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We consider a degenerate/singular wave equation in lone dimension, with drift
and in presence of a leading operator that is not in divergence form. We impose
a homogeneous Dirichlet boundary condition where the degeneracy occurs and
a boundary damping at the other endpoint. We provide some conditions for the
uniform exponential decay of solutions for the associated Cauchy problem.
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1 INTRODUCTION

This paper is devoted to study the stabilization of degenerate equations of waves type with drift and with a small singular
perturbation through a linear boundary feedback. To be more precise, we consider the following problem:

⎧⎪⎪⎨⎪⎪⎩
𝑦tt − a(x)𝑦xx − b(x)𝑦x − 𝜆

d(x)
𝑦 = 0, (t, x) ∈ Q,

𝑦t(t, 1) + 𝜂𝑦x(t, 1) + 𝛽𝑦(t, 1) = 0, t ∈ (0,+∞),
𝑦(t, 0) = 0, t > 0,
𝑦(0, x) = 𝑦0(x), 𝑦t(0, x) = 𝑦1(x), x ∈ (0, 1),

(1.1)
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where Q = (0,+∞) × (0, 1), a, b ∈ C0[0, 1], with a > 0 on (0, 1], a(0) = 0 and b
a
∈ L1(0, 1).1 In the boundary term, we take

𝛽 ≥ 0 and 𝜂 is the well-known absolutely continuous weight function defined by

𝜂(x) ∶= exp
⎧⎪⎨⎪⎩

x

∫
1
2

b(s)
a(s)

ds
⎫⎪⎬⎪⎭ , x ∈ [0, 1], (1.2)

introduced by Feller several years ago [1]. As usual (see, e.g. [2]), we find that 𝜂 ∈ C0[0, 1] ∩ C1(0, 1] is a strictly positive
function and it can be extended to a function of class C1[0, 1] when b degenerates at 0 not slower than a (for instance, if
a(x) = xK and b(x) = xh, h ≥ K).

The fact that a(0) = 0 introduces a lack of ellipticity in the spatial operator and for this reason the equation is degenerate.
Degenerate equations have attracted great attention in the last decades, since they appear in several applied contexts,
such as physics [3], biology [4, 5], mathematical finance [6], climatology [7], and image processing ([8]). In particular,
degenerate parabolic equations have been object of an intensive research in the last two decades [9–18], mainly from
the point of view of null controllability, in general obtained by new Carleman estimates. Problems in presence of both a
degeneracy and a singularity have been considered, as well [19–25].

A much less studied situation is the one of waves-type equations admitting a degeneracy term [26–32] or a singular
term [33, 34], for which the authors prove controllability or (exponential) stability results.

As far as we know, for waves-type equations admitting simultaneously degeneracy and singularity, only controllability
problems have been faced (see the recent papers [35–37]), while nothing has been done for stability. For this reason, in
this paper, we focus on such a problem, proving that (1.1) permits boundary stabilization, provided that the singular term
has a small coefficient (see Theorem 3.2). Hence, we may regard this result as a perturbation of the related one in Fragnelli
et al. [36]. However, the presence of the singular term 1

d
u introduces several difficulties, which let us treat only the case

of a function d with weak degeneracy, according to the definition below.

Definition 1. A function g is weakly degenerate at 0, (WD) for short, if g ∈C0[0, 1]∩C1(0, 1] is such that g(0) = 0, g > 0
on (0, 1] and, if

sup
x∈(0,1]

x |g′(x)|
g(x)

= Kg, (1.3)

then Kg ∈ (0, 1).

Definition 2. A function g is strongly degenerate at 0, (SD) for short, if g ∈ C1[0, 1] is such that g(0) = 0, g > 0 on
(0, 1], and in (1.3), we have Kg ∈ [1, 2).

Referring to Theorem 3.2 for the precise assumptions and statement, a flavor of our exponential stability result is the
following:

If 𝜆 is small and a, b are not too degenerate, then
the energy of the solution to (1.1) converges exponentially to 0 as time diverges.

