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Abstract As remarked by Ravallion (J Dev Econ 99:201–209, 2012), the recent switch

from arithmetic to geometric mean in the aggregation of the United Nations’ Human

Development Index has caused a more severe inequality penalization of the index for less

developed countries, with outlying consequences. We clarify and explain this fact and

propose an aggregation function, the Trichotomy Mean, that depends on two parameters:

one regulates the overall penalization of disequilibria (among or within dimensions) in

analogy with Atkinson’s inequality aversion parameter for power means; the other mod-

ulates the Level Dependence of the Adjustment, a novel concept describing the behavior—

decreasing, increasing, or constant—of penalization of given disequilibria for increasing

index level. Unlike the geometric mean (which, incidentally, has decreasing LDA type),

the TM remains valid for zero or negative—and does not distort for small positive—values

of the input variables, thus permitting less restrictive raw-variable normalizations and to

overcome the need for exogenous lower bounds. We compare the three versions of TM

with the geometric mean in an empirical analysis on the HDI 2014 data. We finally

illustrate the contributions of the TM to the development literature debate.
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1 Introduction

The United Nations Development Programme’s Human Development Index (HDI), pub-

lished yearly in the Human Development Report (HDR) and perhaps the most important

index used in development analysis, aggregates three fundamental dimensions of human

development: income, education, and health. Since its introduction in 1990, the index has

undergone several methodological revisions, mostly summarized in Klugman et al. (2011),

involving raw variable choice and/or indexing procedure for education and income, nor-

malization bounds, and aggregation. This last issue will constitute the focus of this article.

Before 2010, the HDI aggregated the three dimensions by the arithmetic mean of their

normalized values, without taking into account any kind of unbalance among them or any

inequality (across the population or groups thereof) within single dimensions. In order to

overcome these deficiencies the following HDR (UNDP 2010) started aggregating using the

geometric mean instead: thereby, the new HDI would adjust for unbalances among dimensions,

whereas the newly-issued Inequality-adjusted Human Development Index (IHDI) would also

adjust for within-variable inequalities. In either case, the adjustment can be regarded as a

penalization to be applied to the arithmetic mean and it increases with the disequilibrium.

Several aspects of aggregation procedures for synthetic indices (especially in development

studies) and, in particular, of adjustments for unbalances and inequalities have been investi-

gated in the literature (UNDP 1993; Anand and Sen 1995; Hicks 1997; Foster et al. 2005;

Stanton 2006; Seth 2009; UNDP 2010; Grimm et al. 2010). For a general analysis of composite

indicators with unbalance adjustment see Casadio Tarabusi and Guarini (2013), building on

previous work (Palazzi and Lauri 1998; Casadio Tarabusi and Palazzi 2004; Corsi and Guarini

2011). Inequality among countries and dynamic changes in the HDI and its various components

from a relative standpoint have been studied by Sengupta and Ghosh (2010, 2013).

Ravallion (2012, §2) remarks that one effect of the switch from arithmetic to geometric

mean in the HDI calculation is a more severe penalization for less developed countries,

with possible outlying consequences. We try to clarify and explain this fact by studying the

features and shortcomings of the geometric mean and to analyze in general terms the

behavior of penalization with respect to the human development level. More explicitly, we

introduce the Level Dependence of the Adjustment (LDA), that correlates the absolute level

of the composite indicator and the amount of adjustment it undergoes due to the

disequilibrium of (namely, unbalance among or inequality within) its components. We

distinguish three kinds of LDA: for any given disequilibrium among dimensions, the

adjustment may decrease with the level of the index (decreasing LDA), or increase with it

(increasing LDA), or be independent from it (constant LDA).

After formalizing the concept of LDA, we derive the corresponding conditions on

generalized means, a class of aggregation functions already considered, e.g., in Seth (2009,

pp. 378–379). These conditions, applied to the current HDI’s and IHDI’s aggregation

(geometric means), classifies it as decreasing LDA (whereas the old HDI’s arithmetic mean

does not adjust for disequilibria at all, so it is a degenerate case of constant LDA). This

may or may not be a desirable situation for specific kinds of development analysis, because

it may depend on its context, method, scope and theoretical and policy framework.

For this reasons we propose a new aggregation function belonging to the class of

generalized means, called Trichotomy Mean (TM), that depends on a parameter a (level-

dependent disequilibrium aversion) according to whose value we have decreasing (for

a\0), increasing (for a[ 0), or constant (for a ¼ 0) LDA. By adjusting the value of a the

user can choose which of the three alternatives fits best the purpose of their analysis;

indeed the absolute value of a may even be used to calibrate the rate of decrease or increase
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of the adjustment with respect to the index level. The TM also improves on the geometric

mean with respect to another issue, which provokes the above-mentioned undesirable

effects denounced by Ravallion: the geometric mean is only defined on positive values of

the variables, which may unduly constrain the preceding normalization step of the index

evaluation procedure and thereby distort the index results when the values of some vari-

ables are small, while the TM is defined on all possible values.

The proposed TM also depends on a second user-adjustable parameter b (level-inde-

pendent disequilibrium aversion) that modulates the amount of an additional, index-in-

dependent adjustment for disequilibria. Parameter b plays the same role as Atkinson’s

inequality aversion parameter in power means (Atkinson 1970, §3), whose value for the

geometric mean (used in the current HDI as well as in the IHDI) is 1 (Klugman et al.

2011, §6). In the same spirit we choose to select and suggest specific values for the two

TM parameters, namely a ¼ �1 for decreasing LDA, a ¼ 1 for increasing LDA, a ¼ 0 for

constant LDA, along with b ¼ 1 in all cases.

