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1 Introduction

In this paper, we consider the problem

A2, i
{(A) u=Au+gxu) inQ, (1.1)

u=0 on o0Q,

where Q is a bounded domain of RY, N > 2,1 e Rand g : Q x R — Risa given function; more precise details
will be given below. Of course, (1.1) is a possible fractional counterpart of the problem

{ “Au=Au+g(x,u) inQ, (1.2)

u=0 on oQ,

which has been the object of extensive study in the last four decades, essentially with the aid of variational
methods, when N > 3.

We will not go into details about existence and multiplicity results for (1.2) according to different as-
sumptions on g, since the bibliography would be huge, but we focus on multiplicity results with very general
assumptions on g. The first result for g(x, t) ~ |¢{[P~2t was established by Ambrosetti and Rabinowitz in [1],
where the authors assumed that
« g:QxR — Risa continuous function;

o thereexista;,a, >0andp € (2, 2N/(N - 2)) such that for all (x, t) € Q xR,

Ig(x, t)l < a1 + az|tiP™Y; (1.3)

o g(x,t)=o(|t|) for t — O uniformly in Q;
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112 —— D. Mugnai and D. Pagliardini, Existence and multiplicity results for the fractional Laplacian DE GRUYTER

« thereexist R > 0 and u > 2 such that forall |¢| > R and all x € Q
0 < uG(x, t) < g(x, t)t, (1.4)

where G(x, t) = fé g(x, o) do.
Let us note that, as a consequence of (1.4), we get the existence of ¢1, ¢c; > 0 such that for all (x, t) € OxR

G(x, t) = c1|t* - c3. (1.5)

Under these assumptions, in [1] it is proved that (1.2) has two nontrivial solutions when A = 0, though
the same proof holds if A < 11, where A; is the first eigenvalue of —A in Q subject to homogeneous Dirichlet
boundary conditions.

Almost twenty years later, in [25], assuming g: R — R is of class C!, Wang proved that (1.2) has three
nontrivial solutions under the same related assumptions. Since then, thousands of papers have established
other multiplicity results weakening the assumptions on the superlinear and subcritical g (see the recent
paper by Mugnai and Papageorgiou [14] for more general operators). However, not much was done for the
case A > A;. The first result in proving Wang’s result for A > 1; and close to an eigenvalue can be found in
Mugnai [11], whose result is complemented by Rabinowitz, Su and Wang in [18]. However, while in [18]
g: QxR — Ris assumed to be of class C%, in [11], for a superlinear and subcritical g, it is assumed that
e g:QxR — Risa Carathéodory function;
there exist a;, a; > 0and p € (2, 2N/(N - 2)) such that (1.3) holds for all t € R and for a.e. x € Q;

g(x, t) = o(|t]) for t — O uniformly in Q;

o the condition (1.4) holds for all t # 0 and for a.e. x in Q with u = p.

Let us remark that with these weak assumptions, (1.4) does not imply (1.5), and for this one has to assume
that

« there exists ¢; > O such that for all ¢ € R and for a.e. x in Q, we have G(x, t) > c1|t|P, see Mugnai [13].

Going back to (1.1), some remarks are needed. The operator (-A)/2 which we consider is the spectral
square root of the Laplacian, which should not be confused with the integro-differential operator defined,
up to a constant, as

R
Indeed, in this case the homogeneous Dirichlet “boundary conditions” should be interpreted as u = 0 in
RN\ Q (see [4, 19-21]). In fact, in [20] the authors show that these two operators, though often denoted in
the same way, are really different, with eigenvalues and eigenfunctions behaving quite differently.

As already said, we will consider the spectral square root of the Laplacian, defined according to the fol-
lowing procedure (see Cabré and Tan [2] and Caffarelli and Silvestre [3]). Let H/2(Q) denote the Sobolev
space of order 1/2, defined as

HY2(Q) = «[u € L2(Q) : j J ) — P oo}

|N+1

with norm

2
u(x) - u
||u||12ql/zm) = J u? dx + J J Juto) ~ u)IF dx dy.
00

) [x — y[N+1
Introducing the cylinder € := Q x (0, co) with lateral boundary 0;C = 0Q x [0, 00), set
Hg (€):={veH'(C):v=0ae. ono.C}
and denote by trg the trace operator on Q x {0} for functions in Hé’ 1(©),
trqv(x,y) :=v(x,0) forall(x,y) € C.
Then, from standard results, we know that
Vo(Q) == {u=trgv:ve Hy (€)} c H/*(Q),

but a characterization of V is available from the following proposition.
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Proposition 1.1 ([2, Proposition 2.1]). We have