A case covered by our study is the one in which the equation in (1.1) is

𝑦tt − x𝛼𝑦xx − 𝜇x𝛽𝑦x −
𝜆

x𝛾
𝑦 = 0.

In this case, we have exponential stability provided that

𝛽 > 0, 𝛽 > 𝛼 − 1, 2 − 𝛼 − 2𝛾 > 2𝜇 and 𝜆 small enough.

The paper is organized as follows. In Section 2, we give the functional setting and some technical tools that we will use in
the rest of the paper, together with the existence of solutions. In Section 3, we introduce the energy associated to a solution
of the problem and, by a multiplier method, we show that it decays exponentially as time diverges. In the Appendix A,
we prove the existence theorem stated in Section 2.

1If a(x) = xK ,K > 0, we can consider b(x) = xh for any h > K − 1.
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2 PRELIMINARY RESULTS AND WELL POSEDNESS

In this section, we introduce the functional setting needed to face our problem, and then we give some preliminary results
about the function spaces we treat, and finally, we prove the well posedness result.

Following Fragnelli et al. [36], we start assuming a very modest requirement.

Hypothesis 1. The functions a, b, d ∈ C0[0, 1] are such that

1. b
a
∈ L1(0, 1),

2. a(0) = d(0) = 0, a, d > 0 on (0, 1],
3. there exist K1,K2 ∈ (0, 2) such that the functions

x →
xK1

a(x)
(2.4)

and

x →
xK2

d(x)
(2.5)

are nondecreasing in a right neighborhood of x = 0.

Remark 1. If a is (WD) or (SD), then (1.3) implies that the function

x →
x𝛾

a(x)
is nondecreasing in (0, 1] for all 𝛾 ≥ Ka. (2.6)

In particular, (2.4) holds and ||||x𝛾b(x)
a(x)

|||| ≤ M̃ (2.7)

for all 𝛾 ≥ Ka, where

M̃ ∶=
||b||L∞(0,1)

a(1)
. (2.8)

Moreover,
lim
x→0

x𝛾
a(x)

= 0 (2.9)

for all 𝛾 > Ka.
Analogously, if d is (WD) or (SD), then

x →
x𝛾

d(x)
is nondecreasing in (0, 1] (2.10)

for all 𝛾 ≥ Kd and

lim
x→0

x𝛾
d(x)

= 0 (2.11)

for all 𝛾 > Kd.

Remark 2. Concerning the notation, we will use K1 (K2, respectively) when Hypothesis 1 holds, and Ka (Kd,
respectively) when the global degeneracy conditions (WD) or (SD) hold true.

Now set
𝜎(x) ∶= a(x)

𝜂(x)
, x ∈ [0, 1],

and consider, as in Fragnelli and Mugnai [38], the following Hilbert spaces with the related inner products:

L2
1
𝜎

(0, 1) ∶=
⎧⎪⎨⎪⎩u ∈ L2(0, 1)

|||||||
1

∫
0

u2

𝜎
dx < ∞

⎫⎪⎬⎪⎭ , ⟨u, v⟩ 1
𝜎

∶=

1

∫
0

uv 1
𝜎

dx

FRAGNELLI ET AL.5088
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for every u, v ∈ L2
1
𝜎

(0, 1) and

H1
1
𝜎

(0, 1) ∶= L2
1
𝜎

(0, 1) ∩ H1(0, 1), ⟨u, v⟩1, 1
𝜎

∶= ⟨u, v⟩ 1
𝜎

+

1

∫
0

𝜂u′v′dx

for every u, v ∈ H1
1
𝜎

(0, 1). The previous inner products obviously induce the related norms

||u||2
1
𝜎

=

1

∫
0

u2

𝜎
dx and ||u||2

1, 1
𝜎

= ||u||2
1
𝜎

+

1

∫
0

𝜂(u′)2dx.