The empirical section of this article is devoted to an analysis and comparison of the TM

(for each of the three suggested parameter pairs) versus geometric mean aggregation of the

2014 HDI normalized input data. There result significant rating and ranking differences

between the TM and the HDI’s geometric mean: according to the fact that the geometric

mean has decreasing LDA, the discrepancy is minimum for a ¼ �1, maximum for a ¼ 1,

and intermediate for a ¼ 0.

We conclude with a discussion of the theoretical, methodological and policy implications

of our remarks and proposals on the ongoing debate in the human development literature.

2 Aggregation Analysis of the Human Development Index

A composite index is built in terms of n individual dimensions x1; . . .; xn given for the

elements of a prescribed set (or units). Each dimension xi is usually assumed to be nor-

malized with respect to some reference interval Ii of real numbers; in the sequel we shall

assume I1 ¼ � � � ¼ In ¼ ½0; 1�, although the whole discussion can easily be adapted to the

general case. A positive weight wi is assumed assigned to each dimension xi to account for

its relative relevance, normalized so that

Xn

i¼1

wi ¼ 1:

If unspecified, such as in HDI and IHDI as well as in the sequel, the tacit assumption is

w1 ¼ � � � ¼ wn ¼ 1=n. Aggregation of individual indices is obtained via a function F of n

variables (which also incorporates the weights as parameters), so that on a unit with

dimension vector x ¼ ðx1; . . .; xnÞ the composite indicator takes the value

FðxÞ ¼ Fðx1; . . .; xnÞ:

With an axiomatic type of approach as in Chakravarty (2003), the focus of this article will

be on aggregation, that is, on the properties of function F, without discussing all other

aspects of the indexing analysis (choice of individual variables, their definition and

weighting, normalization methods and parameters, et cetera); a comprehensive survey of

the complete procedure to produce composite indices is provided in OECD (2008).

For the HDI the units are world countries, while n ¼ 3, and x1 is the Health Index, x2 the

Education Index, and x3 the Income Index, currently defined as, respectively: life
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expectancy at birth; the simple average of mean years and expected years of schooling; the

natural logarithm of the real gross national income per capita in United States dollars

adjusted for purchasing power parity; all normalized with the min-max method to the

interval ½0; 1�. The choice made for the raw maxima and minima used in the normalization

is such that for all three variables the minima across all countries of the normalized values

are somewhat greater than 0, whereas the maxima are rather close to 1 and the average is

significantly greater than :5. The weights chosen are w1 ¼ w2 ¼ w3 ¼ 1=3. A deep account

of further details and a history of changes for HDI can be found in Klugman et al. (2011).

Before 2010 the aggregation for HDI was performed by using the arithmetic mean larith:

larithðxÞ ¼
Xn

i¼1

wixi;

whose functional form, though, does not take into account any kind of unbalance among

the indices. In order to tackle this shortcoming, the new HDI replaced the arithmetic mean

with the geometric mean lgeom:

lgeomðxÞ ¼
Yn

i¼1

xwi

i

(provided all xi’s are positive numbers; this constraint will be further discussed later). As

aggregation functions, both the arithmetic and the geometric mean enjoy the following

properties:

Property (i) Continuity: The function F is continuous on its domain. So, for

instance, there is no ‘‘jump’’ in the index values.

Property (ii) Positive monotonicity: Fðx1; . . .; xnÞ�Fðx01; . . .; x0nÞ if xi � x0i for

every i. The index is (weakly) increasing in each component.

Property (iii) Idempotence: If x1 ¼ � � � ¼ xn (the equilibrium locus, as defined

below) then Fðx1; . . .; xnÞ ¼ x1.

Property (iv) Symmetry in dimensions: (This holds for larith and lgeom only if all

weights are equal, as happens with the HDI.) We have FðxÞ ¼ FðSxÞ
whenever S is an n� n permutation matrix (each column and each

row have one 1 and 0 elsewhere). Each variable in the index has the

same relevance.

Property (v) Non-regressive compensability: For any i; i0, the rate of marginal

compensation (or of substitution) of variable xi with variable xi0 (this

rate equals ðoF=oxiÞ=ðoF=oxi0 Þ under differentiability assumptions)

is weakly increasing with xi0 , provided the index value and the

remaining variables are kept constant.

This last property for the geometric mean is an immediate consequence of the weak

concavity; the preceding ones are straightforward.

3 Disequilibria and Adjustment

The equilibrium locus (which is the balance locus if across dimensions, or the equality

locus if across individuals) is the set of points with equal coordinates. The disequilibrium

of x is the skew-symmetric matrix
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DðxÞ ¼ ðxi � xi0 Þi;i0¼1;...;n

of differences between all pairs of its coordinates. The adjustment (called penalization

in Casadio Tarabusi and Guarini (2013)) of F for disequilibrium is defined as

AðxÞ ¼ larithðxÞ � FðxÞ for every x;

under Properties (i)–(v) it is continuous, everywhere non-negative, and equals zero on the

equilibrium locus. The adjustment may be interpreted as the additive correction that the

arithmetic mean larithðxÞ undergoes, due to the disequilibrium of x, in order to yield FðxÞ.
According to Property (v) on F, the adjustment increases with disequilibrium for fixed value

of larithðxÞ (more precisely: Aðxþ tyÞ increases with t� 0 if x is in the equilibrium locus and

y ¼ ðy1; . . .; ynÞ is a zero-sum vector). In stead, for fixed disequilibrium the adjustment may

depend on larithðxÞ in several ways, as we shall discuss more extensively below. As already

mentioned, the above properties hold for F ¼ lgeom; in particular, as is well-known,

lgeomðxÞ� larithðxÞ for every x;

and the inequality is strict unless all components of x are equal.

Throughout this article we shall assume the adjustment to be non-negative, which

penalizes disequilibria for any index that evaluates a desirable quantity such as human

development, and is consistent with the non-regressive compensability Property (v).

