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Abstract

The similarity of catchment responses,is a fundamental issue for regionalization
studies, and hydrograph attributes (i.e., Discharge Peak, Volume, and Duration)
can reveal the signaturé.and the synthesis of local scale processes. Here, we focus

the attention on_the “compatibility” between catchments, viz. on the possibility
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to transfer, from one catchment to another, the information about the dependence
structures at play. In particular, we statistically investigate the possible relation-
ships between the features of different Basin Scenarios (characterized via the Con=
centration Time 7. and the Curve Number CN) and the corresponding dependence
structures ruling the joint statistics of Discharge, Volume, and Duration.»Given a
large set of synthetic runoff time series, generated via a rainfall-runoff model, re-
cent non-parametric tests, based on empirical copulas;.are_used to compare the
dependence structures associated with different soil.uses-and concentration times.
The results indicate how the hydrological,propetties may affect the dependence
structure. The outcomes of the investigation eould be particularly effective in two
practical applications: (1) for determining the degree of compatibility of the de-
pendence structures assoeiated with different basin scenarios, and (2) for enriching

scanty data bases, in orderto’improve the estimation of multivariate copulas.

Keywords: Copula, Catchment compatibility, Rainfall-runoff transformation,

Non-parametric test

1./ Introduction

The concept of “hydrologic similarity”, or “catchment similarity”, stems from
the idea that, despite the complexity of catchment response due to heterogeneities

and different mechanisms involved, it exists a certain level of organization and
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predictability of the catchment behavior. This concept allows to transfer the in-
formation from gauged to ungauged basins, and infer the hydrologic behavior in
basins where no measurements are available (a common situation in hydrological
practice).

The identification of hydrologic similarity requires a catchment classification
(McDonnell and Woods, 2004), and consequently a catchment pooling, i.e. group-
ing basins which are considered hydrologically similar:_this operation is not an
easy task (Ali et al., 2012). In some cases, it results in‘a’geographic region (also
known as homogeneous region), in otherssin a cluster of basins (also known as
region of influence), which has not necessarily the spatial contiguity, and may
raise problems of spatial extrapolation when a leopard skin spatial distribution is
obtained (Merz and Blosehl, 2005).

In literature, the hydrelegic similarity has been considered to gain insights
into the processes of runoff generation (see, e.g., Beven et al. (1988); Larsen et al.
(1994);,Bloschl Jand Sivapalan (1995); Robinson and Sivapalan (1997)), and to
group together catchments for regional flood frequency analysis, and low-flow
regionalization techniques (Laaha and Bloschl, 2006a).

In the last decades, several techniques have been developed to provide a catch-

ment classification and investigate the hydrologic similarity. Some of these are
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based on statistical simple or multiple scaling (Gupta and Waymire, 1990; Gupta
and Dawdy, 1995; Gupta et al., 1994; Robinson and Sivapalan, 1997; De Michele
and Rosso, 2002). Others have used the seasonality of discharges, through indices
like Pardé or Burn ones (Pardé, 1947; Burn, 1990, 1997; Merz et al4,1999), or
introducing a seasonality histogram (Laaha and Bloschl, 2006b), or.metries based
on the mean seasonal water balance (Coopersmith et al., 2012; Ye eval., 2012; Pe-
tersen et al., 2012; Berghuijs et al., 2014). Other works have adopted cluster anal-
ysis techniques, like agglomerative hierarchical clustering, k-means clustering,
and fuzzy partition clustering (Sawicz et als;, 201 I'),-Lastly, other approaches have
adopted a combination of some of the'above:mentioned criteria (De Michele and
Rosso, 2002). Despite the huge efforts devoted to the investigations of hydrologic
similarity and catchment-classification, and the results obtained, the uncertainty
associated with thedesultsirequires further analyses.

The dependence structure among hydrological variables has recently become
an intensively investigated topic for its pivotal implications in practical applica-
tions (Salvadori et al., 2007). The increasing interest, confirmed by a growing
number of papers published on this issue (see www.stahy . org for a list of papers
produced in the last ten years), is mainly due to the introduction of copulas and

related tools (Sklar, 1959; De Michele and Salvadori, 2003). Indeed, the opportu-
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nities offered by copulas have attracted many researchers on multivariate analysis
that, nowadays, are transposing several traditional univariate hydrological studies
into a multivariate perspective. In particular, according to the statement reported
in the Directive 2007/60/EC of The European Parliament and of The Council(The
European Parliament and The Council (6.11.2007)), a multivariate approeach in-
volving a number of non-independent variables should be considered for assessing
the threatening of the phenomenon under investigation (The European Parliament
and The Council, 6.11.2007, p. 31, Chapter III, Article 6:4).

In the last decade, several authors focused their attention on multivariate fre-
quency analysis of hydrological variables, with the aim either to characterize their
dependence structures (Salvadori and\De Michele, 2004; Favre et al., 2004; Re-
nard and Lang, 2007; Shiau etal.,2007; De Michele et al., 2007; Salvadori and De
Michele, 2010, 2014 ; Haslauer et al., 2012; Salvadori et al., 2013; Louie, 2014),
or to provide new insights for estimating multivariate design quantiles (Salvadori
et al., 20113/De Michele et al., 2013; Graler et al., 2013; Volpi and Fiori, 2014;
Salvadori et al., 2015; Salvadori and De Michele, 2015). Moreover, a significant
effort-was devoted to include multivariate distributions in theoretical schemes for
improving the performance of hydrological models (De Michele and Salvadori,

2003; Salvadori and De Michele, 2006; De Michele et al., 2007; Gao et al., 2007;
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Bardossy and Pegram, 2013; Motamedi and Liang, 2014; Hao and Aghakouchak,
2014).