Moreover, consider the space

H1
1
𝜎
,0
(0, 1) ∶=

{
u ∈ H1

1
𝜎

(0, 1) ∶ u(0) = 0
}

endowed with the same inner product and norm of H1
1
𝜎

(0, 1). Clearly, thanks to (2.4), and (2.5), if u ∈ H1
1
𝜎
,0
(0, 1), then

one can estimate the two integrals
1∫
0

u2

𝜎
dx and

1∫
0

u2

𝜎d
dx with the norm of u′. Indeed, as in Boutaayamou et al. [30] and in

Fragnelli et al. [36], the following Hardy–Poincaré-type inequalities hold.

Proposition 1. Assume Hypothesis 1. Then, there exists C > 0 such that for all u ∈ H1
1
𝜎
,0
(0, 1),

1

∫
0

u2 1
𝜎

dx ≤ C

1

∫
0

(u′)2dx. (2.12)

Moreover, if K1 + K2 ≤ 2 and u ∈ H1
1
𝜎
,0
(0, 1) then u√

𝜎d
∈ L2(0, 1) and there exists a positive constant C > 0 such that

1

∫
0

u2

𝜎d
dx ≤ C

1

∫
0

𝜂(u′(x))2dx. (2.13)

Let
C̃HP and CHP be the best constants in (2.12) and (2.13), (2.14)

respectively. Clearly, C̃HP ≤ CHPmax[0,1]dmax[0,1]𝜂. Moreover, under an additional assumption on 𝜆, one can consider a
different norm on H1

1
𝜎
,0
(0, 1). Assume the following:

Hypothesis 2. The constant 𝜆 ∈ R ∖ {0} is such that

𝜆 <
1

CHP
. (2.15)

Observe that it is not restrictive to assume 𝜆 ≠ 0, since in Fragnelli and Mugnai [38], the case 𝜆 = 0 is considered.
If K1 + K2 ≤ 2 and if Hypotheses 1 and 2 hold, then one can consider on H1

1
𝜎
,0
(0, 1) also the inner product

⟨u, v⟩1 ∶= ⟨u, v⟩ 1
𝜎

+

1

∫
0

𝜂u′v′dx − 𝜆

1

∫
0

uv
𝜎d

,

which induces the norm

||u||2
1 ∶= ||u||2

1
𝜎

+

1

∫
0

𝜂(u′)2dx − 𝜆

1

∫
0

u2

𝜎d

FRAGNELLI ET AL. 5089
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for all u, v ∈ H1
1
𝜎
,0
(0, 1). In particular, setting

||u||2
1,◦ ∶=

1

∫
0

(u′)2dx

and

||u||2
1,• ∶=

1

∫
0

𝜂(u′)2dx

for all u ∈ H1
1
𝜎
,0
(0, 1), one has the following equivalence thanks to Proposition 1:

Corollary 1. Assume Hypotheses 1 and 2. If K1 +K2 ≤ 2, then the norms || · ||1, 1
𝜎

, || · ||1, || · ||1,◦ and || · ||1,• are equivalent
in H1

1
𝜎
,0
(0, 1).

Now define the operator
A𝑦 ∶= a𝑦′′ + b𝑦′ = 𝜎(𝜂𝑦′)′ (2.16)

for all 𝑦 ∈ D(A), where D(A) is the Hilbert space

D(A) = H2
1
𝜎
,0
(0, 1) ∶=

{
u ∈ H1

1
𝜎
,0
(0, 1)

|||| Au ∈ L2
1
𝜎

(0, 1)
}

,

with inner product ⟨u, v⟩2, 1
𝜎

∶= ⟨u, v⟩1, 1
𝜎

+ ⟨Au,Av⟩ 1
𝜎

or ⟨u, v⟩2 ∶= ⟨u, v⟩1 + ⟨Au,Av⟩ 1
𝜎

.

