this could enable to reach lighter structures,
while also allowing for asymmetric configurations that may exhibit superior structural
performance. Furthermore, robustness analyses should be conducted to assess the sensi-
tivity of the optimized reinforcement structures to variations in the magnetic field map,
ensuring that small deviations do not compromise the overall mechanical performance.
Finally, a thermo-mechanical analysis under realistic operating conditions is essential to
evaluate potential contact losses or mechanical degradation during cool-down phases and

operational conditions.



5 Conclusions and Future Works

Conclusions

This thesis focused on the development of optimization tools for the structural design of
Renaissance Fusion stellarator magnet reinforcements. Two complementary approaches
were explored: parametric sizing—shape optimization for a larger 10 T, 8.5 m bore magnet,
and Topology Optimization (TO) for the conceptual design of a 10 T, 52 cm bore magnet.
Together, these studies demonstrated how advanced optimization strategies can guide
both early stage design exploration and later stage refinement under realistic engineering

constraints.

In chapter [3], several parametric models were developed in ANSYS APDL and de-
sign exploration were addressed with a Particle Swarm Optimization (PSO) algorithm.
Constraint-handling strategies were also implemented to enforce both design variable
bounds and structural stress limits (as penalization on the objective function), ensuring
realistic optimization under engineering conditions. The results indicated that solution
consisting of Inner Shell (IS),Outer Shell (OS) and beam configurations are excessively
heavy, with masses exceeding 1800 t per sector, and fail to satisfy the required stress con-
straints. The most efficient solution was obtained with a thick IS (t;¢ = 543 mm, 1380 t),
although such a configuration is impractical from a manufacturing standpoint. Consid-
ering a more realistic thickness limit of 300 mm, designs incorporating variable Poloidal
Ribs (PRs) and OS reinforcements provided the best balance among structural complex-
ity, stress distribution, displacement, and manufacturability. Moreover, it is worth noting
that few of the parametric optimizations did not fully reach convergence, as the number of
iterations was intentionally limited to balance computational effort and turnaround time.
Consequently, a potential direction for future work would be to rerun these unconverged
cases with a larger number of iterations, enabling a more consistent and comprehensive

comparison among the different parametric model outcomes.

In chapter [4 the conceptual design via TO study identified key structural features
that include a central ring, poloidal ribs, and magnet reinforcements, that significantly

reduced mass while maintaining structural integrity. The developed framework lowered
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the reinforcement mass from 11.3 t to 1.2 t (a reduction of nearly 90%), while keeping
displacements (1.1 mm), strain (0.5%), and stress levels (648 MPa in the magnet and
870 MPa in the lateral plates) within acceptable limits. These results demonstrated that
early-stage TO can effectively guide conceptual design by revealing optimal load paths

and essential reinforcement regions.

Overall, the thesis demonstrated how optimization-based methodologies, when cou-
pled with Finite Element Analysis and practical engineering constraints, can significantly
reduce structural mass, identify efficient reinforcement layouts, and provide a foundation

for manufacturable stellarator magnet reinforcement designs.

Future Works

The research carried out in this thesis demonstrated the potential of optimization-driven
methods for the design of magnet reinforcement systems. Nevertheless, several aspects
deserve further development in order to increase the maturity and applicability of the

proposed approaches:

1. Stress-Constrained implementation in Topology Optimization tool (chap-
ter |4)): in this work, the topological optimization approach was performed without
an explicit stress constraint. A natural extension is the integration of stress-based
formulations, allowing the optimization process to directly account for mechanical
strength limitations. Particular emphasis should be pointed to fully replicate the
low level FE matrices of ANSYS software. This would lead to less design sensitivity,

so does reducing the computational time to achieve a conceptual design.

2. Improvement of Topology Optimization tool (chapter 4): the improve-
ment of the TO tool (chapter [4)) remains an important area for future work. The
computational cost of large scale TO can be considerable, particularly when ap-
plied to detailed magnet geometries. Enhancing the efficiency and speed of the TO
framework through strategies such as parallelization, model order reduction, or the
use of more efficient solvers represents a key step toward making the methodol-
ogy practical for large scale problems and enabling faster design iterations while
reducing overall computational effort. In addition, the introduction of manufactur-
ing constraints that guide material removal could be further investigated, as these
constraints provide an effective means of reducing the complexity of topology op-
timized structures. Finally, exploring alternative filtering approaches, beyond the
current element-connectivity method used for extrusion constraints, would extend

the applicability of the framework to non structured meshes and further improve
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computational performance (the extrusion matrix represents a bottleneck, since its
construction depends on the number of elements within the design domain and

adjacency relationship).

. Application of Topology Optimization tool to Reactor-Scale Magnets
(chapter [4): the methodologies should be extended and validated on reactor-scale
stellarator magnets, where the structural, thermal, and electromagnetic challenges
are magnified. This step will be essential to assess the scalability and industrial
applicability of the developed TO tool (sec. .

. Exploration of Alternative Reinforcement Layouts (chapter : the para-
metric modeling demonstrated the trade-offs between inner support thickness and
external ribs. Future work should expand the design space to include alternative
reinforcement strategies that could balance structural performance with manufac-
turability. In alternative, the structural reinforcements can be inspired by the use
of the developed TO tool (sec. with additional manufacturing constraints, and
then further refined with parametric models. Moreover, it may be beneficial to em-
ploy gradient-based optimization algorithms to increase the number of structural
features explored within the parametric framework, thereby overcoming some of the

inherent limitations of population-based methods such as PSO

. Thermal Topology Optimization for Cooling Systems: future research should
extend TO beyond purely structural considerations, incorporating thermal opti-
mization to design cooling channels for the magnets. Such an approach would
enable the simultaneous optimization of reinforcement structures and integrated
cooling systems, ensuring both mechanical integrity and effective thermal manage-

ment.
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.1 HTS Equivalent Mechanical Properties: Homoge-

nization Technique

High-Temperature Superconducting (HTS) tapes are composite materials consisting of
multiple layers with distinct mechanical properties. Directly modeling each layer within
structural simulations is computationally expensive and often impractical. To address
this, a homogenization technique is employed to derive equivalent mechanical properties
that approximate the behavior of the layered structure as a single, homogeneous material.
This approach simplifies the analysis while preserving the overall stiffness and strength
characteristics of the HT'S stack. The following describes the method used to compute the
effective elastic properties based on the volume fraction and properties of the individual

constituents.

Assuming the HT'S conductor is composed of n distinct layers, the effective mechanical
properties in a cylindrical coordinate system placed on HTS center, can be determined
using homogenization techniques. The homogenized parameters include:

e Radial F,, tangential Fy, and axial £, Young’s moduli;

e In-plane GG,y and out-of-plane GGy, shear moduli;

e In-plane v,¢ and out-of-plane vy,.

The homogenized properties are expressed as functions of the thickness fraction of each

tfit, where t; is the thickness of layer i, and ¢, is the total thickness

material layer, z; =
of the HT'S stack.

The homogenized properties are calculate using the following equations:
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.2 High level calculation for magnet reinforcement seg-
mentation

In this appendix, a simplified analytical method is presented to estimate the required

number of bolts in the case where the magnet reinforcement structure, described in chap-

ter [ is split into two equal segments. The purpose of this calculation is to provide

a high-level sizing criterion, allowing an early-stage assessment of the feasibility of seg-

mented reinforcements.