2 0 o)
Vo(Q) = {u e H/2(Q) : J % dx < oo} = {u € L*(Q):u= ) arpy satisfies Y aphx < oo}.
a k=1 k=1

Here, (A,Z(, @)k is the Dirichlet spectral decomposition of —A in Q, (k) being an orthonormal basis in L?(Q),
and d(x) := dist(x, 0Q).

From these preliminaries, by [2, Proposition 2.2], for u = ¥ 2, ax @, we define

0)Y2u =) adipi. (1.6)
k=1

[Correction added after online publication: 9 November 2016. In Proposition 1.1 and equation (1.6), we
have replaced A by A7.]

With this definition at hand, the purpose of this paper is to prove a multiplicity result for (1.1), in a
situation similar to that described above for (1.2), and, in view of the previous considerations, we assume that
(g1) g: QxR — Ris a Carathéodory function;

(g2) there exist ai, a, >0and p € (2, 2N/(N - 1)) such that (1.3) holds for all ¢t € R and for a.e. x € Q;
(g3) g(x, t) = o(Jt]) for t — O uniformly in Q;
(g4) we have

t
0<pG(x, ) =p jg(x, 0)do < g(x, Dt
0

forall t + 0 and for a.e. x € Q;
(gs5) there exists ¢; > 0 such that G(x, t) > c|t|P for all t € R and for a.e. x € Q.

Remark 1.2. Note that (g3) implies that G(x, t) = o(|t|?) as t — 0 uniformly in Q and from (g,) we get that

a
IG(x, )] < aylt] + fmp

for all t € R and for a.e. x € Q. As a consequence, u = 0 solves (1.1), and we look for nontrivial solutions.

In the case g(x, t) = |t[P~2t, 2 < p < 2N/(N - 1), an existence result for A = 0 is proved in Cabré and Tan [2].
The proof therein can be immediately extended to the case A < A1, but we are not aware of existence results
for A > A4, nor for general nonlinearities g. For this, we state our first result.

Theorem 1.3. If (g1)—(gs) hold, then, for every A € R, (1.1) has one nontrivial solution.

However, the previous result is standard, and we only present it for a complete description of the existence
setting, as a counterpart of the result in Servadei and Valdinoci [19], when the fractional Laplacian is repre-
sented by a nonlocal integral operator, already introduced in [4, 21].

On the other hand, our main interest is providing a multiplicity theorem, which is much more involved.
This result relies on the application of a critical point theorem of mixed type proved by Marino and Sac-
con in [7], recalled in Appendix A, together with an additional linking theorem and a fine estimate of criti-
cal levels. More precisely, we prove the following multiplicity result in Wang’s direction, the main result of
this paper.

Theorem 1.4. Assume (g1)-(gs) hold. Then, for alli € N, i > 2, there exists §; > 0 such that (1.1) has at least
three nontrivial solutions for all A € (A; — 6;, A;).

We conclude recalling that the V-theorem we will employ has been extensively used in several contexts, in
order to prove multiplicity results of different problems, such as elliptic problems of second and fourth order,
variational inequalities and reversed variational inequalities, see, for instance, [5, 6, 8, 10-12, 15, 22-24],
and [9], where the analogous multiplicity result of this paper is considered when the underlying operator is
the nonlocal one studied in [4, 19, 21].
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2 Extended problem, preliminary lemmas and proof of Theorem 1.3

We know from [2] that solving (1.1) is equivalent to solving its extension in the cylinder € = Q x (0, c0), that s,
Av=0 inC,
v=0 on 0;C, (2.1)

% :Av+g(x, V) inQX{O}s

where 01 C = 0Q x (0, 00) is the cylinder lateral surface and v is the outer normal at € in Q x {0}. Let us briefly
recall the relation between (2.1) and (1.1).