In the rest of the paper, the next lemma is crucial; since its proof is similar to the one of Fragnelli et al. [36, lemma 3.2],
we omit it.

Lemma 1. Assume Hypothesis 1.

1. If 𝑦 ∈ D(A) and u ∈ H1
1
𝜎
,0
(0, 1), then lim

x→0
u(x)𝑦′(x) = 0.

2. If u ∈ H1
1
𝜎
,0
(0, 1), then lim

x→0
x
a

u2(x) = 0.

3. If u ∈ H1
1
𝜎
,0
(0, 1) and K1 + K2 < 2, then limx→0

x
ad

u2(x) = 0.

4. If u ∈ H1
1
𝜎

(0, 1), then lim
x→0

x2

ad
u2(x) = 0.

5. If u ∈ D(A), then lim
x→0

x2(u′(x))2 = 0.
6. If u ∈ D(A), K1 ≤ 1, then lim

x→0
x(u′(x))2 = 0.

7. If u ∈ D(A), K1 > 1 and xb
a
∈ L∞(0, 1), then lim

x→0
x(u′(x))2 = 0.

Thanks to the first point of the previous lemma one has the following integration by parts

Lemma 2 (Fragnelli and Mugnai [38, lemma 2.1]). Assume Hypothesis 1. If u ∈ H2
1
𝜎
,0
(0, 1) and v ∈ H1

1
𝜎
,0
(0, 1), then

⟨Au, v⟩ 1
𝜎

= −

1

∫
0

𝜂u′v′dx + [𝜂u′v](1).

Now, define

A𝜆u ∶= Au + 𝜆
u
d

(2.17)

FRAGNELLI ET AL.5090
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for all u ∈ D(A𝜆) ∶=
{

u ∈ H2
1
𝜎
,0
(0, 1) ∶ A𝜆u ∈ L2

1
𝜎

(0, 1)
}

. Clearly, D(A𝜆) ⊆ D(A); anyway, if K2 ≤ 1, we have u
d
∈ L2(0, 1),

and so
D(A) = D(A𝜆);

however, in general, such an inequality does not hold, unless K1 + 2K2 ≤ 2 [36]. Moreover, by Lemma 2, one has that if
Hypothesis 1 is satisfied, then

⟨A𝜆u, v⟩ 1
𝜎

= −

1

∫
0

𝜂u′v′dx + 𝜆

1

∫
0

uv
𝜎d

dx + [𝜂u′v](1) (2.18)

for all u ∈ H2
1
𝜎
,0
(0, 1) and v ∈ H1

1
𝜎
,0
(0, 1). Thus, thanks to the new operator (A𝜆,D(A𝜆)), one can prove the next existence

and regularity results, whose proof, being standard, is postponed to the Appendix A.

Theorem 2.1. Assume Hypotheses 1 and 2 with K1 + 2K2 ≤ 2. If
(
𝑦0, 𝑦

1) ∈ H1
1
𝜎
,0
(0, 1) × L2

1
𝜎

(0, 1), then there exists a

unique mild solution

𝑦 ∈ C1
(
[0,+∞);L2

1
𝜎

(0, 1)
)
∩ C

(
[0,+∞);H1

1
𝜎
,0
(0, 1)

)
of (1.1) that depends continuously on the initial data (𝑦0, 𝑦1). Moreover, if (𝑦0, 𝑦1) ∈ H2

1
𝜎
,0
(0, 1) × H1

1
𝜎
,0
(0, 1), then the

solution 𝑦 is classical, in the sense that

𝑦 ∈ C2
(
[0,+∞);L2

1
𝜎

(0, 1)
)
∩ C1

(
[0,+∞);H1

1
𝜎
,0
(0, 1)

)
∩ C ([0,+∞);D(A𝜆))

and the equation of (1.1) holds for all t ≥ 0.

Observe that the assumption K1+2K2 ≤ 2 implies K2 < 1. This assumption is also crucial to prove the second part of the
next variational result. The case that corresponds to a singular being strongly degenerate with Kd ≥ 1 is an open problem.