The bolts located along the joint must carry the separating loads generated by the

magnetic forces. These loads can be categorized as:

e Normal force (separating load), acting perpendicular to the joint plane and

responsible for pulling the two segments apart;

e Tangential force (shear load), acting in-plane along the joint and resisted

through shear capacity of the bolts.
Two approaches may be considered to evaluate the joint loads:

1. Direct integration of the pressure load over the reinforcement surface;

2. Evaluation from a numerical model, which is more practical and quicker to imple-

ment.

In this work, the separating loads were derived numerically by interpolating the EM
loads shown in sec. [£.2] and decoupling the interaction between the two segments with

two separate fixed constraints (see Fig. . The resulting axial separating force is:

Fseparating ~ 21.3MN

acting on the upper joint, and an equal and opposite force of
Fseparating ~ —21.3MN

acting on the lower joint.

For the bolt-sizing calculation, the following assumptions are made:

e Magnet axial length: L = 0.52 m;

e Minimum distance between bolts: As ~ 2 - dy,o1t, where dyop is the bolt diameter;
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e The reinforcement structure is modeled as a solid cylinder (see Fig split into two

bottom

equal segments.

leed constraints (one
for each segment) 2 no
connection between each
segment

‘ Interpolated EM ’

Separating load

(a)

Figure 1: Representation of the segmented reinforcement: (a) schematic cross-section
highlighting the separating loads acting on the joint; (b) finite element model of the
separated reinforcement showing the location of fixed constraints.

Based on these assumptions, the reinforcements can be thought of as being split into
two “omega-shaped” segments (see schematic view in Fig. . At the interface, the joints
are flat plates where bolts are arranged to connect the two segments. These flat joints
(or radial plates) are assumed to be infinitely stiff; however, a dedicated FE model with
the radial plates and bolts could be implemented to verify the accuracy of this high-
level analytical estimation. The detailed results, including the number of bolts required
for different bolt diameters, are summarized in Table [I Here the type of bolts were

considered according to [62].

Table 1: Results of bolt number estimation for magnet reinforcement segmentation.

Bolt (class 129) Fmaz [kN] As [mm] Mmin,bolts  Mmaz,bolts,row  Trows,side  Mbolts,used Plate radial lellgth [mIn] SF

M12 103 24 208 23 ) 230 120 1.11
M18 234 36 92 14 4 120 144 1.32
M24 431 48 50 11 3 72 144 1.46
M30 684 60 32 9 2 36 120 1.16

In Table [T, the meaning of each column is detailed below:

e [,..: maximum load that a single bolt can sustain;

e As: minimum spacing between adjacent bolts, generally assumed as twice the bolt

diameter;

® Ninboits: Minimum number of bolts required to carry the total separating load,

computed as:

o Fsepm'ating
Nomin,bolts = Ja
max
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® Nynax boltsrow: Maximum number of bolts that can be arranged along a single row,
given the available plate length and spacing constraints (see Fig. , computed as
the higher integer as following:

Nomaz,bolts,row — int |: :|
Nmin,bolts

® Nyows,side: NUMber of bolt rows that can be accommodated on each side of the joint

(see Fig. , computed as the higher integer as following:

. Mmin,bolts 9
Nyows,side = nt .
Nomaz bolts,row * 2

® Npousused: actual number of bolts selected for the configuration, computed as the

higher integer as following:
Npolts,used = nt [nrows,side : nmaa},bolts,row] -2

e Plate radial length: radial dimension of the joint plate considered in the analysis
(see Fig. [2)), evaluated as:

As - Nyows,side

Plate radial length = 5

e SF': safety factor associated with the chosen configuration, evaluated as:

Fmaa:

Fseparating/nbolts,used

Sk =

row

i-th bolt

ASI i

i /'
v“F'late'radial

sides length

Figure 2: Simplified top view of the segmented reinforcement joint, illustrating the bolt
arrangement, bolt rows, plate radial length, sides, and bolt spacing As.
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The results reported in Table [1| allow us to compare different bolt sizes in terms of

spacing requirements, SF and so on. A few observations can be highlighted:

e M12 bolts: the smallest bolt size considered requires the highest number of bolts
(230 in total). Although the SF = 1.11 is acceptable, the large number of bolts
makes this solution impractical from both a manufacturing and assembly point of

view;

e M18 bolts: the number of bolts is reduced to 144, while the SF increases to 1.32.
This represents a more efficient compromise compared to M12 bolts, though the

overall number of bolts is still relatively high;

e M24 bolts: this configuration also requires 144 bolts but with a further improve-
ment in SF (SF = 1.46). The reduced number of rows per side (3 instead of 4)
and shorter plate radial length (72 mm) make this solution attractive from both

structural and practical perspectives;

e M30 bolts: The minimum number of bolts (120) is achieved with the largest bolt
size. However, the SF (SF = 1.16) is lower than for M18 and M24 bolts.

The addition of orthogonal joints to the cylindrical surface of the magnet reinforce-
ment adds further dimensions to the structure. In fact, if there is a central ring, these
joints cannot extend towards the center of the machine as they would prevent the central

ring from coupling with the magnet reinforcement itself.



130

.3 Tapered Fit Interference

The purpose of this appendix is to develop a simplified analytical model for a tapered
interference fit, and to compare its predictions with a numerical solution obtained using
ANSYS Workbench. The aim is not to provide a detailed design tool, but rather to derive
a model capable of delivering first-order estimates that can be used during preliminary

design stages.

Objectives

The analytical formulation is intended to:

e provide an order-of-magnitude estimate of the contact pressure generated, as well as
the radial and tangential stresses, at the interface as a function of the main governing
parameters, including the imposed interference (f), cylinder radii (a, bimin, bmaz, ©),

taper angle («), friction coefficient (u), and material properties (E;, v;, E,, V,);

e estimate the peak axial force (F),) required to slide the inner cylinder within the

outer one.

Analytical formulation

When two cylindrical components are assembled by shrinking or press fitting one part
upon another, a contact pressure (py) is developed between the two parts. The contact

pressure at the nominal radius b is as following (see Fig. :

b= g

where k is a parameters that consider cylinder geometries and their mechanical properties,

and it is defined as:

1 [+ 1 [V + a?
k:Eo(m—i‘Vo)—i‘E(m—Vi) (8)

In Eq. [8] the subscript ¢ denotes the inner cylinder, while o the outer one.

Furthermore, what can be observed in Eq. [7] for straight cylindrical interference sur-

face, the contact pressure depends on:

1. interference between the two parts;
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2. geometrical parameters of the two parts (inner, outer and nominal radii);

3. mechanical properties of the two parts.

Figure 3: Cross-section of press-fitted straight cylinders: a : inner radius; b : radius at
interference; ¢ : outer radius.

In case of conical interference surface, the nominal radius is no more constant along
the axial direction (z-axis) and needs to be evaluated at each axial coordinate (see Fig. [4).
Here, the advantage lies on avoiding to heating up or cooling down one of the two com-
ponents. Considering a cylindrical coordinate system where z points along the axial
direction (axisymmetric axis) and r is the radial coordinate, the nominal radius b can be

expressed as:

b = bpin + (L — 2) tan(«) 9)

where b,,;, is the minimum tapered radius.