Recently, the interest is spanning on new frontiers assuming that the dépen=
dence structure intrinsically contains a paramount of information about the dy-
namics of hydrological processes. For instance, multivariate trendianalyses were
applied (Ben Aissia et al., 2014; Huang et al., 2014; Chebana‘et al., 2013; Bender
et al., 2014) assuming that the dependence structure could vary in time (and/or in
space), enhancing the interpretation of its variability with respect to the classical
univariate trend analysis. Interesting studies were-also proposed concerning the
use of copulas for evaluating the performance of hydrological models by compar-
ing the dependence structure of simulated variables (Vandenberghe et al., 2011;
Pham et al., 2013).

Particularly attractiveis.also the regional analysis of flood properties offered
by Gaal et al«(2015), where the idea to relate the dependence structure of flood
Discharge and Volume to the watershed physical properties is proposed. These
authors illustrate an application to 330 catchments in Austria, characterized by
different dimensions, climatic forcings, altitude, and presence of snow: although
affected by relevant uncertainty due to the sample dimension and the strong het-

erogeneity of the hydrological and physical conditions, the results are encourag-
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ing. Samaniego et al. (2010) proposed a measure of dissimilarity between basins
based on the pairwise comparison of the empirical copula densities of runoff, and
applied this to 38 German basins. Further contributions are available, with the
aim to generalize the univariate regional procedure to a multivariate contexty(see,
e.g., Salvadori and De Michele (2010); De Michele et al. (2013);.Salvadori and
De Michele (2015)).

The concept of “hydrologic similarity” is a notion featuring many facets, that
leaves the door open to several possible definitions; in*fact, the literature reports
a number of approaches, based on different indices and techniques (Ali et al.,
2012). This is probably due to the complexity of the problem, and to the fact
that different indices account for distinct aspects of hydrologic similarity. Here,
we focus the attention on a'specific, yet unexplored, facet of the problem we
name ‘“‘catchment compatibility”, which refers to the possibility of transferring,
from one catchment to’another, the information about the dependence structures
at play, i.e.those ruling the joint behavior of the relevant variables. In particular,
wesstatistically investigate the possible relationships between the features of Basin
Scenarios (characterized by the Concentration Time 7, and the Curve Number
CN) and the ones of the corresponding dependence structures regulating the joint

statistics of Discharge, Volume, and Duration.
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Long synthetic runoff time series are generated via a rainfall-runoff model,
in order to make available large samples of hydrograph attributes related to spe-
cific basin scenarios, for different soil uses and concentration times. Recent'non=
parametric tests, based on empirical copulas, are used to compare the dependence
structures associated with each basin scenario. Moreover, several strategies of
comparison, either individual or ensemble, are proposed adopting statistical dis-
tances and equality tests between copulas. Among others, practical benefits con-
sist in a valuable support to decide whether, and te_what extent, time series col-
lected in a basin characterized by a given pair (7:3CN) could be used in order to
improve the (statistical) knowledge of'the copulas at play in another (partially or
totally) ungauged basin with different 7.-CN features. Actually, since a crucial
drawback in copula applicatiens is often represented by the size of the available
samples, we introduce, and.test, a procedure to merge multivariate data sets col-

lected in “comipatible” basins, in order to improve the copula inference.

2. Materials

Inthis Section, details concerning the catchment case study, the framework

for generating runoff time series, and the simulation experiment are provided.
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2.1. The case study

The selected catchment is the Torbido river basin, located in central Italy. Tor-
bido river is a small tributary of the Tiber, and is characterized by a drainage area
of 61.67 km?, elevations ranging from 85 to 625 m a.s.l., an average watershed
slope of 21.9%, and a maximum distance between divide and outlet.0of 25:81 km.
The Italian Geographic Military Institute provided the DEM with integer preci-
sion and a 20-m resolution (Italian Geographic Military.Institute (IGMI), 2003),
while land cover was retrieved from the website CORINE (European Environ-
mental Agency (EEA), Programme of the European Commission, 2000): Table 1
summarizes the main features of the Torbido'catchment.

Observed rainfall data are available from the Viterbo rain gauge station, lo-
cated 30 km from the catchment centroid, for a period of 61 years (from 1951 to
1983, and from 1987 to 20J4) at a daily time scale, and for a period of 10 years

(from 2005 te'2014) at’a 1-hour resolution.

2.2. The hydrologic model

The adopted hydrological model is the recently developed simulation frame-
work named COSMO4SUB (COntinuous Simulation MOdel For Small Ungauged
Basins — see Grimaldi et al. (2012b,c)). COSMO4SUB consists in a multi-
step procedure characterized by a rainfall generator, an infiltration model, and

10
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a rainfall-runoff model.

Regarding the first step, the HyetosR 1.1 software was used (see Koutsoyian-
nis and Onof (2001), and www.itia.ntua.gr/en/softinfo/3/). HyetosR is
a package for the temporal stochastic simulation of rainfall process at fine,time
scales (say, less than one day) that uses (1) the Bartlett-Lewis rectangular pulses
rainfall model (Onof and Wheater, 1993, 1994), and (2) suitable disaggregation
techniques (Koutsoyiannis, 2001) that adjust the finer seale. values in order to ob-
tain the required coarser scale values without affecting the stochastic structure of
the data. The model was calibrated on theebserved rainfall data.

Regarding the second step, the Soil Censervation Service-Curve Number (SCS-
CN) method (USDA-SCS, 1986) was used in order to calculate the rainfall ex-
cess. The SCS-CN method was applied assigning the value 0.2 to the parameter
involved in the caleculation of initial abstraction, as suggested in the official for-
mulation (USDA-NRCS, 2010).