First, we will look for weak solutions to (2.1). For this, we note that the Sobolev space Hé’ 1 (€) introduced
above is a Hilbert space when endowed with the norm

12
vl = (j IDv]? dx dy) ,

e

induced by the inner product
(v, w) = J Dv-Dwdxdy.
e

Following the “Dirichlet to Neumann” approach in a bounded domain Q of RN (cf. [2]), for a given
u € Vo(Q), we consider the harmonic extension v of u, i.e., the solution of the problem

Av=0 1inGC,
v=0 ono.C,
v=u inQ x {0},

which is well defined by [2, Lemma 2.8]. Now, by [2, Proposition 2.2], we can give a definition of (-A)Y/2:

Vo(Q) — Vo(Q)*, equivalent to (1.6), as the operator that maps the Dirichlet datum u in the Neumann value
of its harmonic extension N
0Pu=2(,0),
ov

and, hence, if v solves (2.1), then u = trg v solves (1.1), see [2, Proposition 2.2]. For this reason, from now on,
we will look for weak solutions to (2.1).

Of course, (2.1) is variational and its solutions are critical points of the C! functional f; : H(l)’ (@) =R
defined by

falu) = % J |Du|? dx dy — % J u? dx - J G(x, u) dx.
e Q Q
Before attacking functional fj, we recall some other tools we will use in the following. Recalling that
(}l,%, 1)k denote the eigenvalues and the associated eigenfunctions of —A with homogeneous Dirichlet con-
dition on 0Q with (@) an orthonormal basis of L?(Q), from [2], we have

Hp (@) = {V(x, )= brpie™, (x,y) € €: Y Aibj < oo}.
k=1 k=1

Setting ex(x,y) = gak(x)e"‘ky , we observe that the ey are orthogonal in Hé’ 1.(C). Now, for every integer
i>1,put
H; =span(eq,...,e;) and H;j =span(ei,...).

Then, a simple calculation gives the proof of the following inequalities. [Correction added after online publi-
cation: 9 November 2016. In the characterization of Hé’ (€) and in the definition of ex(x, y), we have replaced
Ax by Ai.]
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Proposition 2.1. Ifu € H;, then
J |Du|? dx dy < A; J u? dx. (2.2)
e Q

Proposition 2.2 (Constrained Poincaré inequality). Ifu € H", then

j |Du|? dx dy > Aj1 J u? dx. (2.3)
e Q
We will also use the continuous inclusions (see [2, Lemma 2.4])
Hy,(€) — L'(Q) forallre [1, Nz—ivl] (2.4)
and the compact ones (see [2, Lemma 2.5])
H;(€) — L'(Q) forallre [1, Nz—ivl> (2.5)

Now, we have all the ingredients to look for critical points of functional fj, i.e., to solve (2.1). As usual,
the first step in applying variational methods is the following result.

Proposition 2.3. Ifc € R, then f) satisfies the (PS). condition, namely, every sequence (uy), such that fy(u,) — ¢
and f/{(u,,) — 0 as n — oo has a converging subsequence.

Proof. Let (up)n C Hé,L(G) be a Palais—Smale sequence at level ¢ € R. Then, taken k € (2, p), there exist
M, N > 0 such that
kfa(un) - f(un)un < M + Nllup| foralln e N. (2.6)

On the other hand, by (g4) and (g5), we get

i) - f{unun = (5 = 1 )iwal? - A(5 1) [ 2 dx+j 1906 Un)un ~ KG(x, un)] dx
Q
z(%—QmwF g— Juch+@ MJGmuﬂM
Q Q
> <§ - 1)||un||2 - (g - 1) J uzdx + (p-k)cy J [un|P dx. 2.7)
Q Q

By Young’s inequality, for every € > 0, there exists D, > 0 such that
uz < eluy P + De.
Hence, (2.7) implies that
k k
KfaCun) = Fiunttn > (5 = 1)lual? + [0 = ey = el 5 = 1)] [ hual” dx - .

)
Choosing ¢ sufficiently small, we finally get

k
KfA(n) — L (n)itn > (5 - 1)||un||2 - Dy,

and by (2.6), we get that (1), is bounded. Then, we can assume that u, — uin Hé’L((i) and u, — uin L'(Q)
forallr € [1,2N/(N - 1)).

Since f/’t(un)(un - u) — 0asn — co, we immediately get that u, converges strongly to u, i.e., (PS). holds.

O

At this point we can prove Theorem 1.3.