The next preliminary result will be crucial for the following.

Proposition 2. Assume Hypotheses 1 and 2 and for 𝛽 ≥ 0 define

|||z|||2
1 ∶=

1

∫
0

𝜂(z′)2dx − 𝜆

1

∫
0

z2

𝜎d
dx + 𝛽z2(1)

for all z ∈ H1
1
𝜎
,0
(0, 1). Then the norms ||| · |||1, || · ||1, 1

𝜎

, || · ||1, || · ||1,• and || · ||1,◦ are equivalent in H1
1
𝜎
,0
(0, 1). Moreover,

for every 𝛾 ∈ R, the variational problem

1

∫
0

𝜂z′𝜙′dx − 𝜆

1

∫
0

z𝜑
𝜎d

+ 𝛽z(1)𝜙(1) = 𝛾𝜙(1), ∀ 𝜙 ∈ H1
1
𝜎
,0
(0, 1) (2.19)

admits a unique solution Z ∈ H1
1
𝜎
,0
(0, 1), which satisfies the estimates

|||Z|||2
1 ≤ 𝛾2C2

𝜆
and ||Z||2

1
𝜎

≤
(

C̃HP + max
[0,1]

𝜂

)
𝛾2C4

𝜆
, (2.20)

where CHP, C̃HP are the best Hardy–Poincaré constants from Proposition 1 and

C𝜆 ∶=
⎧⎪⎨⎪⎩

1√
min
[0,1]

𝜂
, 𝜆 ≤ 0,

1√
𝜀min

[0,1]
𝜂
, 𝜆 ∈

(
0, 1

CHP

)
,

(2.21)

FRAGNELLI ET AL. 5091
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where 𝜀 ∈ (0, 1) is such that
𝜆 = 1 − 𝜀

CHP
. (2.22)

In addition, if K1 + 2K2 ≤ 2, then Z ∈ D(A𝜆) and solves{
−A𝜆Z = 0,
𝜂Z′(1) + 𝛽Z(1) = 𝛾.

(2.23)

Proof. To prove the equivalence among the norms, it is sufficient to prove that ||| · |||1 and || · ||1,◦ are equivalent,
thanks to Corollary 1. Now, if 𝜆 ≤ 0, it is clear that for all z ∈ H1

1
𝜎
,0
(0, 1)

||z||2
1,◦ ≤ 1

min[0,1]𝜂
|||z|||2

1.

If 𝜆 ∈
(

0, 1
CHP

)
, we start fixing 𝜀 as indicated in (2.22). Hence, for all z ∈ H1

1
𝜎
,0
(0, 1), one has

1

∫
0

𝜂(z′)2dx − 𝜆

1

∫
0

z2

𝜎d
dx ≥ 𝜀

1

∫
0

𝜂(z′)2dx (2.24)

and so ||z||2
1,◦ ≤ 1

𝜀min[0,1]𝜂
|||z|||2

1

for all z ∈ H1
1
𝜎
,0
(0, 1). In conclusion, we have

||z||1,◦ ≤ C𝜆|||z|||1, (2.25)

where C𝜆 is as in (2.21). Now, we prove that there exists C > 0 such that

|||z|||2
1 ≤ C||z||2

1,◦

for all z ∈ H1
1
𝜎
,0
(0, 1). First of all, observe that

|z(1)| = |||||||
1

∫
0

z′(t)dt
||||||| ≤ ||z||1,◦ (2.26)

for all z ∈ H1
1
𝜎
,0
(0, 1). Now let 𝜆 > 0. Clearly, if z ∈ H1

1
𝜎
,0
(0, 1), from (2.26), we get

|||z|||2
1 ≤

(
max
[0,1]

𝜂 + 𝛽

) ||z||2
1,◦.