Regarding the third step, a geomorphological rainfall-runoff model was ap-
plied to the/excess rainfall time series estimated in the previous step, in order to
obtain’the corresponding runoff time series. An advanced version of the well-
known Width Function Instantaneous Unit Hydrograph (WFIUH) was employed

(Grimaldi et al., 2012a), viz. the so called WFIUH-1par, which can be calibrated

11
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fixing only one parameter related to the value of the concentration time 7.
Finally, flood hydrographs are selected as sequences of positive runoff values
separated by at least one zero value. The two main parameters of the COSMO4SUB
framework are CN and T.. The former parameter controls all the procésses caus-
ing rainfall losses (infiltration, evapotranspiration, etc.), and is mainly-related to
the soil use and type. Increasing the CN value, a growth of rainfall excess total
amount, of rainfall excess maximum intensity, and consequently of durations, are
expected. In turn, all the hydrograph attributes are_expected to get larger by in-
creasing the parameter CN. Instead, T, corresponds to the IUH base time, so it is
representative of the catchment runoff'velocity. For large T,’s, small hydrograph
peak discharges and long duration are.expected. From a physical perspective, this

parameter is mainly related to,the soil use, slopes, and drainage network structure.

2.3. The simulation procedure
The simulation procedure adopted in this work generates long synthetic runoff
time series associated with specific parameters responsible of the runoff genera-
tion. Theplan of action is based on the following steps.
1. Given a small catchment (described in Section 2.1), the COSMO4SUB
model is applied as described in Section 2.2: in turn, runoff time series

at 1-hour resolution and 500 years long are generated.

12
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2. Varying the parameter CN from 50 to 100 (with a step of Acy = 5) and the

parameter 7, from 4 to 13 hours (with a step of A7, = 1 hour), a set of 110
different combinations were considered: hereinafter, each pair (7., CN) will
be referred to as a Basin Scenario (BS). Practically, the catchment'conditions

range from

e a “minimal” combination (13h and 50), for-which it-is expected a
strong filtering of rainfall input due to the rainfall-runoff transforma-

tion, up to

e a “maximal” combination (4h and 100), representing a fully urbanized

catchment.

In addition, in order t6 perform a statistically consistent analysis of the un-
certainty inherent the random simulations, a set of Ny = 100 independent
rainfall time series was generated for each of the 110 BS’s: thus, a total of

11,000 data,bases are made available.

.[ Selecting the maximum annual flood Discharge values, and the related hy-

drograph Volume and Duration, a set of 500 simulated triples Discharge-
Volume-Duration are extracted from each of the 11,000 rainfall-runoff se-

ries.

13
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Then, several valuable statistical analyses and comparisons can be carried out
(see Section 3): viz., the calculation of the degree of association between the
relevant variables, the comparison of the Empirical Copulas (EC) of interest, the
estimate of suitable statistical distances between the dependence structures atplay,
and the test of equality of the copulas associated with different BS’s.

It is worth stressing that, at present, only in a few elementary cases, it is possi-
ble to guess what should be the features of the copula describing the dependence
structure of data generated by a given model: evidently; this is not the case of the
involved simulation framework used in this,work:yConcerning the analysis of the
results, the problem can be bypassed bysadopting a non-parametric approach, as
shown below. Instead, understanding how the model structure/parameterization
may affect the copulas ofinterest is still an open issue, especially when the model

is a complex one.

3. Methods and results

As mentioned in the Introduction, the target of this work is to investigate the
possible relationships between different Basin Scenarios — as identified by the pa-
rameters (7., CN) — and the corresponding structures of dependence (viz., the 2-

copulas) associated with three relevant pairs of variables: namely, the Discharge-

14
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Volume, the Discharge-Duration, and the Volume-Duration.

As a fundamental point, all the analyses carried out in the sequel are non-
parametric: i.e., no parametric models (univariate and/or multivariate) are fitted to
the available data. In particular, all the statistical tests are non-parametric, essen-
tially based on the calculation/comparison of the Empirical Copulas-efsinterest.
In fact, the use of a parametric approach would involve the selection of specific
probability laws, entailing the introduction of unnecessary arbitrariness: in turn,
the results would depend upon the choices of the.distributions, a nuisance that
can be bypassed adopting proper non-parametric techniques, as done in this work.
Apparently, the non-parametric tests mentioned below are robust against small
sample sizes, e.g. in case short time Series were available (say, 20-30 years).

It is worth stressing.thatimany of the statistical analyses presented in later
Sections assume that the samples investigated consist of independent identically
distributed vectors. Here the independence assumption may be taken for granted,
both for physical and statistical reasons, since the triples in the series correspond
to.maximum annual flood events. Instead, changes of the probability distributions
atiplay need to be specifically investigated. For this reason, recent non-parametric
univariate/multivariate tests for change point detection (Holmes et al., 2013; Ko-

jadinovic, 2014) are used to check whether the series could be considered as “sta-

15
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tionary” or not. In particular, for each of the 110 BS’s (T, CN)’s examined here,
all the pairs Discharge-Volume, Discharge-Duration, and Volume-Duration, and
all the triples Discharge-Volume-Duration corresponding the Ny independent se=
ries are checked out (for a total of 44,000 tests). The results (not shewn for the
sake of brevity) suggest that the dependence structures of interést could empir-
ically be assumed as “stationary”, since possible change,points are statistically
detected in less than 5% of the cases (at a standard 5% level), for all the BS’s and

variables.