Proof of Theorem 1.3. First of all, we observe that, from Remark 1.2, f3(0) = 0 and by (g>) and (g3), we get
that, given € > 0, there exists C, > 0 such that

G(x, s) < e|u|® + Cels|P (2.8)

fora.e.x e Qandall s € R.
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Now, we have to distinguish two cases: A < A; and A € [A;, Ajy1), for somei € IN.

Case 1. A < A;. We want to apply the mountain pass theorem (see [1]). Supposing A > O (the other case being
easier), by (2.8), the Poincaré inequality (2.2) for i = 0 and by the continuous embedding of Hé’ L(©)in L2(Q)
and in LP(Q), we have that

1.5 A ; €, 5 » 1 A ce ) »
fA(u)ZE"u” _2_/11”u" —EIIMIILZ(Q)—CEIIHHU(Q)23(1—/1—1—E)||u|| = Cllul®,

for some absolute constants ¢, C > 0. Now, choosing € enough small, we can suppose

1 A ce
A—§<1—H—E)>O,

and taking p sufficiently small, we have

inf flu)=a >0
[lull=p

for some a > 0. Moreover, if u # 0 and t > 0, by (g5) we have

2o Ao 2o Ay Dy P
fltu) = Ellull -5t lull; = | G(x, tu) dx < 7llull -5t lull; = c1 P lull, — —oo,
Q
since p > 2. Recalling that the (PS). condition holds for all ¢ € R, the mountain pass theorem implies that
(1.1) has a nontrivial solution.

Case 2. A € [A;, Aj+1) for some i € N. In this case, we want to apply the linking theorem (see Appendix A). If
u € H;, from (2.2) and (g4), we have
A A

falw) < (?—§>Juzdx—jG(x,u)dst.
Q Q

Moreover, by (2.8) and (2.3), if u € H, then we have

i

1. 5 A ) 1( A ) , € J 2 J »
f/l(u) > E"u" Tm”u" JG(X, u) dx > E 1 m ”u" E u‘ dx Ce uP dx > 0.
Q Q Q
Thus, by (2.4) we obtain
1 A ce 2 N
w5 (1- o & )l cu

for some ¢, C > 0 and for all u € H;". Choosing € and p > 0 small enough, we get

inf fa(u) >a > 0.
ueH;, |lull=p

Finally, if u € H; and t > 0, by (g5) we have

1 A
falu+ tein) = Slu+ tepll® - 5 J(u +teir)? dx - J G(x, u + tejyq) dx
Q

<

N|

Q
A
lu + tei1ll? - > I(u +tep 1) dx—cy J lu + tej1|P dx — —co
Q Q

as t — oo, since all norms are equivalent in H; ® (ej,1).
Recalling that the (PS). condition holds for all ¢ € R, the linking theorem implies that (1.1) has a non-
trivial solution. O
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3 Proof of Theorem 1.4

In this section, we prove Theorem 1.4, the main contribution of this paper. For this, from now on we assume
that there exist i < jin Nsuch thatA;_1 <A;j = = Aj < Ajs1.
Let us start by introducing some notation. If i < j in IN, we introduce the sets
S)T(p) ={ue Hji tull=p} and Tj(R)={ueHj: |ul=R}u{ueH:|ul <R}
We can now state our first lemma.
Lemma 3.1. Assumei,j > 2 aresuchthatAi_q < A;j =--- = Aj < Ajy1 and A € (Aj_1, Aj). Then, there exist R and p

with R > p > 0 such that
sup fa(Ti-1,j(R)) < inf fa(S{ 1 (p))-

Proof. From (2.8), (2.3) and by the compact embedding in L?(Q) and in LP(Q) given in (2.5), we have the
existence of p > 0 such that
lnffA(Sf_l(P)) > 0.

Moreover, it is clear that fy(Hj—1) < 0. We conclude the proof by showing that

lim  fi(u) = -co.
[lul|—o00, ueH;

Such a result easily follows from (gs) and from (2.2). Indeed, if u € Hj, then
1 A
fa) < 5 ul’* - 2—/1]_I|u||2 — c1lullp,

and since all norms in Hj are equivalent, the lemma follows. O

Now take

a € (sup fa(Ti-1,j(R), inf fa(S{_; (p)))
and b > sup fa(Bj(R)), where B;(R) is the ball in H; with radius R. Then, we have the following lemma.
Lemma 3.2. Suppose there exist integers i, j > 2 such that Ai_y < A; = --- = A; < Aj;1.Then, for every 6 > 0,

there exists €g > O such that for all A € [Ai_1 + 8, Aj+1 — 8], the only critical point u of fain Hi_1 & Hji such that
fa(u) € [—eo, €o] is the trivial one.