To compute the net force to be applied on the inner cylinder such that it will slide

inside the external one, two terms must be evaluated:

e the contribution due to axial force of the contact pressure:

dFormal = pf dA — dF,; = py sin(a) dA (10)

e the contribution due to the friction contact between the two components:

deriction = K py dA — dFZ,Q = K py COS(Oé) dA (11)
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Therefore, the infinitesimal axial force to be applied to slide the inner cylinder is:

dF, 10t = py (sin(a) 4+ pcos(a)) dA (12)

The infinitesimal area dA in Eq. and [12]is a a function of the axial coordinate,

and is defined as:

dz

cos()

dA = b(z) df ds = b(z) db

(13)

Inserting Eq. [I3]in [I2] we finally get the total axial force:

For — /0 "o /b " pi(z) (tan(a) + ) b(z) dz (14)

The stress generated at the interface between the two cylinder are radial (o,;, 0,,)

and tangential (v, 0t,):

B Py b2 a2
(1) "
- pf b2 C2
Oro= 5 (1 - 72) (16)
pr b a’
Ot = _bzf_ P (1 + ﬁ) (17)

_ ps b2 62
Oto = C2 _ b2 (1 + p (18)
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»
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z Inner (i)

b L

pﬂv\ A
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L-z

' | Outer (0)
: bmin
: bmax

»
»

Figure 4: Cross-section of tapered fit: r: radial coordinate; 2 : axial coordinate; L : axial
length; b : tapered radius; a: tapered angle; b,,;,: minimum tapered radius; b,,q,: max-
imum tapered radius; pgi: contact pressure on the outer cylinder; pso: contact pressure
on the inner cylinder.

Validation with FE simulations

To assess the accuracy of the analytical model, Eq. [7] [I5] [I6] [I7] and [1§ were compared
with results from a simple FE analysis carried out in ANSYS Workbench.

The FE model is constructed using two quarter-cylinder sections discretized with
SOLID185 elements (see Fig. [5)). Nonlinear contact elements are introduced at the inter-
face to capture the interference fit behavior. Boundary conditions are applied such that
one side of the model is constrained in the vertical direction, while the opposite side is re-
strained in the horizontal direction, ensuring overall stability while allowing deformation

consistent with the physical assembly.

t
P

Figure 5: FE model of two cylinder connected with tapered fit interference.
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f L «Q a c brnin bimax E,=FE, v,=vy,

!

0.0l mm 0.5321m 0.1° 04656m 0.67m 0.5300 m 0.5309 m 200 GPa 0.3

0.15

Table 2: Parameters used in FE model: f :interference; L : axial length; a: tapered angle;
a: minimum inner cylinder radius; ¢: maximum outer cylinder radius; b,,;,: minimum
tapered radius; b,,.,: maximum tapered radius; E; = E,: Young’s modulus of inner and
outer cylinders; v; = v,: Poissoin’s ratio of inner and outer cylinders.

In Fig. [6] [7] and [§ are shown the numerical results of radial stress, tangential stress
and pressure contact (pressure contact evaluated at the middle plane), respectively. In
more detail, results are grabbed at the interface and compared with the analytical one
(see Table . The analytical model provides results that are in very good agreement
with the FE solution:

the contact pressure P, differs by less than 1.3% (0.315 MPa vs. 0.319 MPa);

e the radial stresses at the inner and outer surfaces (o,,; and o,.) show a deviation
of about 3.8%;

e for the tangential stress at the inner surface (0y;), the deviation is larger, around

18.5%), which might be attributed the simplified analytical formulation;

e the tangential stress at the outer surface (o¢.) shows a discrepancy of about 5.7%,

still within an acceptable range for preliminary design calculations.

Overall, the comparison demonstrates that the analytical approach provides a reliable
order-of-magnitude estimate of the contact pressure and stress distribution. While local
stresses—particularly o;;—are more sensitive to modeling assumptions, the analytical
method remains a useful tool for quick parametric evaluations before resorting to detailed

FE simulations.

Finally, for the analyzed case the peak force required to slide the inner cylinder within
the outer one is
Fz,tot — 7823 kN

The pressure to be applied on the inner cylinder in order to slide it within the outer

1s:

Fz,tat o a Fz,tot

Ay 7w (B2, — a?)

max

P, = = 1.64 MPa (19)
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-0.0096314 Max
-0.042002
-0.074552
-0.10701

-0.13%47
-017193
-0.20439
-0.23685

-0.26932
-0.30178 Min

—_—

Figure 6: Radial stress o, [MPa].

1.4557 Max
0.97345
050317
0.026384
-0.4494
-0.92568
-1.402
-1.8782
-2.3543
-2.8308 Min

L=

Figure 7: Tangential stress o; [MPa].

0.36809 Ma>

0.36165

0.35521 -
0.34877

0.34233

0.3359

0.3246

0.32302

0.31658 .
0.31014 Min i L
Figure 8: Pressure contact py at the interface [MPa].

Table 3: Comparison between analytical and numerical results for the tapered fit interfer-
ence case (at the interference radius b): py: contact pressure; o,; : radial stress on inner
cylinder; o,, : radial stress on outer cylinder; o;; : tangential stress on inner cylinder;
o1, : tangential stress on outer cylinder.

Analytical Numerical

ps [MPa] 0.315 0.319
0. [MPa]  -0.314 -0.302
o.c [MPa]  -0.314 -0.302
or; [MPa]  -2.389 -2.831

0. [MPa]  1.378 1.456
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.4 8-node brick element

One of the most difficult challenges in stress-constrained TO is the sensitivity analysis.
As discussed, the stress gradient requires the solution of an adjoint problem, which leads
to the implementation of very low-level FE formulations. In particular, the matrix that
bridges the nodal displacements u with the associated nodal strain €, commonly referred

to as the strain-displacement matrix B, becomes central.

In this work, the B matrix of SOLID185 elements was analyzed and compared with
an in-house PyMAPDL implementation. The aim of this appendix is to provide both a
theoretical and practical approach to the implementation of this matrix, as well as the
elemental stiffness matrix k., and the main differences obtained using in-house code for

the construction of such low level FE matrices.

4.1 Element Formulation

The 8-node brick element is widely used in structural mechanics due to its balance between
computational cost and accuracy. It is composed of 8 nodes forming a hexahedron, which
may not be a perfect cube in general (see Fig@. Each node has 3 translational degrees

of freedom (dof) in z, y and z directions, making the total dof of this element to be 24.

L K

M N
(a) (b)

Figure 9: Isoparametric 8-node brick element: (a) element in the physical space, (b)

element in the natural space.

The displacement within the element are described by the shape functions and nodal

displacements:
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uy(z,y, 2) = ZNi(r, S, 1) - Uy (21)

uz(:Evya Z) = ZN¢<T,S,t) T Uz (22)
i=1
In analogous manner, when using an isoparametric element, the physical coordinates

(x,y, z) of any point within the element are interpolated using the same shape functions

in Eq. 20 21] and 22}

8

T = Z Ni(r,s,t) - z; (23)

=1

Yy = Z Ni(r,s,t) - y; (24)

z= ZNi(r, s, t) -z (25)

i=1
In isoparametric formulation, as we shown above, the geometry and the displacement
field of the element are described by the same set of shape functions N. The element,
in the natural coordinate system r — s — ¢, has side equal to 2 (the lengths facilitate
the use of standard Gauss integration, since the the reference system is at the element
centroid). Each shape function is associated with a node located at one of the corners of

the element.

For a typical node ordering (ANSYS SOLID185 element), the local coordinates are

as follows:

All shape functions for the 8-node hexahedral element can be compactly represented
using the local (natural) coordinates of each node, denoted as r;,s;,t; for i = 1,...,8,

corresponding to the nodal positions in the transformed (parent) element domain (see

Table {4)).