3.1. Measuring the degree of association

The use of multivariate dependence structures for modeling the variables at
play only makes sense when these variables are non-independent. As a first
preliminary (but necessary) analysis, two standard measures of association, i.e.
the Kendall 7 and the, Spearman p coeflicients (Nelsen, 2006; Salvadori et al.,
2007), are.computed for the three pairs Discharge-Volume, Discharge-Duration,
and Volume-Duration, considering all the 110 BS’s of interest here. In particu-
lar, for,each pair (T.,CN), both 7 and p are independently estimated Ng times
using all the available series for each BS. The corresponding sample averages and
standard deviations are then considered, as well as the p-Values of the related
non-parametric Kendall and Spearman tests of independence.

16
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Here, only the outcomes concerning the Kendall 7 are presented, since the ones
involving the Spearman p are analogous. Figures 1 show the sample averages of 7,
over all the available Ny series, and the corresponding sample standard deviations;
for all the BS’s and the three pairs Discharge-Volume, Discharge-Dutation; and
Volume-Duration.

In all cases, the estimated Kendall 7’s are positive, and significantly different
from zero, as suggested by the negligible p-Values of the corresponding indepen-
dence tests. In turn, all the three pairs of variables are“concordant, and cannot
be statistically independent. It is worth neting that, apparently, the estimates are
well centered around the corresponding mean values, since the variances are very

small. A first analysis of the results suggests the following considerations.

1. The parameter 7 changes,by varying CN, whereas it is roughly constant by
varying 7.

2. In generalyon the 7.—CN grid, adjacent BS’s are associated with close val-
ues of 'z, viz. the parameter shows a slow variation over the grid.

3. In"the Volume-Duration case, the parameter 7 is roughly constant over all
the T.—CN grid, whereas a significant variability is present in the Discharge-
Volume and Discharge-Duration cases.

4. The parameter 7 decreases by increasing CN in the Discharge-Volume and

17
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Discharge-Duration cases. Physically, for low values of CN, relevant losses
are expected, thus reducing the variety of net rainfall events: most of the net
hyetographs are concentrated in one-time steps, generating a strong dépen=
dence between Discharge-Volume (and Discharge-Duration) hydrographs.
On the contrary, increasing the CN, the net rainfall events will-be-similar
to the gross rainfall, preserving a complex time structure.and, consequently,

providing a larger range of volumes (and durations) for aspecific Discharge.

. As expected, Discharge-Volume pairs are charactetized by the largest values

of 7, whereas the lowest degrees ofsassociation are present in Discharge-
Duration case. The physical reason.is due to the rainfall variability and the
hyetograph structure. While a flood event with a significant peak will most
likely be associated with a/large volume (due to the recession curve of the
hydrograph)not necessarily a large duration yields a high peak discharge.
Indeedyft is possible to have a rainfall event characterized by low intensity
values and a long duration that generates a low peak discharge with long

duration.

»Concerning the Discharge- Volume case, the results are consistent with those

shown in Gadl et al. (2015, Figure 5). Indeed, in the present case study

(involving a basin of about 62 Km?),  approximately ranges in the interval

18
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0.6-0.9, essentially the same one reported in the cited paper for a basin of

similar dimension.

As a conclusion, the results outlined above legitimate the use of a multivariate

approach, as done in the present work.

3.2. Comparing copulas for different BS’s

A preliminary rough examination of the similarity/dissimilarity of the depen-
dence structures associated with different BS’s consists in/a visual comparison of
the EC’s estimated for several combinations of\the parameters (7., CN)’s. The

procedure is as follows.

1. Three values of T, are selected\(viz., T, = 240,480, 780 minutes), ranging
from the minimumeavailable 7. to the maximum one. Similarly, a triple of
CN’s (viz., CIN = 50,75, 100) is selected, covering the range of investigated
values.

2. The EC’s of the pairs Discharge-Volume, Discharge-Duration, and Volume-
Duration are estimated by fixing the value of 7. (or CN), and leaving the
other variable vary in the corresponding subset. The EC’s are evaluated over
a fine 65 X 65 uniform grid G on the unit square S (with a linear resolution

equal to 1/64) — clearly, different grids could be used: thus, a total of

19
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Ng = 652 = 4225 sampling points are considered. Since Ny independent
series are available for each BS, then the grid averages of the EC’s (over
the Ny series) are used as reference values: these provide consistent‘non=
parametric estimates of the copulas of interest at each point of the grid.G.
3. The contours (isolines) of the average EC’s are then plotted on-the same
graphs for selected probability levels: here, 0.1,0.3,0.5,0.7,0.9. Different

plots can thus be compared.

The visual comparison of the (average) E€’ssestimated for several combina-
tions of the parameters (7., CN)’s is shown in"Figures 2 and 3, for fixed 7,’s and
CN’s, respectively, and the three pairs, Discharge-Volume, Discharge-Duration,
and Volume-Duration. Some-preliminary comments are as follows.

Apparently, in general the role played by the parameter 7. looks marginal, at
least consideringsthe, pairs Discharge-Volume and Discharge-Duration. In fact,
analyzing Figure 2 column-wise, the three plots in the same column are quite
similar; and‘little changes by increasing the parameter 7. from top to bottom.
Actuallyyas shown in Figure 3 (where CN is fixed), the isolines corresponding to
the three 7, values are over-lapping, or just barely different.

Furthermore, consider the pair Discharge-Volume, and the smallest value of

the parameter CN (viz., 50), as plotted in Figures 2(left column) and 3(top-left).
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Apparently, the structure of the corresponding (average) 2-copula is similar to the
one of the co-monotone 2-copula M, (u«, v) = min(u, v) — see, e.g., Salvadori et al.
(2007, Figure 3.4) — describing the dependence structure of variables function=
ally positively associated. As before (see the comments in Section 3.1.€oncerning
the Kendall 7), for low values of CN almost all of the rainfall amount-infiltrates,
and the net rainfall is often represented by a single time step, thus yielding a func-

tional dependence between Discharge and Volume hydregraphs.