Nevertheless the entire discussion may easily be converted (simply replacing FðxÞ with

�Fð�xÞ) to non-positive adjustment, fit for indices constructed to estimate non-desirable

quantities such as human poverty, as long as the word ‘‘increasing’’ is replaced by ‘‘de-

creasing’’ in Property (v); in this case disequilibria are penalized by assigning a possibly

greater index than the plain arithmetic mean.

The arithmetic mean may be regarded as the aggregation function that satisfies Prop-

erties (i)–(v) and least adjusts for disequilibria, in a situation of perfect substitutability

among variables. On the other hand, the one that most adjusts is the minimum function

FðxÞ ¼ minðx1; . . .; xnÞ

(used for instance in the Rawlsian analysis of well-being), in a situation of perfect comple-

mentarity. All other aggregation functions with those properties, such as the geometric mean,

are intermediate between these two extremes. For instance, for n ¼ 2, if x ¼ ð:5; :5Þ, in the

equilibrium locus, then minðxÞ ¼ lgeomðxÞ ¼ larithðxÞ ¼ :5, whereas the point x ¼ ð:3; :7Þ,
obtained from the previous choice by transferring a quantity :2 from the first to the second

coordinate, has the same arithmetic mean :5 (no adjustment), while the minimum drops to :3
(a sharp adjustment of :2) and the geometric mean decreases to approximately :46 (a milder

adjustment of about :04). The level sets of larith for n ¼ 2 are parallel straight lines at 45

degrees, while each of those of min is made up of two half-lines parallel to the coordinate axes

and pointing in the positive direction; the level sets of an intermediate aggregation function is

somewhere between these two, as in Fig. 1. For further details on adjustment for disequilibria

see Casadio Tarabusi and Guarini (2013) and Klugman et al. (2011).

We want to investigate another feature of the geometric mean, and of general aggre-

gation functions satisfying the idempotence property, that does not seem to have been

studied in the literature: how the adjustment behaves when the disequilibrium is kept

constant, but the absolute index level varies.

Two points x and x0 share the same disequilibrium, that is DðxÞ ¼ Dðx0Þ, if and only if

the difference x0i � xi is the same for all i ¼ 1; . . .; n (geometrically, they lie on the same
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parallel line to the equilibrium locus); in this case ðx01; . . .; x0nÞ ¼ ðx1 þ c; . . .; xn þ cÞ for a

common c. Given, as observed earlier, that under progressive compensability the adjust-

ment of an aggregation function F increases with disequilibrium, we investigate how the

adjustment behaves for fixed disequilibrium (i.e., as the point moves along a parallel to the

equilibrium locus). In order to compare the values of F (hence of its disequilibrium

adjustment) between x and x0, we first observe that under idempotence we have

Fðx1 þ c; . . .; xn þ cÞ ¼ Fðx1; . . .; xnÞ þ c if x1 ¼ � � � ¼ xn:

Comparing the two sides of this equality for x outside the equilibrium locus gives rise

naturally to different kinds of dependence of the adjustment on disequilibrium:

Property
(vi)

Level dependence of the adjustment: The Level Dependence of the

Adjustment (LDA) may be:

decreasing if Fðx1 þ c; . . .; xn þ cÞ[Fðx1; . . .; xnÞ þ c;

increasing if Fðx1 þ c; . . .; xn þ cÞ\Fðx1; . . .; xnÞ þ c;

constant if Fðx1 þ c; . . .; xn þ cÞ ¼ Fðx1; . . .; xnÞ þ c;

8
><

>:

for every x outside the equilibrium locus and every c[ 0. For F smooth,

we can list respective sufficient conditions: we have

decreasing LDA if
Pn

i¼1

oF=oxi [ 1;

increasing LDA if
Pn

i¼1

oF=oxi\1;

constant LDA if
Pn

i¼1

oF=oxi ¼ 1:

8
>>>>>>><

>>>>>>>:

ð3:1Þ

(The three cases do not encompass every possible aggregation function F, which may

fulfill various of the above requirements in different x-regions.) In terms of the adjustment

A, the three kinds respectively translate into:

x1

x2

0
0

1

1
equilibrium line

minimum function

geometric mean

arithmetic mean

Fig. 1 Level sets of value :25 for
the minimum function, the
geometric mean and the
arithmetic mean (for n ¼ 2)
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Aðx1 þ c; . . .; xn þ cÞ\Aðx1; . . .; xnÞ ðdecreasing LDAÞ;
Aðx1 þ c; . . .; xn þ cÞ[Aðx1; . . .; xnÞ ðincreasing LDAÞ;
Aðx1 þ c; . . .; xn þ cÞ ¼ Aðx1; . . .; xnÞ ðconstant LDAÞ;

for every c[ 0; this justifies the terminology. The constant LDA case is sometimes called

stability for translations in the literature. As shown by Fig. 2 for n ¼ 2 variables, the joint

increment by c of all variables translates into the increment Fðx0Þ � FðxÞ, where

x0 ¼ ðx1 þ c; x2 þ cÞ; this increment is always greater than (respectively, smaller than, or

equal to) c according if the LDA is decreasing, increasing, or constant. In the first case, the

level curves approach those of perfect substitutability as the index value increases, while

they approach those of perfect complementarity as the index value decreases; the reverse

happens in the second case; while all level curves are rigid translates of each other in the

third case.