On the other hand, if 𝜆 < 0 and z ∈ H1
1
𝜎
,0
(0, 1), by (2.26), we get

|||z|||2
1 ≤ (1 − 𝜆CHP)max

[0,1]
𝜂

1

∫
0

(z′)2dx + 𝛽z2(1) ≤ ((1 − 𝜆CHP)max
[0,1]

𝜂 + 𝛽)||z||2
1,◦.

Thus, the two norms are equivalent.
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Now, consider the bilinear and symmetric form Λ ∶ H1
1
𝜎
,0
(0, 1) × H1

1
𝜎
,0
(0, 1) → R, given by

Λ(z, 𝜙) ∶=

1

∫
0

𝜂z′𝜙′dx − 𝜆

1

∫
0

z𝜑
𝜎d

dx + 𝛽z(1)𝜙(1)

for all z, 𝜙 ∈ H1
1
𝜎
,0
(0, 1). Clearly, Λ is coercive and continuous. Indeed, by Corollary 1

Λ(z, z) =

1

∫
0

𝜂(z′)2dx − 𝜆

1

∫
0

z2

𝜎d
dx + 𝛽z2(1) ≥

1

∫
0

𝜂(z′)2dx − 𝜆

1

∫
0

z2

𝜎d
dx ≥ ||z||2

1,•, (2.27)

if 𝜆 ≤ 0, and
Λ(z, z) ≥ (1 − 𝜆CHP) ||z||2

1,•, (2.28)

if 𝜆 ∈
(

0, 1
CHP

)
. Moreover, by the Hölder inequality and (2.26),

|Λ(z, 𝜙)| ≤ 1

∫
0

𝜂|z′𝜙′|dx − 𝜆

1

∫
0

|||| z𝜙
𝜎d

|||| dx + 𝛽|z(1)||𝜙(1)| ≤ (
(1 − 𝜆CHP) max

x∈[0,1]
𝜂 + 𝛽

) ||z||1,◦||𝜙||1,◦,

if 𝜆 ≤ 0, and |Λ(z, 𝜙)| ≤ (2 max
x∈[0,1]

𝜂 + 𝛽)||z||1,◦||𝜙||1,◦,

if 𝜆 ∈
(

0, 1
CHP

)
.

Now, consider the linear functional  ∶ H1
1
𝜎
,0
(0, 1) → R defined as

(𝜙) ∶= 𝛾𝜙(1),

for every 𝜙 ∈ H1
1
𝜎
,0
(0, 1). Clearly,  is continuous and linear. Thus, by the Lax–Milgram theorem, there exists a unique

solution Z ∈ H1
1
𝜎
,0
(0, 1) of

Λ(Z, 𝜙) = (𝜙) (2.29)

for all 𝜙 ∈ H1
1
𝜎
,0
(0, 1). In particular,

|||Z|||2
1 = Λ(Z,Z) =

1

∫
0

𝜂(Z′)2dx − 𝜆

1

∫
0

Z2

𝜎d
dx + 𝛽Z2(1) = (Z) = 𝛾Z(1). (2.30)

By (2.25) and (2.26), we have that for all z ∈ H1
1
𝜎
,0
(0, 1)

|z(1)| ≤ ||z||1,◦ ≤ C𝜆|||z|||1 (2.31)

and by (2.30), |||Z|||2
1 = 𝛾Z(1) ≤ |𝛾|C𝜆|||Z|||1;

thus, |||Z|||1 ≤ |𝛾|C𝜆,
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which proves the first part of (2.20). Moreover, by Proposition 1, (2.25) and (2.31), we have

||Z||2
1
𝜎

≤ ||Z||2
1, 1

𝜎

≤
(

C̃HP + max
[0,1]

𝜂

) ||Z||2
1,◦ ≤

(
C̃HP + max

[0,1]
𝜂

)
C2
𝜆
|||Z|||2

1

≤
(

C̃HP + max
[0,1]

𝜂

)
𝛾2C4

𝜆
,

thus concluding the validity of (2.20).
Now, assume K1+2K2 ≤ 2. We will prove that Z ∈ H2

1
𝜎
,0
(0, 1) and solves (2.23). To this aim, we consider again (2.29).