Proof. Assume by contradiction that there exist § > 0, A, € [Aj—1 + 8, Ajz1 — 6] and (up), in Hi1 @ H}.L \ {0}
such that
fa,(up) - 0 ifn - oo

and such that forall z € H;_1 @ H].L, we have

JDun -Dzdxdy—/\njunzdx— Jg(x, Up)zdx =0, (3.1)
e Q Q

where

fr, (un) = % J |Duy|* dx dy - %" J u? dx - j G(x, uy) dx.
e Q Q
Up to a subsequence, we can assume that A, — Ain [A;_1 + 8, Aj41 — 6]. Choose z = u, in (3.1). Then, by (g4)
we obtain

0= j |Duy|? dx dy - A, J uz dx - Jg(x, Un)Uy dx
e Q Q

= 2y, (un) + j [2G(x, ty) - 8(X, Un)un] dx
Q

< 2f () + (2 - p) J G(x, uy) dx.
Q
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In particular, we deduce that
lim J G(x, uy) dx = 0. (3.2)
n—.oo
Q
Now, let v, in H;_; and w, in H].l be such that u, = v, + w,, for every n € N and choose z = v, — wy, in
(3.1). Then, we have

J |Dv,|? dx dy - A, J v2dx - (J |Dwy|? dx dy — Ay J w2 dx) = Jg(x, U)Wy —vy)dx foralln e N.
e Q e Q Q

By (2.2) and (2.3), we get the existence of ¢ = §/Aj;1 > 0 independent of n such that
clluql? < Jg(x, Un)(vn —wy)dx foralln e N. (3.3)
Q

Here, we used the fact that v, and wy, are orthogonal, so that [|luy|? = [val? + [wx|? for every n € N.
Moreover, by Holder’s inequality, we get

1-1/p 1/p
< <I lg(x, up)P/®-V dx) (J [V = WalP dx) . (3.4)
Q Q

By the Sobolev embedding and by the compact embedding in (2.5), there exists a universal constant y, > 0
such that

U g(x, up)(vp — wy) dx
Q

lvn - Wn"LF(Q) < Yp"Vn —wyl = Yp"un"- (3.5)

In this way, since uy, # 0, (3.3), (3.4) and (3.5) imply that there exists ¢’ > 0 such that

(p-1)/p
lunl < C’(J lg(x, uy)P/®-V dx) foralln € N. (3.6)

Up to a subsequence, there are two possibilities: either |uy| — oo, or ||uy| is bounded.

Case 1. |uy| — oo. Without loss of generality, we can suppose that there exists u € H;_; ® H].l such that
Un/lunll — uin Hé’L(G) and uy/||uy|l — win L"(Q) forevery r € [1, 2N/(N - 1)), see (2.5). First of all, (3.2) im-
plies that

fA,, (un)

— 2
lunll?

—>1—/\Ju2dx asn — oo,

so that u # 0. Moreover, (g-) and (gs) imply that

J lg(x, un) PPV dx < a} + a} J G(x, un) dx.
Q Q
But the last quantity is bounded by (3.2), while (3.6) leads to a contradiction.
Case 2. |uyl is bounded. As before, we can suppose that there exists u € H;_; eBH].L such that u, — u in

Hiq® H].l and u, — uin L"(Q) for every r € [1, 2N/(N - 1)). Moreover, (3.2) and (g5) imply that u = 0.
If u, — 0, then by (3.6) and (g3) we would have

)(pfl)/p

1< 1 I(IQ lg(x, un) PP~V dx
< lim ¢
o Tl

=0,

which is absurd. So, there should exist o > 0 such that ||u,|| > o for all n € N. But also in this case, since
u, — 0in LP(Q), from (3.6) we would obtain

(p-1)/p
o< lim c’(J lg(x, uy)P/P-1 dx) =0,
n—.,oo
Q

which is also absurd. O
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For the following result, we denote by P : H(l)’L(G) — span(e;, ..., ej) and Q : H(l)’L(G) — Hi1® Hl.L the or-
thogonal projections.