The arithmetic meanF ¼ larith and the minimum function F ¼ min are easily seen to have

constant LDA. Instead, the geometric mean F ¼ lgeom turns out to fall within the case of

decreasing LDA, as emerges from the plot of its level sets in Fig. 3 and will be proved shortly.

x1

x2

x

x

decreasing LDA

x1

x2

x

x

increasing LDA

x1

x2

x
x

constant LDA

Fig. 2 Comparison of different level sets according to the LDA for typical aggregation functions
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An example with n ¼ 2 variables may illustrate the situation. If x ¼ ð:1; :3Þ and x0 ¼ ð:7; :9Þ,
two vectors with the same disequilibrium :2 between coordinates, then c ¼ :7 � :1 ¼
:9 � :3 ¼ :6, while Fðx0Þ � :794 and FðxÞ � :173, so that Fðx0Þ[FðxÞ þ c, as predicted;

equivalently, the additive adjustment at x, namely larithðxÞ� FðxÞ � :2 � :173 ¼ :027, is

greater than at x0, namely larithðx0Þ � Fðx0Þ � :8 � :794 ¼ :006.

4 Generalized Means

In order to determine conditions more readily usable for detecting which LDA alternative

an aggregation function possibly falls into, we restrict attention to a wide class of ag-

gregation functions: generalized means. For each continuous and strictly increasing (or

decreasing) function f on the real line—or at least on a real interval J, usually the positive

half-line—the weighted generalized (or quasi-arithmetic) mean of x is defined as

lðxÞ ¼ f�1ðlarithðf ðx1Þ; . . .; f ðxnÞÞÞ ¼ f�1

�Xn

i¼1

wif ðxiÞ
�
; ð4:1Þ

as long as x1; . . .; xn are in J; see Hardy et al. (1988, Chap. III). We keep assuming that

w1 ¼ � � � ¼ wn ¼ 1=n.

Fact 4.1 (Hardy et al. (1988, §83)) Two different functions f and g give rise to the same

generalized mean l if and only if they only differ by an additive and a multiplicative

constant; that is, if g ¼ k1 þ k2f for constants k1 and k2 with k2 6¼ 0 (in particular, re-

placing f with �f does not change l). Therefore a generalized mean l determines the

function f up to multiplication and addition of constants.

A generalized mean l may be used as an aggregation function, provided the interval J

contains the ranges of all the individual variables. Properties (i)–(iv) are automatically

satisfied.

Fact 4.2 (Hardy et al. (1988, §92)) The generalized mean lðxÞ is a concave function of x

if and only if f is concave increasing or convex decreasing. This is exactly when Prop-

erty (v) holds for the aggregation function F ¼ l. Then l, as already noted for the

geometric mean, satisfies

x1

x2Fig. 3 Some level sets of the
geometric mean
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lðxÞ� larithðxÞ for every x;

with equality if and only if x is in the equilibrium locus.

One noteworthy case of generalized mean is for f ðtÞ ¼ tc (equivalently,

f ðtÞ ¼ k1 þ k2t
c, as per Fact 4.1) for any real constant c, which gives the power mean lc of

order c, with the following special cases:

• If c ¼ 1, we have the arithmetic mean larith, corresponding to f ðtÞ ¼ k1 þ k2t (here J is

the entire real line);

• If c ¼ 0, the limit of lc for c ! 0 is the geometric mean lgeom, corresponding to

f ðtÞ ¼ k1 þ k2 log t (here J is the positive half-line);

• The limit of lc for c ! �1 is the minimum function (a degenerate, limit case of

generalized mean).

We can derive the conditions on f for the corresponding generalized mean l to have

decreasing, increasing, or constant LDA.

Theorem 1 We can suppose the function f to be increasing, up to replacing it, if nec-

essary, with �f by Fact 4.1. If f is also smooth and its derivative f 0 never vanishes, then

the following conditions are equivalent:

• the corresponding generalized mean l has decreasing (respectively, increasing or

constant) LDA;

• the composite function f 0 	 f�1 is strictly convex (strictly concave, affine);

• f 00=f 0 is strictly increasing (strictly decreasing, constant).

Proof By (4.1), setting g ¼ f 0 	 f�1 and yi ¼ f ðxiÞ for all i ¼ 1; . . .; n we obtain

Xn

i¼1

ol
oxi

ðxÞ ¼
Pn

i¼1 wif
0ðxiÞ

f 0
�
f�1

�Pn
i¼1 wif ðxiÞ

�� ¼
Pn

i¼1 wigðyiÞ
g
�Pn

i¼1 wiyi
� :

By (3.1) we have decreasing LDA when the left-hand side—thus the right-hand side—of

this last equality is [ 1 for every x ¼ ðx1; . . .; xnÞ. Since y1; . . .; yn are arbitrary, this

happens if and only if g is strictly convex.

The third condition is that g0, or g0 	 f , is strictly increasing. (A sufficient condition is

that g00, or ðf 0Þ3ðg00 	 f Þ, is [ 0, which translates into f 0f 000 [ ðf 00Þ2
).

The two other cases of LDA are treated similarly. h

In particular, if f ðtÞ is the increasing function log t then f 00ðtÞ=f 0ðtÞ ¼ �1=t is itself

strictly increasing, so that the corresponding generalized mean, viz. the geometric mean,

satisfies the decreasing LDA, as anticipated.

5 The Trichotomy Mean and the Standard Adjustment

The aggregation function F we propose is the generalized mean l arising from a function f

with some prescribed features. We require f to be defined on the whole real line, smooth,

increasing with non-vanishing derivative (that is, f 0 [ 0), and concave, in fact with f 00\0

(alternatively, replacing f by �f by Fact 4.1, it must be decreasing, convex, and satisfy

f 0\0\f 00). Therefore f 00=f 0 is negative; its composition with the decreasing function
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logð�uÞ reverses its monotonicity, so, by the third condition of Theorem 1, the LDA kind

of F depends on whether the function

LðtÞ ¼ log

�
� f 00ðtÞ

f 0ðtÞ

�

is decreasing, increasing or constant. Indeed the values of L near t reflect the intensity of

the adjustment that F applies to x whose arithmetic mean is t.