1
Ni(r,s,t) = §(1+r'ri)(1+s-si)(l—i—t-ti) fori=1,...,8 (26)

The shape functions, as highlighted in Eq. [26] for the 8-node brick element are trilinear.



138

Node | r; s; ¢
T(1) |1 1 1
J@) /-1 -1 1
K@) |[-1 1 1
L@ -1 1 -1
MG |1 -1 -1
N@)[1 -1 1
oM |1 1 1
P@)[1 1 -1

Table 4: ANSYS node ordering for the SOLID185 element in the (r, s, t) natural coordi-
nate system.

Expanding them, the shape function vector is composed of the following:

Ny(rys,1) = éa (1 —s)(1—1) (27)
No(r,5,8) = 5 (14 7)(1 = 5)(1 1) (28)
Ny(r,5,8) = <01+ 7)(1 +5)(1~ 1) (29)
Na(r, 5, ) = %(1 A+ s)(1—t) (30)
No(r,5.8) = (1= 1)(1 = $)(1 +1) (31)
No(r,5.8) = (1 +7)(1 = 5)(1 +1) (32)
Nolr,5,8) = (14 7)(1 +5)(1 +1) (33)
Ne(r,5.8) = (1 = )(1 +5)(1 +1) (34)

where they can be expressed in a compact form:

N:[N17N27N37N47N57N67N77N8] (35)

where u,, u, and u, are the displacement along z, y and 2 of any point within the element,

while u, ;, u,; and u,; correspond to the nodal displacements along the three directions.

Since the internal strains () at a point are derivatives of the displacement (u) w.r.t.
the x, y and z axes, and displacement are expressed in r — s — t coordinates, a transfor-
mation between the physical space and the natural coordinate systems is required. The
transformation from the cartesian to the natural coordinate system occurs through the
Jacobian matrix J. The role of J, as mentioned, consist of mapping derivatives from

the natural coordinate space (r,s,t) to the physical coordinate space (z,y,z). This is



transformation is defined as:

where J is defined as:

oN;
ox
ON; | _ 11
7
N,
0z
oz 9y
or  Or
— |9z Oy
J = ds  0Os
o oy
ot ot

N,
or
oN;
ds

oN;

ot

oz
or
oz
ds
oz
ot
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(36)

(37)

The Jacobian matrix contains the partial derivative of nodal coordinates in the natural

space. Considering that the element has 8 nodes, and the nodal coordinates are expressed

as in Eq. 23] [24] and 25 J becomes:

ON1 ON>
or or
_ | ON1  ONy
J= Js Js
ON1 ONo
ot ot

ONg 1 Y1
or
ONs T2 Y2
Os
Nz
ot

T Ys

21

z9

z8

:VN.

T

X2

xg

B oz

Yo 22

Ys =8

For an 8-node brick element, the derivatives of the shape functions with respect to

the natural coordinates r, s, t € [—1, 1] are given by:

oM,
or

o,
or

oN;
or

0Ny

O0s
ON,

0s
o

O0s

éa — (1 —1)
éa +8)(1—1)

%(1 +o)(1+1)

%(1 T
%(1 -

é(l—kr)(l—l—t)

e [
= -y %
% =——(1+s)(1+1)
e stna-n 2
%:—é(l—r)(l—i—t) %
% _ éa (1t 1)

éa +8)(1—1)

é@ — (1 +1)

—(I+r)(1—1)

—5A+n)(1+0)
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oN, 1 ONy 1 LNy 1
W_—g(l—r)(l—s) 5 = 8(1+r)(1 s) el 8(1—1—7“)(1—1—5)
8]\74_ 1 a]\/v5_ 1 . o aNG_ 1 —
5 = 8(1 r)(1+s) 5 = 8(1 r)(1—s) prale 8(1—1—7’)(1 s)
8]\]7_ 1 8N8_ 1 _

The derivatives of the shape functions can also be expressed using the following compact

form:

ON; 1
ON;, 1
ON; 1
g 2 ti-(14+r-r)(1+s-s) (41)

In FEA, the strain vector at point a is linked to the displacement through the strain-

displacement matrix as:

e, =B, u (42)

where u is the nodal displacement of the considered element, computed with Eq. [20]
and 22|

The strain vector is composed of 6 independent components, representing the volu-

metric and tangential deformations:

[ Oux
ox
_ _ - _ . i
£z us. 10000000 O[]
& o 000010000z
ou ox
. S 000O0O0OO0OO0OT 01
€a = ) - Ougy o Ouy - 8‘9—12/ (43)

Yey Em + o 01 010O0O0O00O0 Oy
auy Ouy W
Vyz 5 T By 0000O0OT1O0T1O0 s
ou, Ouz ox
_’yzx_ _% —+ W_ _O O 1 O 0 0 1 O O_ duy
Oy
Ouy

L 0z

Expanding Eq. 43| and expressing the nodal element vector in the natural coordinate



system using the Jacobian, we get:

-8 N -
Z 67‘Zu1'77'
i=1
5 ON,
> 95 Uzji
=1
8 ON,
> G Ui
=1
8 ON,

Z 8r1uyz
i=1

8 ON,
Zl 851uyvl
1=

J-1 8
> oy

ot Yt
=1
5 ON,
> o Uz,
=1
8 ON,
Z 8521'[/2:71
=1
8 ON,
2. ot Uz
|, — .
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where in Eq. 44| A is a matrix that contains 0 and 1, and d contains the derivative of the

shape functions w.r.t. r —s —t.

The matrix B, for an 8-node brick element is 6x24,

It is important to note that B, is evaluated at each integration point.

[ ON,
oz

0

0
ONy
Jy
0

ON;
| Oz

0

ON1

dy
0

ON1

ox

ON1

0z
0

0

0

ON;
0z

0

Ny
9y
Ny
ox

ONg
or

0

0
ONg
Jy
0

ONg
0z

0

ONg

ONg

ox

ONg

0z

and it is finally defined as:

0

0

ONg
0z

0

aNs
9y

ONs
ox

(45)

Once the strain matrix B, has been evaluated for all integration points, the stiffness

element matrix k., can be obtained by substituting B, in the following:

ke:/BfDBadve

(46)

Since the analytical integration [46] might be challenging, the integrals are performed

using numerical integration scheme (i.e., Gauss integration scheme). For a 3D element,

like the one analyzed, the volume integral is approximated as a summation over the Gauss
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points in the three directions r — s — t:

Ng MNg TNg

k. ~ Z Z ZBaT(ri, Sj,te) D Bo(r4, 85, t) det J(ri, s, 1) w; wjwy (47)

i=1 j=1 k=1
where w; w; wy, are the weighting factors, and n, represent the number of integration
points (also referred as Gauss points). Depending on the number of integration points,
the weighting factors have different values as shown in Table 5] For this type of element,

two integration points are sufficient.

Number of int. points Integration point location () Weighting factors w

1 0 2
1~
:i:7§ ~ +0.577 1
3 0, i\/é 5/9, 8/9 (center, outer)

Table 5: Gauss integration points and corresponding weighting factors in 1D. For 3D,
weights are multiplied: w; w; wy,.

4.2 B matrix — Some adjustments

Traditional isoparametric continuum elements, such as the 8-node cubic element, are
often not sufficiently robust or accurate for general stress analysis, particularly in cases
involving bending-dominated behavior, nearly incompressible materials, or coarse meshes
[14]. One of the main challenges lies in the strain-displacement matrix, commonly referred
to as the B matrix, which directly influences the formulation of the stiffness matrix and,
consequently, the accuracy of stress and strain predictions. Indeed, it is well know that
low order elements present two main type of locking: shear locking, and volumetric

locking.