Lemma 3.3. Suppose there exist integers i, j > 2 such that Ai_1 <A;j =+ = Aj < Ajs1. Let A € R and (up)n in
H(l)’L(G) be such that (fy(uy))n is bounded, Pu,, — 0 and QVfy — 0 as n — oo. Then, (uy), is bounded.

Proof. Assume by contradiction that (1), in unbounded. Then, we can suppose that there exists u in H(l)’ L(©)
such that u,/|u,| — uin Hé’L(G) and u,/|luy|l » uin L7(Q) for every r € [1, 2N/(N — 1)) as n — oo.
Note that u, = Pu, + Qu,, Pu, — 0 and QVfy(u,) — 0, where Vf(u,) = V, is such that

Flun)y = J V,-Dvdxdy forallve HY,(©).
c

So, we obtain
Vi = un — K(Auy + g(X, up)),

where K : L2(Q) — Hé’ 1.(C) is the operator defined by K(u) = v, where v is the weak solution of the problem

Av=0 inC,
v=0 ono.C, (3.7)

ov .
E-u in Q x {0}.

In particular, we have

(QVfa(un), up) = (Via(un), un) — (PVfi(un), un)

= [lunl® -2 I ul dx - jg(x, Un)Upn dx — J D(P(un — K(Auy + g(x, un)))) - Duy dx dy.
Q Q (¢

But for every z € Hé’L(G), Pz is a smooth function and DPuy, = PDuy, because u € span(e;, ..., e;) and
Pz1Qz. In this way, the last integral in the previous equation is equal to
J |DPuy|? dx dy - AJ |Pup|? dx - Jg(x, un)Puy dx.
e Q Q
As a consequence, we have
(QVFi(tn), ) = 2£1(un)+2 [ GO, ) dx= [ @O, it =Pl +A [ 1Punl? s [ g5, un)Pin dx. 3.8)
Q Q Q Q

Now, observe that (g,) implies that

iy Jo 1800 un)Punldx _

n—oo lunlP=1

il

since
-1
lg(x, un)Pup| < [Puplloo(ar + azlunP=)

and ||Puyllee — 0 as n — co by assumption. So, starting from (3.8), using (g4) and dividing by |[u, [P~ for
p-1>1,weget

G(x, uy) dx
Jim Ja 600 un) dx_
n—oo |luy|P-1

Moreover, (g5) implies that

i fQ lunl? dx

=00y, P~

i)
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and so, u = 0. Now, dividing 2f3(uy) by |lux|?, we have

) IQ G(x, uy) dx 1

lim (3.9)
n—00 llunl? 2
and so, by (gs), there exists a constant ¢ > 0 such that
[ tunl? dx < chunt?. (3.10)
Q
Now, let us show that
lg(x, un)Puy,| dx
lim Jo 180 un — - (3.11)
n—00 llunll

Indeed, (g) and Holder’s inequality imply that

|g(x, up)Puyldx |p a [un|P dx \®P-D/P
lim IQ 8 n)FUn < I un||o<>(al+a2 J P~ dx) < ||Pun||m[ a3 (,[Q n ) ]’
Q

n—oo llunl? lunl? lunl® Nunl*P\ lunl?

and (3.11) follows from (3.10) and the fact that p > 2.
In this way, (3.8), (g4) and (3.11) imply that

], GO uyp) dx ~

n—00 llunll? ’
which contradicts (3.9). O
Now, by Lemma 3.2 and Lemma 3.3, we can prove the following result.

Proposition 3.4. Suppose there exist integers i, j > 2 such that Ai_1 < A; = --- = Aj < Aj41. Then, for all 6 > 0,
there exists €y > O such that for all A € [Ai_1 + 8, Aj,1 — 6] and forall €', " € (0, o) with €' < €", the condition
(V)(fa, Hi-n @ H}-, €, €'") holds (see Appendix A).

Before proving Proposition 3.4, we will give a property of the operator K defined in (3.7).
Lemma 3.5. The operator K : L?(Q) — Hé’L(G) is compact.