Since affine functions at þ b are the simplest decreasing/increasing/constant functions

on the real line, we shall impose that f satisfy the second-order ordinary differential

equation

LðtÞ ¼ aðt � sÞ þ b with s ¼ 1

2
; ð5:1Þ

for real parameters a; b. The reference center s is chosen at the midpoint 1=2 of the typical

reference interval ½0; 1� where normalized variables lie; nevertheless the framework

naturally allows a different choice for s. For each pair ða; bÞ, by Fact 4.1 all solutions of

the equation give rise to the same generalized mean, which will fulfill decreasing, in-

creasing, or constant LDA according if the parameter a is negative, respectively positive,

or zero, while the parameter b will modulate an additional level-independent amount of

adjustment for disequilibria, with a similar role as Atkinson’s inequality aversion pa-

rameter in power means (Atkinson 1970, §3). The value of Atkinson’s parameter selected

for the new HDI and IHDI is 1 and corresponds to the geometric mean (Klugman et al.

2011, §6). Likewise, for simplicity—the same principle followed in the choice of equal

weights among variables (ul Haq 1995, Chap. 4)—we recommend specific values for the

two parameters, namely a ¼ �1 for decreasing LDA, a ¼ 1 for increasing LDA, a ¼ 0

(necessarily) for constant LDA, and b ¼ 1 in all cases.

Up to two constants of integration (one additive, one, non-zero, multiplicative), whose

choice, as observed before, does not affect the resulting generalized mean, and setting the

constants

B ¼ eb;

C ¼ � B

aesa
if a 6¼ 0;

the solution of (5.1) is

f ðtÞ ¼ e�Bt if a ¼ 0;

EiðCeatÞ if a 6¼ 0;

�

where Ei is the exponential-integral function, see, e.g., Abramowitz and Stegun

(1964, §5.1).

The inverse function of f is

f�1ðsÞ ¼
� log s

B
for s[ 0; if a ¼ 0;

1

a
log

Ei�1ðsÞ
C

for any s; if a\0; for s\0; if a[ 0;

8
>><

>>:

where the inverse on the right-hand side is intended of the restriction of Ei to the negative

half-line if a[ 0, to the positive half-line if a\0.
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We define the Trichotomy Mean (TM) as the generalized mean la;b determined by such

f , namely

la;bðxÞ ¼ f�1

�Xn

i¼1

wif ðxiÞ
�
:

The qualitative behavior of the TM for the three choices of the pair ða; bÞ suggested above,

namely ð�1; 1Þ, ð1; 1Þ, and ð0; 1Þ, for n ¼ 2 is represented in Fig. 2 by the graphs about

decreasing, respectively increasing, and constant LDA.

Notice that, of these choices, the function l�1;1 turns out to resemble the geometric

mean the most, while l1;1 is the most different of the three, in accordance with the fact that

the geometric mean has decreasing LDA.

Turning to constant LDA, standard calculus steps show that the arithmetic mean and the

minimum function are limit cases as b tends to �1 or þ1, respectively, of the TM for

a ¼ 0. Again for a ¼ 0 and the recommended value b ¼ 1, the function l0;1 may be taken

as a prototype of a disequilibrium-adjusting aggregation function that is stable for

translations.

In this sense, the adjustment ASðxÞ it provides for x may be taken as a measure of the

disequilibrium of x, therefore we call it Standard Adjustment. Indeed: AS vanishes exactly

on the equilibrium locus; it is strictly positive elsewhere; it is invariant by addition of the

same quantity to all components (in other words, it is independent of the index value); and

ASðxþ tyÞ increases with t� 0 if x is in the equilibrium locus and y ¼ ðy1; . . .; ynÞ is a zero-

sum vector.

The above framework is flexible enough to possibly encompass more general situations

such as mixed LDA types—for instance, decreasing LDA for low values (i.e., for poorer

countries) and increasing LDA for high values (richer countries). Indeed, the LDA type is

correlated to the behavior of the function on the right-hand side of Eq. (5.1), which can be

assigned as needed.

We discuss two further features for inequality-adjusting functions.

Property (vii) Unrestricted domain: The function F is defined on Rn.

This is relevant firstly because it allows the use of any normalization on raw data,

regardless of the range of normalized values. The HDI instead, being built with the

geometric mean, is only defined for positive values of normalized dimensions. In fact, the

authors of the HDR have to preliminarily solve the problem of zero and negative values

that make the geometric mean lose sense; see, e.g., UNDP (2010, p. 218) (cf. also the

comment about the asymmetry between normalized maxima and minima made here in

Sect. 2). Secondly, the index behavior becomes extreme and unstable when some variables

take small positive values, and, as pointed out by Klugman et al. (2011, §4), the choice of

pre-normalization minima acquires undue relevance. If, instead, standardization rescaled to

the ½0; 1� interval were used as normalization, the presence of negative outliers could not be

excluded a priori. In Casadio Tarabusi and Guarini (2013, Properties (vii.a),(vii.b)) an-

other feature of aggregation is introduced: complete or incomplete compensability. In the

former case, in order to maintain the same index level, any loss in one dimension is always

compensable with suitable gains in the other dimensions; in the latter case, a large enough

decrease of one dimension cannot be compensated with any increases in the others. The

geometric mean has complete compensability, and so does the TM for a\0 (the decreasing

LDA case); instead, the TM for a� 0 (the constant and the increasing LDA cases) enjoys

incomplete compensability.
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6 The Trichotomy Mean for the Inequality-Adjusted Human Development Index

In the literature there have been several contributions on the adjustment of the HDI for

inequalities within any specific dimension across individuals (or groups thereof, or regions,

et cetera), such as UNDP (1993), Anand and Sen (1995), Hicks (1997), Foster et al.