To address these issues, several techniques have been developed to modify the B
matrix, improving element performance. In the ANSYS theory reference, the SOLID185
B is modified with the following methodologies:

e Full integration with B method: it is commonly employed to alleviate volumetric
locking, particularly in nearly incompressible material scenarios. It achieves this by
replacing the volumetric strain at each Gauss integration point with the average vol-
umetric strain computed over the entire element. However, the B method does not
address shear locking, which can significantly affect accuracy in bending-dominated

problems.

e Uniform reduced integration with hourglass control: this method is another ap-

proach that helps mitigate both shear locking in bending-dominated cases and vol-
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umetric locking in nearly incompressible conditions. It utilizes a single integration
point for all components of the strain field, making it computationally more efficient
than methods such as selective reduced integration or enhanced strain formulations,

while still maintaining reasonable accuracy in many applications.

e Enhanced strain formulation: this formulation effectively addresses shear locking
in bending-dominated problems and volumetric locking in nearly incompressible
materials. In this approach, ANSYS introduces a set of internal, inaccessible degrees
of freedom at the element level. The enhanced strain formulation is generally less
computationally efficient than either the selective reduced integration or the uniform

reduced integration methods.

e Simplified enhanced strain formulation: this formulation is designed to prevent
shear locking in bending-dominated problems. It resembles the full enhanced strain
formulation but introduces only the internal degrees of freedom required to allevi-
ate shear locking. Since it does not include additional internal modes to address

volumetric locking, this approach is not suitable for nearly incompressible materials.

The mathematical fundamentals of all the methodologies just described above, are
unfortunately not documented and there is a lack of information that might help in
reconstruct those very low level FE matrices. Therefore, the implemented code doesn’t

take into account modification of the B matrix.

4.3 Python implementation of B matrix

A general method for calculating the stiffness element matrix for isoparametric elements

can be defined as:

1. Define the shape functions to describe both element geometry and displacement;
2. Define the number of Gauss points in the element for stiffness integration;
3. For each Gauss point:

(a) Get values for Gauss point in natural coordinate system;

(b) Compute values for shape function derivatives w.r.t. natural coordinate system

at current Gauss point (VN);
(c) Calculate Jacobian J, its inverse J~1 and its determinant det J;

(d) Calculate shape functions derivatives w.r.t. global coordinate system (x —y —

z);
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(e) Calculate strain-displacement matrix By;

(f) Calculate element stiffness matrix k..

Initialization

# Import mnecessary library

import numpy as np

# Create Element Formulation class
class ElementFormulation:
def __init__(self, E, ni, coords):
Initialize the Hexahedral Element with material properties and nodal
coordinates

self .E = E # Young’s modulus [Pa]
self.ni = ni # Poisson’s ratio
self.coords = np.array(coords) # Nodal coordinates (8 nodes)
self.D = self.constitutive_matrix() # Elasticity matriz
# Gauss quadrature points and weights
self.gauss_pts = np.array([-1 / np.sqrt(3), 1 / np.sqrt(3)1)
self .weights = np.array([1, 1]1)

Constitutive matrix

def constitutive_matrix(self):
Compute the elastic stiffness (constitutive) matriz for an isotropic
material
G =self.E/ (2 * (1 + self.ni)) # Shear modulus [Pa]
D1 = self.E * (1 - self.ni) / ((1 + self.ni) * (1 - 2 x self.ni)) # First
term
D2 = self.ni * self.E / ((1 + self.ni) * (1 - 2 * self.ni)) # Second term
D3 = G # Shear modulus terms
D = np.array([[D1, D2, D2, 0, 0, 0],
[D2, D1, D2, 0, 0, O],
[D2, D2, D1, 0, O, O],
(o, o, o, D3, 0, 01,
[o, o, o, o, D3, 0],
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o, o, 0, 0, 0, D311

return D

Shape function derivatives (or gradient of shape functions)

def shape_function_derivatives(self, xi, eta, zeta):
Compute the derivatives of the shape functions
with respect to zt, eta, and zeta (they are scalar values)
dN_dxi = np.array([
-(1 - eta) * (1 - zeta), (1 - eta) *x (1 - zeta),
(1 + eta) * (1 - zeta), -(1 + eta) * (1 - zeta),

-(1 - eta) * (1 + zeta), (1 - eta) * (1 + zeta),
(1 + eta) * (1 + zeta), -(1 + eta) * (1 + zeta)
1)/ 8

dN_deta = np.array([
-(1 - xi) * (1 - zeta), -(1 + xi) * (1 - zeta),
(1 +xi) * (1 - zeta), (1 - xi) * (1 - zeta),
-(1 - xi) * (1 + zeta), -(1 + xi) * (1 + zeta),
(1 +xi) * (1 + zeta), (1 - xi) * (1 + zeta)
D 7/8

dN_dzeta = np.array([
-1 xi) * (1 - eta), -(1 + xi) * (1 - eta),
-1 xi) * (1 + eta), -(1 - xi) * (1 + eta),
(1 - xi) *» (1 - eta), (1 + xi) * (1 - eta),
(1 +xi) *x (1 + eta), (1 - xi) * (1 + eta)
1) /8

+

grad_N = np.vstack((dN_dxi, dN_deta, dN_dzeta))

return grad_N

Jacobian matrix, Jacobian determinant and inverse of Jacobian matrix

def jacobian_matrix(self, grad_N):

nnn

Compute the Jacobian matrixz for the transformation

from the reference element (in natural c.s.) to the real element (in global

c.s.)
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nnn

J = grad_N @ self.coords
detJ = np.linalg.det(J)
invJ = np.linalg.inv(J)

return J, invJ, detlJ

Strain-displacement matrix B

def compute_B_matrix(self, invJ, grad_N):

nnn

Compute the strain-displacement matriz Ba using the inverse Jacobian

mnnn

dN_dxyz = invJ @ grad_N

B = np.zeros((6, 24))

for i in range(8):
B[O, i*3] = dN_dxyz[0, il # dN_i/dz (normal strain in z)
B[1, i*3 + 1]
B[2, i*3 + 2]

dN_dxyz[1, i] # dV_</dy (normal strain in y)
dN_dxyz[2, i] # dV_i/dz (normal strain in z)

B[3, i*3] = dN_dxyz[1, i] # dV_</dy (shear strain in zy)
B[3, i*3 + 1] dN_dxyz[0, i] # dN_i/dz (shear strain in zy)

B[4, i*3 + 1]
B[4, i*3 + 2]

dN_dxyz[2, i] # dN_</dz (shear strain in yz)
dN_dxyz[1, il # dV_</dy (shear strain in yz)

B[5, i*3] = dN_dxyz[2, il # dN_i/dz (shear strain in zz)
B[5, i*3 + 2] = dN_dxyz[0, il # dN_</dz (shear strain in zz)

return B

Element stiffness matrix k.

def element_stiffness_matrix(self):

nnn

Compute the stiffness matrixz for the 8-node hexahedral element

using numerical integration (Gauss quadrature)

nnn

Ke = np.zeros((24, 24)) # Initialize stiffness matriz
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# Loop over Gauss points
for xi in self.gauss_pts:
for eta in self.gauss_pts:

for zeta in self.gauss_pts:

# Compute shape function derivatives and Jacobian
grad_N = self.shape_function_derivatives(xi, eta, zeta)

J, invJ, detJ = self.jacobian_matrix(grad_N)

# Compute B matriz and element stiffness contribution
B = self.compute_B_matrix(invJ, grad_N)
dK = B.T @ self.D @ B * detJ

# Add to total stiffness matriz
Ke += dK

return Ke

4.4 Comparison between ANSYS and in-house Implementation

To assess the differences between ANSYS and the in-house implementation of the strain-
displacement matrix B, specifically in terms of nodal strain and stress, a benchmark
problem was analyzed. The test case consists of a cantilever beam subjected to a vertical
force, modeled using four SOLID185 elements (see Fig. . The analysis was performed

assuming linear, elastic, and isotropic material behavior.