3.3. Distance and equality of copulas

In order to investigate the “closeness” of the dependence structures associated
with different Basin Scenarios, we"use two suitable statistical tools: namely, a
distance, and an equality test, as discussed below. In the present context, the
adjective “statistical” i§, mandatory, since the copulas of interest are estimated via
random samples. A positive distance between copulas is a necessary condition in
order to assess the non-equality of copulas. However, it is not a sufficient one: as
will be shown later, two copulas may be statistically equal, even if their distance is
positive. The explanation of such a counter-intuitive fact is that, here, the notions
of,distance and equality are taken in a statistical sense, in order to correctly cope
with the randomness of the phenomena investigated. Roughly speaking, “small”
distances can be (statistically) compatible with the equality of copulas.
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In order to quantify how distant two dependence structures are (according to a
specific metrics), among many possible choices — see, e.g., Genest et al. (2009)
— the L? norm and the L™ (or sup) norm criteria are frequently used in applicas
tions. The former one corresponds to a Cramér-von Mises (CvM) approach, while
the latter one is based on statistics of Kolmogorov-Smirnov (KS) type=We antici-
pate here that, for the sake of brevity, only the results concerning the CvM option
will be illustrated in the sequel, the KS case yielding analogous outcomes.

Let C; and C, be the copulas associated with, respectively, the BS’s S§; =
(T.1,CNy) and S; = (T.5,CN,), and denote by dy» the distance between C; and

C,. Then, in the CvM case, the following definition may be introduced:

510 = 2 f (C1(w) - Co(w)Y” du, (1)
ues

where the coeflicient.“24” is used to normalize ¢ into the interval [0, 1] (Nelsen,

2006). A consistent empirical estimator 31’2 of 9, is given by

S12=24- Y (Ciw) - Cw) /Ne, 2)
ueg

where Cy“denotes the EC corresponding to the copula C,. For the sake of com-
pleteness, the KS case is outlined in Appendix B.

Practically, the estimation of ¢, , is carried out as follows.

1. Two different BS’s S; and S, are selected, and the EC’s of the three pairs
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Discharge-Volume, Discharge-Duration, and Volume-Duration are estimated
for both 8| and S, over the grid G.

2. Since N, independent series are available for each BS, then N, values of 51,2
can be calculated, using either Eq. (2) or Eq. (B.2): clearly, such,a sample
can be used to extract valuable empirical information about the distribution
of 0; . For instance, the sample mean (or median) may provide indications
about the central value of the distance, the sample standard deviation may
supply information about its variability, and suitable non-parametric empir-
ical Confidence Intervals may be caleulatedras well, by properly using the

associated Order Statistics.

It is worth pointing out that, per'se, the notion of distance has only a relative mean-
ing, and should only be used for doing relative comparisons: roughly speaking,
larger distances in’ general correspond to more dissimilar copulas.

In fact, the efucial question whether two copulas are equal or not can only
be answered vid a suitable statistical test. A non-parametric procedure for testing
the equality between copulas has recently been outlined in Rémillard and Scaillet
(2009); Rémillard and Plante (2012): the test indicates whether the null hypothe-
sis H, that two copulas are the same should be statistically rejected or not. In the

present context, the test is used to compare copulas associated with pairs of vari-
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ables simulated under different Basin Scenarios: clearly, if 9, cannot be statis-
tically rejected, then presumably the data share a common dependence structure.
Here, given two different BS’s §; and S,, the Ny copulas of the pairs Discharge=
Volume, Discharge-Duration, and Volume-Duration are compared at<a standard
5% level. In turn, the percentage of non-rejection of H, (over theyVg=tests) may
provide valuable empirical information about the similarity,of the copulas of inter-
est: clearly, large percentages of non-rejection may support the statistical equality

of the copulas considered.

3.4. Investigating the compatibility of BS’s

As mentioned above, a Basin-Seenario’1s characterized via the corresponding
pair (T, CN), i.e. a two-parameter identification: Figure 4(top-left) illustrates the
T —CN grid considered here, consisting of 110 different BS’s. Note that, one step
in the CN direction corresponds to a jump of size Acy = 5, while one step in the
T, direction corresponds to a jump of size Ay, = 60 minutes. For instance, the
two BS’s X and Y plotted in the picture are 7 units far apart in the CN direction,
and 5 units far apart in the 7, direction: evidently, X and Y correspond to (very)
dissimilar hydrological scenarios.

In this work, we are interested in understanding whether, and how, the param-
eters 7. and CN may affect the dependence structures of the data bases simulated
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according to different (7, CN) settings. The methodology outlined in this Section
represents a preliminary necessary step in order to assess under which conditions
data sets generated according to different BS paradigms could be interchanged
(viz., are “compatible”), when the interest is in the dependence structutes atplay.
In order to investigate the compatibility of different Basin Scenarios;:we intro-
duce here several concepts, exploiting the statistical tools outlined in the previous
Section. In particular, general definitions of BS compatibility are proposed, based
either on an “individual” or an “ensemble” rationale involving the dependence
structures of interest. In the former case, the copula corresponding to a reference
BS X is compared with the one associated with a single neighbor BS Y (viz., only
two BS’s at a time are involved). In‘the latter case, the copula corresponding to
a reference BS X is compared with a family of copulas associated with a set of
neighboring BS’s Y’s (vizi, a number of different BS’s is considered at a time).
Here, three different approaches are outlined: all the notions are based on the
test of equality mentioned in Section 3.3, as well as on the distance 6. Actually,
three further strategies can be considered: these are briefly introduced in Appendix
Ajand illustrated in Figure 4; however, for the sake of brevity, they will not be

discussed in this work.