Proof. Let (uy)n ¢ L2(Q) be a bounded sequence and set v,, := K(u,) for all n € N. Since, by (3.7), we have

2
Ivall® < lul2@liviizzy,

we immediately get that (v,,), is bounded. Thus, we can suppose that there exists v € H(l,’ (C)suchthatv, — v
in H&L(G) and v, — vin L2(Q) as n — oo. In this way, since

J|Dvn|2 dxdy - JDvn -Dvdx—Jun(vn—v)dx=O
e e Q

forall n € N, exploiting the previous convergences and recalling that (u,), is bounded in L%(Q), we immedi-
ately have
lvall> = VI asn — oo,

thatis, v, — vin Hé’L(G) asn — oo. O

Proof of Proposition 3.4. Assume by contradiction that there exists § > 0 such that for all €y > 0 there exist
A€ [Ais1 + 68,4541 — 8l and €, € € (0, €o) such that the condition (V)(fy, Hi-1 ® H", €', €'') does not hold.

Take €9 > 0 as given by Lemma 3.2 and take a sequence (up), in H(l)’L(G) such that fi(un) € [€', €]
for every n € N, d(uy, Hi-1 @H}.l) — 0 and QVfy(u,) — 0 as n — oo, i.e., (uy) is a sequence which makes
VM, Hi—1 eaH].l, €', €' false.
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Then, by Lemma 3.3, we get that (u,), is bounded and we can assume that u, — uin Hé’ (©@andu, - u
inL"(Q) forallr € [1,2N/(N - 1)) as n — oo.
Now,
QVfa(un) = upy — Pup — K(Auy, + g(x, upn))

and we know that g(x, un) — g(x, u) in LP/®=-1(Q) as n — co by (g). Moreover, QVfi(un) — 0 and Pu, — 0
as n — oo. Thus, by Lemma 3.5, we find that u, — uin H;_ 1 & HI.L and u is a critical point of f on H;_ & H].L.
Therefore, by Lemma 3.2, we know that u = 0, while 0 < €’ < fj(uy) for all n € N, which contradicts the fact
that f; is continuous. Hence, the claim follows. O

In order to apply the V-theorem (see Appendix A), at this point we have only to show that sup fi(B;j(R)) is
small enough. In order to do that, we need the following lemma.

Lemma 3.6. We have
lim su H;) = 0.
Py pf}l( ])
Proof. Assume by contradiction that there exist € > 0 and sequences u, — A;, (un)n in Hj, such that

sup fy, (Hj) = fu,(un) > € foralln e N.

Note that (u,)n is well defined since f;,, attains a maximum in H; thanks to condition (gs).
If (un)n is bounded, we can assume that u, — u in H;. In this way, by continuity, we have

A.
es%JIDuIdedy—i]Juzdx—JG(x,u)dst
e Q Q

by (2.2) and (g5), and a contradiction arises. So, we can assume that ||u,| — oo.
In this case, by (g5) and the Sobolev inequality, there exists y, > 0 such that
1o 2 HBny o »
0 < €< fy,(un) < Sllunl® = S5-luall” = crypllunl®, (3.12)
2 2/1]'
and since all norms are equivalent in Hj, the right-hand side of the last inequality would tend to —co, which
is again absurd. O
In order to prove Theorem 1.4, we first need some preliminary results.

Theorem 3.7. Suppose there exist integers i, j > 2 suchthat Ai_1 < Aj = --- = Aj < Aj;1. Then, there exist 1 > 0,
€', €' > 0suchthat forevery A € (A; - 61, A;), (1.1) has at least two nontrivial solutions u1, u; with fy(u;) € [€', €"'],
i=1,2.

Proof. Take §' > 0and find € as in Proposition 3.4. Fix ¢’ < €' < e¢. Then, by Lemma 3.6, there exists §; < §'
such thatifA € (A; — 61, A;), we have sup fi(H;j) < €' and by Proposition 3.4 the condition (V) - (fy, Hi-1 eaH].l,
€', €"") holds. Moreover, since A < A;, the topological structure of Lemma 3.1 is satisfied.

By the V-theorem (see Theorem A.3 in Appendix A), there exist two critical points uy, u; of fy such that
fa(u;) € [€',€"],i=1,2.Inparticular, u; and u, are nontrivial solutions of (1.1) since f3(0) = 0. O

In order to prove the existence of a third nontrivial solution, let us prove the following lemma.