Since it is true for every 𝜙 ∈ H1
1
𝜎
,0
(0, 1), it holds in particular for every 𝜙 ∈ C∞

c (0, 1), so that

1

∫
0

𝜂Z′𝜙′ − 𝜆

1

∫
0

Z𝜙
𝜎d

= 0 ∀ 𝜙 ∈ C∞
c (0, 1) ⇐⇒

1

∫
0

𝜂Z′𝜙′ = 𝜆

1

∫
0

Z𝜙
𝜎d

∀ 𝜙 ∈ C∞
c (0, 1).

Hence,
(𝜂Z′)′ = −𝜆 Z

𝜎d
a.e. in (0, 1) ⇐⇒ −𝜎(𝜂Z′)′ − 𝜆

Z
d
= 0 a.e. in (0, 1)

and so A𝜆Z ∈ L2
1
𝜎

(0, 1). Thanks to the assumption K1 + 2K2 ≤ 2, one has that Z
d
∈ L2

1
𝜎

(0, 1). Hence, AZ ∈ L2
1
𝜎

(0, 1) and

so Z ∈ D(A𝜆).
Finally, coming back to (2.29), we have by (2.18)

1

∫
0

𝜂Z′𝜙′dx − 𝜆

1

∫
0

Z𝜑
𝜎d

dx + 𝛽Z(1)𝜙(1) = 𝛾𝜙(1) ⇐⇒ (𝜂Z′𝜙)(1) + 𝛽Z(1)𝜙(1) = 𝛾𝜙(1)

for all 𝜙 ∈ H1
1
𝜎
,0
(0, 1). Thus, we obtain

(𝜂Z′)(1) + 𝛽Z(1) = 𝛾;
hence, Z solves (2.23). □

Remark 3. The previous result is similar to the one given in Fragnelli and Mugnai [38, proposition 2.2], but here, the
presence of the singular term makes the situation more involved, and requires the condition K1 + 2K2 ≤ 2.

3 STABILITY RESULT

In this section, we prove the main result of this paper when a and d are (WD) or (SD). To this aim, if 𝑦 is a mild solution
of (1.1), we consider its energy given by

E𝑦(t) =
1
2

⎡⎢⎢⎣
1

∫
0

( 1
𝜎
𝑦2

t (t, x) + 𝜂𝑦2
x(t, x) − 𝜆

𝜎d
𝑦2(t, x)

)
dx + 𝛽𝑦2(t, 1)

⎤⎥⎥⎦ , t ≥ 0,

and we prove that it decreases exponentially under suitable assumptions. In particular, we collect all the previous
assumptions in the following one:

Hypothesis 3. Assume that

1. the functions a and d are (WD) or (SD),
2. b ∈ C0[0, 1] is such that b

a
∈ L1(0, 1),

3. Ka + 2Kd ≤ 2,
4. if Ka > 1, then xb

a
∈ L∞(0, 1)

5. 𝜆 <
1

CHP
.
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We remark that the condition xb
a

∈ L∞(0, 1) is automatically verified if Ka ≤ 1 by (2.7). Moreover, we recall that the
condition Ka + 2Kd ≤ 2 (which specifies the previous K1 + 2K2 ≤ 2) implies that d cannot be (SD). Under the previous
hypotheses, one can prove the next result

Theorem 3.1. Assume Hypothesis 3 and let 𝑦 be a classical solution of (1.1). Then the energy is nonincreasing and

dE𝑦(t)
dt

= −𝑦t(t, 1)2, t ≥ 0.

Proof. By multiplying the equation by 𝑦t
𝜎

, integrating over (0, 1) and using the boundary conditions, one has

0 = 1
2

1

∫
0

d
dt

(
𝑦2

t

𝜎

)
dx − 𝜂(1)𝑦x(t, 1)𝑦t(t, 1) +

1

∫
0

𝜂𝑦x𝑦txdx −

1

∫
0

𝜆

𝜎d
𝑦𝑦t dx.