ELEMENTS 2020 R2 ELEMENTS 2020 R
sEF 25 2028 s=F 25 2024
12:02:50

(a) (b)

Figure 10: Isoparametric 8-node brick element: (a) node positions and numbering, (b)
element positions and numbering.

The key features of the test problem are as follows:

o Geometry: Height H =1 m, Width B =1 m, Length W = 2 m;
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Material properties: E = 5.4 GPa, v = 0.3;

Boundary conditions: fixed displacement at one end;

Loading: F' = —1000 N applied at the free end:

e Mesh: four hexahedral elements.

The focus is placed on element 1 (see Fig. [L0b)); for simplicity, calculations are shown
only for this element and for the first Gauss point following ANSYS nodal ordering (see

Table [4)).

The nodal displacement vector for element 1, u,,, is:

[ 7.00807e —9 —1.43608¢ —7 —1.22085¢ — 7
3.03178e — 9 —1.29821e — 7 2.26395e — 8
0 0 0
0 0 0
U, = (48)
1.00159¢ — 21 —1.49069¢ — 7 —1.21270e — 7
6.66997¢ — 22 —1.34044e — 7 2.15525e¢ — 8
0 0 0
i 0 0 0 |

The element connectivity for element 1 is as following;:

The constitutive matrix is (see sec. [.4.3)):

Node | x [m] | y [m] | z [m]
4 1.0 | 6e-17 | 1.0
2 1.0 0.5 1.0
9 1.0 0.5 0.0
10 1.0 0.0 0.0
23 0.5 | 6e-17 | 1.0
27 0.5 0.5 1.0
11 0.5 0.5 0.0
15 0.5 0.0 0.0

Table 6: Nodal coordinates of element 1.
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(7.27%10° 3.12x10° 3.12x10° 0 0 0 ]
3.12x 10° 7.27x10° 3.12x10° 0 0 0
o [312x10° 312x10° 727x10° 0 0 0 (19)
0 0 0 208x10° 0 0
0 0 0 0 208x10° 0
0 0 0 0 0 208x10°

Being node 4 the first node in the nodal ordering, the associated Gauss point has the

following coordinates:

o r=—0.57735
e s = —(0.57735
o t = —0.57735

Consequently, the shape functions derivatives are (see sed.4.3)):

—833x 1072 833 x 1072 311 x107' -3.11x107! —223x 1072 223x 1072 833 x 1072 —8.33 x 1072

VN = | 311x107! —833x102 833x102 311x107! —833x1072 223x1072 223x1072 3.11x 10"
—833x 1072 —223x 1072 —-833x 1072 —-3.11x 107! 833 x 1072 3.11x 107! —-223 x 1072 2.23 x 1072
(50)

The calculated Jacobian matrix J, Jacobian determinant det J and inverse of Jacobian
matrix J~! for node 4 (identified as node I in ANSYS node ordering) are (see sed.4.3):

0 025 0
J=1 0 0 —0.5 (51)
-025 0 0
0 0 —4
Jl=14 0 0 (52)
0 -2 0
det J = 0.03125 (53)

The associated B matrix is (see sed.4.3):
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-0.166660

'1 :In_--L-II-EH U.—J_II_ISEIL;‘

Figure 13: B: 24" column.

To extract results at Gauss points, before solving the model it is important to insert

the following command:

Listing 1: APDL script for results at intrgration points

ERESX,NO

To verify the correctness of the B matrix implementation, the deformation vector can
be directly computed using Eq. [42]

Table[7] shows the strain components computed using ANSYS APDL and the in-house
code for Element 1 at the first Gauss point. While the overall magnitudes are of the same
order, noticeable discrepancies appear across several components. The normal strains e,
and ¢, as well as the shear strain 7,., show the most significant differences, indicating
potential variations in the implementation of the B matrix or numerical integration.

Further investigation is needed to identify the exact source of these deviations.

& | & | e | T | Ty | Ta
ANSYS APDL | 1.52e-8 | 3.44e-8 | -6.20e-8 | 2.34e-9 | -4.02¢-8 | -7.70e-9
in-house code | 9.73e-8 | 2.22¢-8 | -9.14e-8 | 3.25e¢-9 | 8.59¢-8 | 4.21e-9

Table 7: Comparison of results from ANSYS APDL and the in-house code for rlement 1
at the first Gauss point.
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.5 APDL implementation of the PSO algorithm

This appendix provides the ANSYS APDL script used to implement the Particle Swarm
Optimization (PSO) algorithm for structural design optimization. The aim is to illustrate
the integration of the optimization algorithm with the finite element model, highlighting
how design variables, objective function evaluations, and swarm updates are handled
within the APDL environment.

The script demonstrates the procedural setup, including particle initialization, fitness
evaluation using ANSYS simulations, and the iterative process of updating positions and
velocities according to the PSO rules. This code serves as a reference for those interested

in applying gradient-free algorithms to structural analysis problems within ANSY'S.

Recently, the PyYMAPDL platform [26] has introduced support for directly coupling
optimization algorithms, such as genetic algorithms from the PyGAD library, without
requiring custom implementation within the APDL environment. This is particularly

advantageous given the limited user-friendliness of APDL commands.

Listing 2: APDL PSO Script

! PSO algorithm
/title, PSO algorithm

FINISH
/CLEAR,ALL

/PREP7

! insert here the input (or data) which are not needed to repeat in the optimization (
example: geometry, mesh, etc...)
/INPUT, your FE ".txt" file

! 0) FILE TO BE USED FOR OPTIMIZATION (to be filled):
*DIM,file_analysis,STRING,248 ! array used to store the string "file_analysis";
file_analysis = file_path + file_name + file_extension

file_analysis(1,1) = your analysis file ! fill here

! 1) PROBLEM DEFINITION (to be filled):
n_DV = 2 ! number of design variables (DV)
! #lower boundaries:

1b = 10, 10 ! [mm]

! #upper boundaries:

ub = 50, 50 ! [mm]

! #constraints:

SVM_max_limit = 200 ! [MPa]

! #objective function reference (used to normalize the objective function and apply
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the penalty):
obj_fun_ref = 200%200%1000 ! [mm3]

! 2) PSO PARAMETERS (to be filled):

it_max = 10 ! max number of iteration

n_pop = 10 ! swarm size (or number of particles)

w = 1 ! inertia coefficient

w_damp = 0.9 ! damping coefficient

v_clamp = 0.1 ! velocity clamping factor

cl = 2 ! cognitive coefficient (self acceleration); cl = 2
c2 = 2 ! social coefficient (social acceleration); c2 = 2

'dt = 1 ! time step size (usually equal to 1) --> so it can be "excluded"

!11xxx START PSO ALGORITHM **x!!!
'1! From this line up to the end, do not change the code (only if you need to add some
modifations on the algorithm) !!!