Lemma 3.8. Suppose there exist integers i, j > 2 such that Ai_1 < Aj = --- = Aj < Aj;1. Then, there exist §; > 0,
p1 > 0and Ry > pq such that for all A € (A; - 8;, A;), we have

inf fA(S; (p1)) > sup fa(Tijs1(R1)).
In particular, there exists a critical point us of f such that

frluz) > inf f2(S] (p1)).
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Proof. Take A € [A;j_1, A;). By (2.3) and (g5) we get that for all T > O there exists p; > 0 such thatifv € H].l and

vl = p1, then
A

1 2
f/\(V) > E(l - H - T>p1' (3.13)

Choosing 1 small enough, we get that

Aj
C=1- -7>0,
j+1

so that (3.13) reads
fav) = Cp?.

By (g5) and (2.2), as in (3.12), we get that fa(u) — —co if u € Hj1 and |u|| — oo, since all the norms in Hj,1
are equivalent. By Lemma 3.6, there exists §; > 0 such that for all Ain (A; — 6;, A;) we have

sup fu(Hj) < Cpj.

Finally, we choose 6; < 61, where §; is the one found in Theorem 3.7.
In this way, the classical linking theorem (see Appendix A) shows the existence of a critical point u3 of f)
such that fa(us) > Cp?. O

Note that, although the topological structure found in Lemma 3.8 is equal to the one of Lemma 3.1, it is not
possible to apply the V-theorem again since it is not clear if (V) — (fa, Hj® H iL+1 s Cp%, sup fa(Bj+1(R1))) holds.

Now, we are ready to prove Theorem 1.4, which becomes an obvious corollary of all the previous results.
Proof of Theorem 1.4. Take 6; as given in Lemma 3.8. Then, the critical point u3 found there is different from

the critical points u1, u, found in Theorem 3.7 since

faui) < supfa(Hj) < Cpt < faluz), i=1,2. O

A Appendix

Although it is a well-known result in critical point theory, we recall here the linking theorem (see [17, The-
orem 5.3] or [16, Theorem 1.1]) in order to state an a priori estimate on critical values which we will use to
prove Theorem 1.4.

Theorem A.1 (Linking theorem). Let X be a Banach space such that X = X, ® X, with dim X; < oo and let

f:X — Rbeofclass C'. Assume that

(@) f0)=0;

(ii) there exist p, a >0 such that inf f(S, N X,) > a and there exist R > p, e € X, with |e| =1 such that
sup f(Zr) < 0, where S, denotes the sphere in X of radius p, with

ZR = Ox,@span(e)AR and Agp={u+te:ueXq, t>0, |u+te| <R};

(iii) (PS)/; holds, where
B = inf sup f(h(u))

heH uelhy

and
H ={h € C(Ag, X) : hls, = 1d}.

Then, B is a critical value for f and
a < B < sup f(u).

uelp
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Definition A.2 (see [7]). Let X be a Hilbert space, f: X — R a C! function, M a closed subspace of X and
a, b € RU {-00, +00}. We say that the condition (V) — (f, M, a, b) holds if there exists y > 0 such that

inf{|PuVf(WIl : a < f(u) < b, d(u, M) <y} >0,

where Py : X — M is the orthogonal projection of X on M and d(u, M) = inf,cp d(u, z) denotes the distance
of u from the subspace M.

This means that if the condition above holds, then f|j cannot have critical points u with a < f(u) < b with
some uniformity.

Theorem A.3 (V-Theorem, see [7]). Let X be a Hilbert space andlet X;,i = 1, 2, 3, be three subspaces of X such
that X = X1 ® X, ® X3 with dim X; < oo for i = 1, 2. Denote with P; : X — X; the orthogonal projection of X on
X;. Let f : X — R be a function of class C*. Let p, p’, p", p1 be such that p; > 0,0 < p' < p < p", and define

A={ueXi@Xs:p' <|Pul <p”, IPrul <p1}, T=0xex,A

and
Sx3(p)={ueXo®X3: ul =p}, Ba(p)={uecXo®Xs:|ul <p}

Suppose that
a' :=sup f(T) < inf f(S23(p)) =: a”’.

Letaand b be such that a’ < a < a' and b > sup f(A). Suppose that the condition (V) - (f, X1 @ X3, a, b) holds
and that (PS), holds for all ¢ € [a, b]. Then, f has at least two critical points in f~([a, b]). Moreover, if

inf f(B23(p)) > —co

and (PS). holds for all c € a4, b] with
ay < inf f(B23(p)),

then f has another critical level in (a1, a'].

Note that, in our context, the critical level in [a1, a'] could vanish, so that no other nontrivial solution is ob-
tained.
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