Pairwise. Consider two generic BS’s X and Y, such as those illustrated in Figure

25



415

416
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419

4(top-left). Their Pairwise BS (individual) distance is defined as the average
o0 distance (over the Nj series) between them. Correspondingly, the Pairwise
BS (individual) compatibility between X and Y is defined as the percentage
of equality tests (over the N series) for which the assumption<H, should

not be rejected.

w20 Foreword-CN (fCN). The fCN BS (individual) distance of size’d is defined as

421

422

423

424

425

426

427

the average ¢ distance (over the N; series) between'the BS’s S| = (T, CN)
and S; = (T.,CN +d - Acy). The notiensissillustrated in Figure 4(bottom-
right), using d’s ranging from 1 to 4.'Correspondingly, their fCN BS (indi-
vidual) compatibility is defined as the percentage of equality tests (over the
N; series) for which the"assumption H,, should not be rejected. Clearly, the
fCN approach is‘a special case of the Pairwise one: here, the parameter 7',

is kept fixed.

«2s  Ring. The Ring BS (ensemble) distance of size d is defined as the average (over

429

430

431

432

the Ny series) of the average ¢ distance between the BS S = (T, CN) and all
the neighboring BS’s lying on a suitable “d-ring” surrounding S on the 7.—
CN grid: viz., at least one of the neighbor parameters 7. or CN is equal to

T.+d-Ar, or CN+d-Acy. The notion is illustrated in Figure 4(top-right), for
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d equal to 1 and 2. Practically, the Ring distance is the average of all the BS
distances considering the neighbors of S positioned on a suitable frame sur-
rounding S on the T.—CN grid. Note that the Ring approach averages‘over
“full” changes of the basin parameters, and may provide an ovetall picture
of the differences between the BS S and its neighbors. Correspondingly, the
Ring BS (ensemble) compatibility is defined as the,average percentage of
equality tests (over the N; series) for which the assumption H, should not

be rejected, when testing the equality between S and all its Ring neighbors.

Clearly, BS distances and compatibilities ¢an be computed by considering
only the neighboring BS’s inside the:Z,—~CN grid: in fact, for large d’s, some of the
surrounding BS’s may not li¢ inside the 7.—CN grid, and would not be admissi-
ble. From a statistical point-of view, this means that some averages are calculated
using different sample,sizes, but such a nuisance is geometrically unavoidable.

As an jillustration of the Pairwise approach, consider the three BS’s labelled
X, Yyand Z in’'Figure 4(top-left). The sample averages and standard deviations
(over the Ny series) of the distance ¢ between the pairs {X,Y}, {X,Z}, and {Y,Z}
are reported in Table 2, considering the variables Discharge-Volume, Discharge-
Duration, and Volume-Duration. It is interesting to note that, in general, the values

of ¢ for the pair {X,Y} are larger than the corresponding ones for the pairs {X,Z}
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and {Y,Z}.
The results concerning the fCN and the Ring strategies are illustrated in Fig-

ures 5—6 for d = 1, and in Figures 7-8 for d = 2, and are commented below.

The case d = 1. Both the fCN and the Ring average distances look rather small
and homogenous over all the 7.—CN grid, and the very-small'standard de-
viations indicate the presence of negligible fluctuations,*for all the BS’s

considered.

The case d = 2. As a difference with the previous case, both the fCN and the
Ring average distances get larger, and also more heterogeneously distributed
over the T.—CN grid. In general;.also the standard deviations slightly in-

crease, indicating a gteater variability.

The results presentéd aboveare not surprising: in fact, larger d’s are expected to

yield more distant BS’s under the fCN and Ring approaches.

3.5. Compatibility Maps

As mentioned above, the percentage of non-rejection of H, may provide an
empirical tool to evaluate the similarity of the copulas corresponding to different

BS’s. A comparison procedure can be put at work by introducing the so-called
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Compatibility Maps (CM). In the present context, the resolution of the maps is
Acn = 5 in the CN direction, and A7, = 60 minutes in the 7, direction.

The procedure is as follows: for the sake of brevity, only the Pairwise case 1s
considered here, the others being analogous. Firstly, a BS S is selected, and the
Pairwise compatibility of S with respect to all the remaining BS’s'is computed: in
the present setting, there are 109 possible neighbors. Secondly, the plot on the 7.—
CN grid of the non-rejection percentages of H, provides a Pairwise CM for the
BS 8. In turn, the data collected under BS’s whose.percentage of non-rejection is
large enough (say, larger than 90%, or 95%;.0r any,other suitable threshold) could
be labelled as “‘compatible” with the observations in S.

As an illustration, here the three"BS’s labelled X, Y, and Z in Figure 4(top-
left) are assumed to characterize the basins of reference: the target is to spot
which are the BS’s’ “compatible” with the reference ones, by constructing the
corresponding CM’s, and identifying possibly admissible neighboring BS’s. The
results are'shown 1n Figure 9. The situation varies by considering different pairs
ofwariables' (viz., either the Discharge-Volume, or the Discharge-Duration, or the
Volume-Duration ones), and the (7., CN) parameters associated with X, Y, or Z.
Considering the Volume-Duration case, it is clear that at least all the BS’s in a

surrounding ring of size d = 1 would be admissible, being the percentages of non-
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rejection close to 100%. Instead, in the Discharge-Duration case, only some of the
BS’s in a surrounding ring of size d = 1 would be fully admissible, although the
percentages of non-rejection are large for all the eight neighbors of the refefence
BS’s. Finally, in the Discharge-Volume case, the BS X turns out to be.€ompatible
with a surrounding ring of BS’s of size d = 2 (and similarly forZ; considering a
ring of size d = 1), whereas the BS Y seems to be compatible only with the closest
BS’s in the same column of the 7.—CN grid. Further examples of Compatibility
Maps are shown in Figures 5-8, considering both the Foreword-CN and the Ring

approaches, and grid distances of size d =yl.and d,= 2.