! #create array of bounds:

*DIM,bounds,ARRAY,2,n_DV

*D0,1,1,2

*D0,j,1,n_DV
*IF,i,EQ,1,THEN

bounds (i, j)

1b(j,1)
*ELSE

bounds (i, j) ub(j,1)
*ENDIF
*ENDDO

*ENDDO

! #create array of velocity limits:
*DIM,v_limits,ARRAY,2,n_DV
*D0,j,1,n_DV

! # v_max

v_1limits(2,j) = v_clamp*(bounds(2,j)-bounds(1,j)) ! max velocity for particle
updating

! # v_min

v_limits(1,j) = -v_1limits(2,j) ! min velocity for particle updating

*ENDDO

! 3) INITIALIZATION:

! # parameters associated to each particle (which will be filled at each iteration):

! particle_pos --> particle position (array) --> size = 1 x n_DV

! particle_vel --> particle velocity (array) --> size = 1 x n_DV

! particle_obj_fun --> particle objective function (scalar) --> size =1 x 1

! best_particle_pos --> best particle position ever (array) --> size = 1 x n_ DV

! best_particle_obj_fun --> best particle objective function ever (scalar) --> size =
1x1
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! best_global_obj_fun --> best global objective function in the swarm up to iteration
k (scalar)

! particle = [particle_pos, particle_vel, particle_obj_fun, best_particle_pos,
best_particle_obj_fun]

! DV = [DV1, DV2, ..., DVn] --> array used to transfer information between algorithm
and solver --> size = 1 x n_DV (same as particle_pos)

! history_table = [DV1,DV2,...,DVn, obj_fun, SVM_max, d_max]

! # index used in the code:
! iter --> refers to i-th iterations
! i_n_pop --> referes to i-th population

! i_n DV --> refers to i-th Design Variable

! N.B. To better understand the index used to get the different values into particle

matrix, refers to the size of parameters above

! #create population matrix (referred as "particle"):

row = n_pop ! rows of particle matrix (equals to n of particle)

col = (n_DV*2)+1+n_DV+1 ! columns of particle matrix (equals to n of particle
information to be saved at each iteration)

*DIM,particle,ARRAY,row,col ! particle matrix (which containts all the parameters

above)

! #define Global Best Objective Function and Global Best Position (in the swarm)
vectors:

*DIM,best_global_obj_fun_track,ARRAY,it_max+1,1 ! array to track global best obj.
funct. estimated among the swarm at each iteration

*DIM,best_global_pos_track,ARRAY,it_max+1,n DV ! array to track global best position
estimated among the swarm at each iteration

*DIM,best_global_pos,ARRAY,1,n DV ! best global position among the swarm up to
iteration k

! #define position, velocity, best particle position and DV vectors:

*DIM,particle_pos,ARRAY,1,n_DV

*DIM,particle_vel,ARRAY,1,n DV

*DIM,best_particle_pos,ARRAY,1,n_DV

*DIM,DV,ARRAY,1,n_DV

! #define history table:

*DIM,history_table, ARRAY, (it_max+1)*n_pop,n_DV+1+1 ! store results for each particle

at each iteration

! #fill "best_global_obj_fun_track" with high values:
*D0,iter,1,it_max+1
best_global_obj_fun_track(iter,1) = 2e64 ! modify this value if needed (must be
high in case of minimization problem)
*ENDDQO
! #initialize population members:

*D0,i_n_pop,1l,n_pop ! where "i_n_pop" denotes the i-th particle in the population
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*D0,i_n_DV,1,n_DV ! ! where "i_n_DV" denotes the i-th DV
!#generate random initial solution:
!particle_pos(1l,i_n_DV) = RAND(bounds(1l,i_n_DV),bounds(2,i_n_DV))
'particle(i_n_pop,i_n_DV) = particle_pos(1l,i_n_DV)
IDV(1,i_n_DV) = particle_pos(1l,i_n_DV)
'#generate initial solution using LHS mehtod:
range_DV = (bounds(2,i_n_DV)-bounds(l,i_n_DV))/n_pop ! i-th DV range
*IF,i_n_pop,EQ,1,THEN
particle_pos(1,i_n_DV) = RAND(bounds(1,i_n_DV) , bounds(l,i_n_DV
)+range_DV)
*ELSEIF,i_n_pop,LT,n_pop,THEN
particle_pos(1,i_n_DV) = RAND(bounds(1l,i_n_DV)+range_DV*(i_n_pop
-1) , bounds(1l,i_n_DV)+range DV*i_n_pop)
*ELSE
particle_pos(1,i_n_DV) = RAND(bounds(1l,i_n_DV)+range_DV*(i_n_pop
-1) , bounds(2,i_n_DV))
*ENDIF
particle(i_n_pop,i_n_DV) = particle_pos(l,i_n_DV)
DV(1,i_n_DV) = particle_pos(1l,i_n_DV)

'#initialize velocity:
particle_vel(1l,i_n DV) = 0
particle(i_n_pop,n_DV+i_n_DV) = particle_vel(l,i_n_DV)

1#fill history_table (add DVs):
history_table(i_n_pop,i_n_DV) = particle_pos(l,i_n_DV)
*ENDDO

'#evaluation (after running FEA) of the objective function:
'##run FEA using the previous defined parameters:
/INPUT,file_analysis(1,1) ! analysis file

'##get obj. func. from FEA:

particle_obj_fun = obj_fun ! Objective Function
'#update the personal best of particle "i_n_pop" (that is the current position)

*D0,i_n_DV,1,n_DV
best_particle_pos(l,i_n_DV) = particle_pos(l,i_n_DV) ! at 1st iteration
, best particle position is equal to initial particle position
*ENDDO
best_particle_obj_fun = particle_obj_fun ! at 1st iteration, best particle obj.

funct. is equal to initial particle obj. funct.

'#fill particle matrix:

particle(i_n_pop,n_DV*2+1) = particle_obj_fun ! or "best_particle_obj_fun"

*D0,i_n_DV,1,n_DV ! put "best_particle_pos" in the right position of the matrix
particle(i_n_pop,n_DV*2+1+i_n_DV) = best_particle_pos(1l,i_n_DV)
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*ENDDO
particle(i_n_pop,n_DV*2+1+n_DV+1) = best_particle_obj_fun

'#update the "best_global_obj_fun_track" and "best_global_pos" vectors, getting

the best obj. func. in the swarm:

*xIF ,best_particle_obj_fun,LT,best_global_obj_fun_track(l,1) ,THEN
best_global_obj_fun_track(1l,1) = best_particle_obj_fun
best_global_obj_fun = best_particle_obj_fun ! best objective function

found in the swarm
*D0,i_n_DV,1,n_DV
best_global_pos(1,i_n_DV) = best_particle_pos(l,i_n_DV) ! get
the best global position associated with best global
objective function in the swarm
best_global_pos_track(1l,i_n_DV) = best_particle_pos(l,i_n_DV)
*ENDDO
*ENDIF

'#£ill history_table (add obj. func. and max stress):
history_table(i_n_pop,n_DV+1) = particle_obj_fun ! obj. func.
history_table(i_n_pop,n_DV+2) = svm_max ! max stress