(2005), Stanton (2006), Grimm et al. (2008), Seth (2009), Grimm et al. (2010), UNDP

(2010). To overcome these criticisms, the HDR 2010 introduced the Inequality-adjusted

Human Development Index (IHDI), that contemplates adjustments both for unbalance

among variables and inequality within single variables.

A possible model is the following. For i ¼ 1; . . .; n and j ¼ 1; . . .;m denote: by xij the

value of variable i for individual (or group) j; by X the whole matrix of such values; by

xi � ¼ ðxi1; . . .; ximÞ its i-th row; by x � j ¼ ðx1j; . . .; xnjÞ its j-th column. A positive weight wij

is assumed assigned to each index pair ði; jÞ, and all are so that

Xn

i¼1

Xm

j¼1

wij ¼ 1:

Consequently, the i-th row takes the overall weight wi � ¼
Pm

j¼1 wij for each i, whereas the

j-th column is assigned the overall weight w � j ¼
Pn

i¼1 wij for each j; of course,Pn
i¼1 wi � ¼ 1 ¼

Pm
j¼1 w � j. Specifically, for IHDI we have w1 � ¼ w2 � ¼ w3 � ¼ 1=3. (A

possible simplifying assumption is thatwij ¼ wi �w � j for every i and j.) When some mean within

row i (respectively, column j) is to be computed, the weights wij are preliminarily renor-

malized by dividing them by wi � (respectively, w � j). Aggregation is performed by a function

F of n� m variables, so that on a unit with matrix X the composite indicator takes the value

FðXÞ ¼ F

x11 � � � x1m

..

. . .
. ..

.

xn1 � � � xnm

0
B@

1
CA:

While the number of variables n is presumed fixed and chosen once and for all, the number

m of individuals may need to be left undetermined, in which case F needs to be defined on

n� m matrices for every m.

The IHDI is built by taking the geometric mean of the values xij of each row i

separately, and then the geometric mean of the results across i, namely

lgeomðlgeomðx1 � Þ; . . .; lgeomðxn � ÞÞ: ð6:1Þ

In the same fashion, the aggregation function F we propose in this setting is

la;bðla;bðx1 � Þ; . . .; la;bðxn � ÞÞ;

Table 1 Synthetic comparison between the geometric mean and the Trichotomy Mean on the HDR 2014
data

Differences between lgeom and la;1 a ¼ �1 a ¼ 0 a ¼ 1

Percentage of countries with rank difference � � 2 or � 2 9.1 21.9 35.3

Maximum absolute rank difference 3 6 8

Standard deviation of rank differences .92 1.27 1.93
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where la;b is the TM for given ða; bÞ. Most of the discussion of the preceding sections

about the HDI, the geometric mean and the TM carries over to the IHDI and the double-

subscript situation. In the sequel we list some properties that only make sense in the present

setting and that hold true for any generalized mean; in particular, for the geometric mean

and for the TM for any ða; bÞ.

Property (viii) Symmetry in people: FðXÞ ¼ FðXSÞ whenever S is an m� m

permutation matrix. Thus each individual (or group) in the index

has the same importance.

Property (ix) Replication invariance: FðXÞ ¼ FðX; . . .;XÞ, where k copies of the

matrix X are juxtaposed, for every k� 2. Thanks to this property it is

possible to compare the index on populations with different sizes.

Property (x) Subgroup consistency: If the population is divided into two non-

overlapping groups A;B, if the matrices X;X0 are correspondingly

partitioned into XA;XB, respectively X0
A;X

0
B, and if FðXAÞ[FðX0

AÞ
while FðXBÞ ¼ FðX0

BÞ, then FðXÞ[FðX0Þ. This means that the

overall index increases if it increases for one group of individuals

while not changing for the rest of the population.

Property (xi) Path independence: The same index value results both if

aggregation occurs first across individuals and then across dimensions,

or conversely, or all at once (assuming separate row-wise and

column-wise aggregations make sense). The results are indifferent

to aggregation order (Foster and Shneyerov 2000, §3).

Path independence holds if F is any generalized mean l:

lðlðx1 � Þ; . . .; lðxn � ÞÞ ¼ lðlðx � 1Þ; . . .; lðx �mÞÞ

¼ lðx11; . . .; x1m; . . .; xn1; . . .; xnmÞ:

Applying this to the geometric mean l ¼ lgeom, this provides two more possible formulas

to compute the IHDI besides (6.1).

7 An Application of the Trichotomy Mean to the HDI

In this section we apply the three cases of TM (with decreasing, constant and increasing

LDA) on the data used in UNDP (2014), freely downloadable from http://www.undp.org,

and compare the outcomes versus the HDI. The database lists the education, health and

income indices for 194 world countries (although the data for 7 of them are not complete

and will not be included here) and some country groups. The three dimensions are ag-

gregated by the geometric mean to obtain the HDI, and are aggregated by the TM to obtain

the synthetic index proposed in this article. For decreasing, constant, and increasing LDA

we take the recommended values of a to be �1, 0, 1 respectively, along with b ¼ 1 in all

cases. The results appear in Table 2 in the Appendix, where for each country are listed

rating and ranking for the arithmetic mean (namely, the pre-2010 HDI aggregation

method), the geometric mean (the actual HDI), each of the three versions of TM, and the

Standard Adjustment defined in Sect. 5.

In Table 1 we collect synthetic results of differences between the geometric mean and

each of the TMs (again with the recommended value pairs of parameters), namely the

maximum absolute rank difference, the standard deviation of the rank difference and the
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percentage of countries whose ranks change by two or more (in either direction). It appears

clear that the decreasing LDA case is the most similar to the geometric mean, while the

increasing LDA case is the least similar. Overall, the above rating and ranking differences

are comparable to those between the current HDI’s geometric mean versus the previous

HDI’s arithmetic mean.