3.6. Merging different data bases

As already mentioned above; often the size of a sample collected at a given
site may be insufficient for statistical purposes: for instance, the estimate and
validation of multivariate dependence structures may not be accurate by using in-
adequate data bases. In turn, the idea is to try and increase the actual sample size
by “merging”the available data with other observations collected in “compati-
ble” basins. For this purpose, the Compatibility Maps introduced in Section 3.5
could be used to understand and single out which external data bases might be
appropriate to flesh out the scarce one.

As for the concepts of basin compatibility, also the merging task may be either
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individual or ensemble: viz., the external data may be picked up from a single
data base, or from a number of data bases. In the former case, the Pairwise (or
fT., or fCN) procedure provides a natural selection criterion. In the latter case, a
global survey can be carried out simultaneously over all the external data bases by
using an ensemble criterion (e.g., the Ring, the Diagonal, or the Cross:strategy):
for instance, considering the Ring approach, the BS’s of the'data bases involved
should belong to an admissible ring on the (7, CN)-grid, centered on the target
BS S.

A workable methodology for mergingydistinct-data bases (possibly of differ-
ent sizes) is as follows: the pseudo-observations (i.e., the ranks divided by the
sample size — see, e.g., Genest and Favre (2007)) associated with the available
data are first calculated,sandithen combined. In case ties (i.e., repeated values)
were present, then suitable randomizations may be performed in order to remove
them (Kojadinovic and Yan, 2010; Hofert et al., 2015). Note that all the stan-
dard non-parametric procedures for estimating copulas are based on the pseudo-
observations.

A.simple method to test whether the merging procedure outlined above makes
sense is as follows. First, a series is split into two halves, and the pseudo-obs-

ervations of each subset are computed, and subsequently combined. Then, the
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EC associated with the merged data base is compared with the original one via
an equality test, in order to statistically check whether the two are “compatibile”:
clearly, this represents a necessary condition for the validity of the merging op=
eration. In the present study, such a test was carried out considering-all the 110
BS’s of the 7.—CN grid, and all the Ny series: as a result, only in/a=dezen out
of the 33,000 equality tests the statistical hypothesis that the original and merged
copulas were the same was rejected (at a 5% level).

A study of the performances of the merging techniques outlined above was
carried out by considering the three BS’s XY, and-Z already investigated in Sec-
tion 3.4 — see Figure 4(top-left). In'particular, the Ring merging strategy was
adopted, using d = 1 and d = 2. Tables 3 and 4 show, respectively, the cor-
responding percentages of non-rejection of H,: here the EC’s of the simulated
series are compared with'those of the merged data bases of the admissible Ring
neighbors. Inaddition, for the sake of visual comparison, Figures 10 and 11 show,
respectivelyythe comparison between the EC’s of the “true” and the “merged” se-
ries. (averaged over the Ns series), for d = 1 and d = 2, considering the BS’s
XY, -and Z, and the pairs Discharge-Volume, Discharge-Duration, and Volume-
Duration.

As expected, in general the percentages of non-rejection of H, decrease by
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increasing the grid distance d: obviously, further neighbors (d = 2) are less com-
patible than closer ones (d = 1). It is interesting to note that, in the case d = 1, all
the percentages are larger than 90%: this may indicate a significant compatibility
between the series of the BS’s X, Y, and Z, and those of the corresponding Ring
neighbors. The analysis is visually confirmed by the plots shown,in-Figures 10
and 11: in fact, large percentages in Tables 3 and 4 are generally associated with
almost overlapping isolines, whereas significant differences of the contour plots

generally correspond to small percentages.

4. Conclusions

This paper investigates a specificy. yet unexplored, aspect of hydrologic simi-
larity, viz. the catchment.compatibility with respect to the similarity of the cop-
ulas at play under different Basin Scenarios. In particular the possible relations
between hydrelogical responses and corresponding dependence structures are an-
alyzed by means ‘of simulation tests, where relevant hydrological variables are
generated in a small catchment under controlled conditions. For this purpose, a
hydrological model is used, keeping constant both the climatic forcing (synthetic
rainfall time series) and the topography, whereas the Curve Number and the Con-

centration Time are varied. Such a procedure provides a number of scenarios
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(110, in the present study) that differ from one another only for the parameter
responsible of the infiltration and losses processes, and the runoff velocity in the
watershed. For each scenario, 500 years of runoff are simulated, and the triples
of Discharge-Volume-Duration corresponding to maximum annual floods are se-
lected.

Measures of association, empirical copula visual comparisony Cramér-von
Mises distances between dependence structures, non-parametric procedures for
testing the equality among bivariate copulas, and ‘a variety of compatibility defi-
nitions (individual and/or ensemble) are applied on the pairs Discharge-Volume,
Discharge-Duration, and Volume-Duration, yielding suitable Compatibility Maps.
This latter tool provides an easy way to (statistically) evaluate which 7.-CN com-
binations may yield compatible dependence structures.