*ENDDO

! 4) PSO MAIN LOOP:
global_index = 1 ! index used to track all solutions calculated by the PSO
*D0,iter,2,it_max+1 ! iter = i-th iteration --> from 2 to the n of iteration (the
outer loop start from 2 because of the particle inizialization)
*D0,i_n_pop,1l,n_pop ! i_n_pop = i-th particle --> from 1 to the n of particle

in the swarm

'#define DV(s):
*D0,i_n_DV,1,n. DV ! i_n DV = i_n_DV-th DV --> from 1 to the n of Design
Variables
'#calculate particle velocity and particle position:
rl = RAND(O,1)
r2 = RAND(0,1)
particle_vel(1l,i_n_DV) = wkparticle(i_n_pop,n_DV+i_n_DV) + cl*rl
*x(particle(i_n_pop,n_DV*2+1+i_n_DV)-particle(i_n_pop,i_n_DV)
) + c2*r2x(best_global_pos(1,i_n_DV)-particle(i_n_pop,i_n_DV
))
particle_pos(1l,i_n_DV) = particle(i_n_pop,i_n_DV) + particle_vel
(1,i_n_DV)

'#check if particle violates bounds (and recalculate velocity
and position if needed):
*IF,particle_pos(1l,i_n_DV),GT,bounds(2,i_n_DV),0R,particle_pos
(1,i_n_DV),LT,bounds(1,i_n_DV),THEN
*IF,particle_vel(1,i_n_DV),LT,v_limits(1,i_n_DV),THEN ! v
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< v_min
particle_vel(1,i_n_DV) = v_limits(1l,i_n_DV)
*ELSEIF,particle_vel(1,i_n_DV),GT,v_limits(2,i_n_DV) ,THEN
! v > v_max

particle_vel(1l,i_n_DV)

v_limits(2,i_n_DV)
*ELSE ! v_min <= v <= v_max --> keep the velocity
calculated so far

particle_vel(1l,i_n_DV)

particle_vel(1,i_n_DV) !
do not change particle_vel
*ENDIF
'#recalculate particle position:
particle_pos(1,i_n_DV) = particle(i_n_pop,i_n_DV) +
particle_vel(1l,i_n_DV)
'#recheck if bounds are violated:
'##mirror effect:
*IF ,particle_pos(1l,i_n_DV),GT,bounds(2,i_n_DV),0R,
particle_pos(1,i_n_DV),LT,bounds(1,i_n_DV),THEN
particle_vel(1l,i_n_DV) = -wxparticle(i_n_pop,n_DV+
i_n_DV) + clxrix(particle(i_n_pop,n_DV*2+1+
i_n_DV)-particle(i_n_pop,i_n_DV)) + c2xr2x*(
best_global_pos(1,i_n_DV)-particle(i_n_pop,
i_n_DV))
particle_pos(1l,i_n_DV) = particle(i_n_pop,i_n_DV)
+ particle_vel(l,i_n_DV)
'##recheck for last time if bounds are violated:
*IF ,particle_pos(1,i_n_DV),GT,bounds(2,i_n_DV),
THEN ! particle_pos > ub
particle_pos(1l,i_n_DV) = bounds(2,i_n_DV)
! set particle position to upper bound
--> particle_pos = ub
*ELSEIF ,particle_pos(1,i_n_DV),LT,bounds(1,i_n_DV)
,THEN ! particle_pos < 1b
particle_pos(1,i_n_DV) = bounds(1l,i_n_DV) !
set particle position to lower bound
--> particle_pos = 1b
*ENDIF
*ENDIF
*ENDIF

'#update particle matrix and DV with current position and
velocity:

particle(i_n_pop,i_n_DV) = particle_pos(1l,i_n_DV)

particle(i_n_pop,i_n_DV+n_DV) = particle_vel(l,i_n_DV)

DV(1,i_n_DV) = particle_pos(1l,i_n_DV)

'#fill history_table (add DVs):
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history_table((n_pop+global_index),i_n_DV) = particle_pos(1,
i_n_DV)
*ENDDO

'#evaluation (after running FEA) of the objective function:
/INPUT,file_analysis(1,1) ! analysis file

particle_obj_fun = obj_fun ! Objective Function

'#update current particle objective function:

particle(i_n_pop,n_DV*2+1) = particle_obj_fun

'#update the personal best position and objective function of particle
"i_n_pop":
*IF,particle_obj_fun,LT,particle(i_n_pop,n_DV*2+1+n_DV+1) ,THEN
'#obj. fun. updating:
best_particle_obj_fun = particle_obj_fun
particle(i_n_pop,n_DVx2+1+n_DV+1) = best_particle_obj_fun
'#position updating:
*D0,i_n_DV,1,n_DV
particle(i_n_pop,n_DV*2+1+i_n_DV) = particle_pos(l,i_n_DV
)
*ENDDO
*ENDIF

'#update best obj. fun. found at each iteration:
*IF,i_n_pop,EQ,1,THEN ! 1st particle (or solution)
'best_global_obj_fun_track(iter,1) = particle_obj_fun
*D0,i_n_DV,1,n_DV
best_global_pos_track(iter,i_n_DV) = particle_pos(1,
i_n_DV)
*ENDDO
*ELSEIF ,best_particle_obj_fun,LT,best_global_obj_fun_track(iter,1),THEN
! other particles (or solutions)
best_global_obj_fun_track(iter,1) = particle_obj_fun
*D0,i_n_DV,1,n_DV
best_global _pos_track(iter,i_n_DV) = particle_pos(1,
i_n_DV)
*ENDDO
*ENDIF

'#update the global best objective function and position ever reached
in the swarm at current iteration:
*IF,best_particle_obj_fun,LT,best_global_obj_fun,THEN
best_global_obj_fun = best_particle_obj_fun
best_global_obj_fun_track(iter,1) = best_particle_obj_fun ! if
best particle is better, update best global obj. fun.



158

*D0,i_n_DV,1,n_DV
best_global_pos(1,i_n_DV) = particle_pos(1l,i_n_DV)

*ENDDO
*ELSE
best_global_obj_fun_track(iter,1) = best_global_obj_fun_track(
iter-1,1) ! if best particle is not better, keep best global
obj. fun.
*ENDIF

'#fill history_table (add obj. func. and max stress):
history_table(n_pop+global_index,n_DV+1) = particle_obj_fun ! obj. func

history_table(n_pop+global_index,n_DV+2) = svm_max ! max stress

global_index = global_index + 1
*ENDDO
'#update inertia coefficient:

w = wkw_damp

! save results at each loop:
PARSAV,ALL, "results_checkpoint","txt"
*ENDDO

! 5) PLOT RESULTS OF OPTIMIZATION:
*xDIM,results_opt,TABLE, (it_max+1),2 ! table used to store normalized obj. fun. and n
of iterations
*D0,iter,1, (it_max+1)
results_opt(iter,1) = iter ! i-th iteration
results_opt(iter,2) = best_global_obj_fun_track(iter,1) ! i-th best global
objective function
*ENDDO
/GTHK,AXIS,3 ! sets line thicknesses for graph lines --> axis
/GTHK,GRID,1 ! sets line thicknesses for graph lines --> grid
/AXLAB,X,Number of Iterations ! x label
/AXLAB,Y,Normalized objective function ! y label
*xVPLOT,results_opt(1,1),results_opt(1,2)

! save results in the database (in the current working directory):

SAVE,results_of_optimization,DB
! write into a txt file all the parameters and arrays in the file (in the current
working directory):

PARSAV,ALL, ’opt_par_and_array’, ’txt’

!'11xxx END PSO ALGORITHM **x!!!
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