Countries that lose the highest numbers of rank positions in some of the TMs with

respect to the geometric mean are Oman, Singapore, and United Arab Emirates, which

share a fairly high HDI value and a large unbalance among dimensions; in concordance

with the definitions, their rank loss worsens when passing from decreasing to increasing

LDA. The opposite happens to Latvia, which shows a pretty high HDI and the smallest

unbalance. Lesotho, a very low HDI country with a very small unbalance, gains the highest

total number of rank positions, the same across the three LDAs.

In accordance with the theoretical framework, the TM value for increasing LDA is

smaller (respectively, larger) than for decreasing LDA for high (respectively, low) index

values. In fact, a ¼ 1 applies a stronger (weaker) adjustment than a ¼ �1 to disequilibria

for high (low) index values. Correspondingly there is a high negative correlation (about

�:52) between the arithmetic mean and the difference between TMs for increasing and

decreasing LDA.

It may also be interesting to note that there is a rather high negative correlation (namely

about �:45) between the HDI computed by the arithmetic mean and the standard adjust-

ment. Similar evidence was found for the Index of African Governance by Casadio Tar-

abusi and Guarini (2013, §7).

8 Contributions of the Trichotomy Mean to the Development Literature Debate

As described earlier, until 2010 the aggregation function used for the HDI was the simple

arithmetic mean. Because such function allowed perfect substitutability among input

variables, the simplest choice for a function that would, instead, penalize disequilibria

arose from the Atkinson inequality index at the parameter value 1: starting in the

HDR 2010 the geometric mean was used as the aggregation function for the HDI. Nev-

ertheless, Ravallion (2012, §2) observed that this change had provoked a substantial

downward revision for countries with low HDIs, concentrated for the vast majority in a

single world region (Sub-Saharan Africa). Examining the HDR 2010 data, the author

singled out the outlying case of Zimbabwe. From the values of its input variables—

Education Index :519, Health Index :427, Income Index :012—the resulting HDI had

dropped from :319 to :138 in the switch, whereas all other countries had undergone a much

smaller decrease.

Our theoretical framework enables a clear explanation for this extreme phenomenon,

which is due to two further intrinsic characteristics of the geometric mean and of its

generating function as a generalized mean (the logarithm): decreasing penalization and

constraint at zero. The TM introduced in this article provides significant advantages over

the geometric mean with respect to each of the two characteristics.

8.1 Decreasing Penalization

As argued above, the geometric mean happens to fall in the decreasing LDA category,

therefore, for a given disequilibrium among (or within) dimensions, the lower the human

development level of a country, the greater its penalization. This characteristic does not
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appear to have been observed or taken into consideration in the literature before, neither in

the UNDP reports, nor in subsequent theoretical and methodological contributions con-

cerning this switch and the related tradeoff issues, such as Klugman et al. (2011) and

Ravallion (2012).

In the TM the decreasing penalization represents just one of three kinds of adjustment

behavior, besides increasing and constant LDA, and this is modulated via the parameter a.

In this way the decreasing LDA, from an unintentional consequence of a simplistic choice

of the geometric mean, becomes one of three possible explicit intentional options within

the TM framework. The provision of a palette of different LDA types is strongly relevant

because each such option entails a different approach to development policies: Is a given

disequilibrium—unbalance among or inequality within dimensions—less desirable within

a context of low human development (this would be reflected by decreasing LDA) or of

high human development (increasing LDA), or are they equally serious (constant LDA)?

On the one hand, decreasing LDA may appear preferable because the lower is the

development level of a country, the more serious the consequences of a same amount of

disequilibrium may be deemed to be. On the other hand, constant LDA, especially in a

disequilibrium-adjusting instance such as the TM for ða; bÞ ¼ ð0; 1Þ (recall that the

arithmetic mean has constant LDA, but fails to adjust for disequilibria), may be considered

the best choice because, in this case, a same disequilibrium inflicts the same adjustment to

the unadjusted development level, regardless of the development level itself. With this

choice, unbalanced poor countries are penalized twice—by the low value of their input

variables and by the adjustment for their unbalance—but not a third time by a stiffer

adjustment due, again, to their low overall level (as happens, instead, with decreasing

LDA), and this may be regarded as fairer. A further advantage of introducing the TM for

ða; bÞ ¼ ð0; 1Þ (and the class of constant LDA aggregation functions in general) is to use it

to define a level-independent measure of inequality, that we called the Standard Adjust-

ment. Finally, human development analyses conducted on particular regional contexts

may, consistently with the spirit of the capability approach, call for choices of variables

that are different from the HDI proper, as in Bubbico and Dijkstra (2011). The balance

among the non-standard variables might be more fragile for high rather than low values,

therefore increasing LDA would be the natural option in this case.

Whichever the answer to the previous question, it should be kept in mind that the overall

effects of penalization tend to be stronger for the group of less developed countries, in view

of the high negative correlation between disequilibrium and human development level, as

noted in Sect. 7. For all that has been argued, the TM would contribute to make the use and

significance of the HDI more clear and transparent, hence more effective as an instrument

for the elaboration and monitoring of development policies. Such goals are coherent with

the capability approach perspective that is the ground for the human development

framework. In fact, the LDA type selection may be performed in the same spirit as Anand

and Sen affirm about weight determination:

Any choice of weights should be open to questioning and debating in public dis-

cussions. (Anand and Sen 1997)

In general, as argued in Klugman et al. (2011, §5), the capabilities approach is a partial

theory of well-being, hence reference to the HDI does not compel the ways and

motivations for pursuing better performance as gauged by the index, thus the LDA type

choice itself may fall within the tasks left to theorists and policy-makers.
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8.2 Constraint at Zero

The geometric mean is undefined for negative or zero values of dimensions and, fur-

thermore (and inevitably), for small positive values it produces effects on the resulting

index that become more and more distorting as the values approach zero; indeed the

geometric mean tends to the minimum function as any of the input variables tends to zero,

so that a small value for one variable turns out to outweigh possibly much higher values for

the others, as happens in the above-mentioned case of Zimbabwe.