On the one hand, these preliminary results could pave the way for a possible
new approachiconcerning the identification of “compatible” basins. On the other
hand, giventwo (or more) “compatible” catchments, workable criteria and pro-
cedures haye been stated for merging the available data: clearly, increasing the
sample size may improve the estimation of the copulas at play, providing an use-
ful tool for bypassing the lack of hydrological observation (a crucial problem in

applications).
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The results presented in this work suggest further investigations both on the
relation between dependence structure and hydrological parameters, and on the
practical implications of the approach proposed. Indeed, the next research'step
will involve a more complex model, as well as a wider range of climatic forc-
ings, in order to achieve a thorough survey of the relations between/dependence
structure and physical attributes. In addition, a set of case studies/(with limited
observations) will be tested, in order to check the practical ‘potentiality of the

merging procedure and the compatibility maps.
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Figure 1: Estimates of the Kendall 7, over all the available Ny series, for different BS’s and

variables — see text: (left column) sample average; (right column) sample standard deviation.
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Figure 4: Illustration of the strategies for investigating the compatibility of Basin Scenario out-
lined in/Section 3.4. (Top-left) Pairwise. (Top-right) Ring. (Middle-left) Cross. (Middle-right)
Diagonal. (Bottom-left) Foreword-T,. (Bottom-right) Foreword-CN. Four different d’s are shown:
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34.
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sample standard deviation. The right column shows the corresponding CM’s: indicated are the
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non-rejection of Hp.
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Figure 8: Values of the Ring distances, over all the available Ns series, for different BS’s and

o

variables, using d = 2 — see text: (left column) sample average; (middle column) sample standard
deviation. The right column shows the corresponding CM’s: indicated are the percentages of

non-rejection of Hp.
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Table 1: The main features of the Torbido watershed case study — see text

DEM source IGMI \r
Cell size (m) 2< &

Precision %r
Outlet coordinate North - UTM 3 0 21505

Outlet coordinate East - UT 272623

Area (Km?) v 61.67

Min elevation (m@ 85.0

Max eleva@ 625.0

Me ion’(m) 373.8
)

a
X (% 375.0
Q) n slope (%) 21.9

Main channel length (Km) 24.50

‘ | Maximum divide-outlet distance (Km)  25.81
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{l&

Table 2: Sample averages and standard deviations (in parentheses) of the d(’ ance 0, for the pairs of

BS’s {X,Y}, {X,Z}, and {Y,Z}, considering the variables Discharge-Volum ischarge-Duration,
and Volume-Duration — see text. ‘\
Pair  Dis.-Vol. Dis.- l.-Dur.
(X,Y) 0.0204 OV\’ 0.0023
(0.0@067) (0.0009)
(X,2) 3\' 0.0075 0.0023

(0.0004) (0.0031) (0.0012)

)~ 0.0129 0.0113 0.0010

(0.0022)  (0.0035)  (0.0005)

Yy
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Table 3: Percentages of non-rejection of H, under the Ring strategy, for d = 1, considering the

pairs Discharge-Volume, Discharge-Duration, and Volume-Duration — see text.

BS (T.,CN) Dis.-Vol. Dis.-Dur. Vol.-Dur.

X (360,60)  99.93 94.17 95.97
Y (660,95) 9270 94.10 91.80

Z (480,75)  99.33 95.73 96.47

Table 4: Same as Table 3, for d = 2.

BS (T.,CN) Dis.-Vol.. Dis.-Dur. Vol.-Dur.

X (360,60)  98.63 74.03 87.10
Y (660;95), /83.47 94.13 87.43

Z .« (480,75) 99.03 94.87 95.33
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Appendix A. More compatibility criteria

In addition to the compatibility criteria illustrated in Section 3.4, the following

three strategies can also be considered.

1. The Foreword-T. BS (individual) distance of size d is defined.as the average

o distance (over the N, series) between the BS’s S| =AT,,CN)and S, =
(T, +d - Ar,,CN). The notion is illustrated in Figure 4(bottom-left), using
d’s ranging from 1 to 4. A corresponding Foreword-7, BS compatibility

can be introduced.

. The Cross BS (ensemble) distance of size'd is defined as the average (over

the N, series) of the averagéo.distance between the BS S = (7., CN) and
the neighboring BS’s(T. +d - Ar,,CN) and (T.,CN = d - Acy). The notion
is illustrated inFigure 4(middle-left), for d equal to 1 and 2. Practically,
the Cross distance is the average of the BS distances considering only the
neighbors of S positioned on a suitable “cross” on the T.—CN grid. Note
that, each of the neighbor BS’s have only one of the parameters CN or T,
different from the reference BS S: this corresponds to average over “partial”
changes of the basin parameters. A corresponding Cross BS compatibility

can be introduced.

3. The Diagonal BS (ensemble) distance of size d is defined as the average
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(over the Nj series) of the average ¢ distance between the BS S = (T, CN)
and the neighboring BS’s (T, +d-Ay., CN +d-Acy). The notion is illustrated
in Figure 4(middle-right), for d equal to 1 and 2. Practically, the Diagonal
distance is the average of the BS distances considering only the'neighbors
of § positioned on a suitable “crux decussata” (Saint Andrew’s-€ross) on
the 7.—CN grid. Note that, each of the neighbor BS’s have both of the
parameters CN and T different from the reference BS S: this corresponds
to average over ‘“total” changes of the basin.parameters. A corresponding

Diagonal BS compatibility can be introduced.

Practically, the Foreword-T,. approach is aispecial case of the Pairwise one, while

the Cross and Diagonal strategies are sub-cases of the Ring one.

Appendix B. KS distance of copulas

Let C; and\C; be the copulas associated with, respectively, the BS’s S§; =
(T.1,CNy)and S, = (T.»,CN,), and denote by ¢, , the distance between C; and
C;. Thens-adopting a Kolmogorov-Smirnov (KS) approach, the following defini-

tion'may be introduced:

612 =2-sup|C(u) - Cy(w)], (B.1)

ueS
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s20 Where the coeflicient “2” is used to normalize § into the interval [0, 1] (Nelsen,

s0 2006). A consistent empirical estimator 51,2 of ), is given by

51,2 =2. mgagx El(u) - Ez(u)' . QZ)
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