Already in the HDR 2010, introducing the adoption of the geometric mean, these

problems were acknowledged and partially overcome with questionable ad hoc patches:

The geometric mean in equation 1 does not allow zero values. For mean years of

schooling one year is added to all valid observations to compute the inequality.

Income per capita outliers—extremely high incomes as well as negative and zero

incomes—were dealt with by truncating the top 0.5 percentile of the distribution to

reduce the influence of extremely high incomes and by replacing the negative and

zero incomes with the minimum value of the bottom 0.5 percentile of the distribution

of positive incomes. (UNDP 2010, p. 218)

In the same direction, some changes were applied in the subsequent editions of the HDR

to the pre-aggregation steps of the HDI construction so that the distributions of some

normalized variables in the interval ½0; 1� would be moved away from the troublesome area

of values close enough to zero: one change was to lower from 163 to 100 the minimum of

Gross National Income per capita (Purchasing Power Parity US $) in the min-max nor-

malization; another was, in the HDR 2014, to switch back from geometric to arithmetic

mean in the aggregation of input dimensions that constitute the Education Index. All

changes and patches may artificially contribute to compress the theoretical range ½0; 1� of

indices to significantly narrower actual ranges for the individual normalized variables and

of the ensuing HDI values, a priori excluding a non-negligible neighborhood of zero. The

last-mentioned change has also brought to an unexplainedly hybrid overall aggregation

scheme, with the arithmetic mean (ensuring perfect substitutability) within the Education

Index and the geometric mean (conveying imperfect substitutability) for the final HDI.

On the other hand, the TM is defined for all values of the input variables, hence the

choice of the normalization and other pre-aggregation steps is not unduly affected or

constrained by the need of avoiding prohibited or distorting values. For instance, applying

the TM with the suggested pair of parameters for the decreasing LDA case (thus the same

LDA type as the geometric mean) to the Zimbabwe 2010 values quoted at the beginning of

this section one obtains :226, substantially reducing (indeed almost halving) the penal-

ization towards the arithmetic mean with respect to the use of the geometric mean. Using

on the same input values the TM with the suggested pairs of parameters for the two other

LDA types one obtains :249 in the constant LDA case and :265 in the increasing LDA

case; the progressive increase of the resulting index value is consistent with the respective

LDA types, the lowness of this country’s values, and the choices made for all parameters a,

b, and s.
In accordance with Ravallion (2012, §1), we finally point out that the methodological

aspects of the HDI construction have significant theory and policy implications that are

worth being made fully explicit.
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9 Conclusions

Stimulated by the observation of Ravallion (2012) that the 2010 switch from arithmetic to

geometric mean in the computation of the United Nation Development Programme’s yearly

Human Development Index has introduced excessive penalizations for less developed countries,

in this article we have defined and studied a new feature of aggregation functions for indices

aiming to measure human development: the Level Dependence of the Adjustment (LDA). From

previous work (Casadio Tarabusi and Guarini 2013) we have recalled the concept of adjustment

for disequilibrium—namely, for unbalance within variables, or for inequality across variables—

by studying its analytical features. The geometric mean adjusts for disequilibrium in an inter-

mediate way between the two extremes: the arithmetic mean, that does not adjust at all and

implies perfect substitutability among variables or individuals; and the minimum function, that

applies the maximum possible adjustment and implies perfect complementarity. Turning the

attention from absolute disequilibrium adjustment to its relative behavior with respect to the HDI

level, we have introduced three possible types of LDA: decreasing, constant, and increasing; and

we have recognized that the geometric mean falls in the first one. Within the family of generalized

means, which includes the arithmetic and the geometric mean, we have defined a new aggre-

gation function, called Trichotomy Mean (TM). The TM fulfills all the desirable properties of this

family of functions and, unlike the geometric mean, it is valid for all possible input values, thus

avoiding distortions for low values. The TM depends on two parameters a and b: the former

modulates the dependence of the adjustment on the level; the latter (as Atkinson’s inequality

aversion parameter) adds to the adjustment an additional component that depends on

disequilibrium but not on level. We have identified specific pairs of values for the pa-

rameters—namely a ¼ �1 for decreasing LDA, a ¼ 0 for constant, a ¼ 1 for increasing, and

b ¼ 1 for all cases)—and defined the standard adjustment as the adjustment for the constant

case above, a satisfactory measure for disequilibrium. Decreasing LDA appears more ade-

quate to the HDI setup, yet the two other options may in principle be applicable to this and

other social indicators. The main theoretical and methodological contribution of this article is

the provision of a single framework that articulates in three distinct possible (categories of)

options. Thus, users are given the opportunity to choose which LDAs fit best their judgment of

values and policy perspectives. The choice of the aggregation function (be it the arithmetic

mean, the geometric mean, the TM for any value of its parameters, or other) or more generally

among the three LDA types carries significant theoretical and methodological implications,

therefore (also in view of the respective features described in this article) it should be con-

sistent with the assumptions and the object of the analysis.

We have also treated the case of Inequality-adjusted Human Development Index, identifying a

further set of desirable properties, and proving that the TM may also be used as an aggregation

function in this context. We have performed an empirical comparison between the TMs and the

geometric mean on HDI 2014 data. The analysis has confirmed the main theoretical properties of

the three versions of the TM. In particular, the decreasing LDA has turned out to be the closest of

the three to the HDI’s geometric mean, while the increasing LDA is the farthest, in terms both of

rating and of ranking. We have observed a negative correlation between human development

level and unbalance across variables. We have concluded by showing how our findings may

contribute to the ongoing debate on human development literature.

Appendix

See Table 2.
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