Thus,

0 = 1
2

d
dt

⎡⎢⎢⎣
1

∫
0

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x −
𝜆

𝜎d
𝑦2

)
dx + 𝛽𝑦2(t, 1)

⎤⎥⎥⎦ + 𝑦2
t (t, 1) =

d
dt

E𝑦(t) + 𝑦2
t (t, 1).

Hence, the conclusion follows. □

Now, our aim is to estimate the energy at time t > 0, E𝑦(t), in terms of the energy at time t = 0, E𝑦(0). To do that, we
start with the following:

Proposition 3. Assume Hypothesis 3 and let 𝑦 be a classical solution of (1.1). Then, for all T > s > 0

0 = 2

1

∫
0

[x𝑦x𝑦t

𝜎

]t=T

t=s
dx − 1

𝜎(1)

T

∫
s

𝑦2
t (t, 1)dt − 𝜂(1)

T

∫
s

𝑦2
x(t, 1)dt − 𝜆

𝜎(1)d(1)

T

∫
0

𝑦2(t, 1)dt

− ∫
Qs

x𝜂 b
a
𝑦2

xdxdt + ∫
Qs

(
1 −

x
(

a′ − b
)

a

)
1
𝜎
𝑦2

t dxdt + ∫
Qs

𝜂𝑦2
xdxdt

+ 𝜆∫
Qs

(
1 − x(a′ − b)

a
− xd′

d

)
𝑦2

𝜎d
dxdt,

(3.32)

where Qs ∶= (s,T) × (0, 1).

Proof. Take any T > s > 0; then, multiplying the equation of (1.1) by x𝑦x
𝜎

, integrating over Qs and recalling (2.16), we
have, after some integration by parts,

0 = ∫
Qs

𝑦ttx𝑦x

𝜎
dxdt − ∫

Qs

x(𝜂𝑦x)x𝑦xdxdt − 𝜆∫
Qs

x𝑦𝑦x

𝜎d
dxdt

=

1

∫
0

[x𝑦x𝑦t

𝜎

]t=T

t=s
dx − 1

2

T

∫
s

[ x
𝜎
𝑦2

t

]x=1

x=0
dt + 1

2 ∫
Qs

( x
𝜎

)′
𝑦2

t dxdt − ∫
Qs

x𝜂 b
a
𝑦2

xdxdt

− 1
2

T

∫
s

[
x𝜂𝑦2

x
]x=1

x=0 dt + 1
2 ∫

Qs

(x𝜂)′𝑦2
xdxdt − 𝜆

2

T

∫
s

[
x𝑦2

𝜎d

]x=1

x=0
dt

+ 𝜆

2 ∫
Qs

(
𝜎d − x(𝜎′d + 𝜎d′)

(𝜎d)2

)
𝑦2dxdt.

FRAGNELLI ET AL. 5095

 10991476, 2025, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10593 by U

niv D
egli Studi D

ell T
uscia, W

iley O
nline L

ibrary on [03/03/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Recalling the definitions of 𝜂 and 𝜎, we finally find

0 =

1

∫
0

[x𝑦x𝑦t

𝜎

]t=T

t=s
dx − 1

2

T

∫
s

[ x
𝜎
𝑦2

t

]x=1

x=0
dt − 1

2

T

∫
s

[
x𝜂𝑦2

x
]x=1

x=0 dt − 𝜆

2

T

∫
s

[
x𝑦2

𝜎d

]x=1

x=0
dt

− 1
2 ∫

Qs

x𝜂 b
a
𝑦2

xdxdt + 1
2 ∫

Qs

(
1 −

x
(

a′ − b
)

a

)
1
𝜎
𝑦2

t dxdt + 1
2 ∫

Qs

𝜂𝑦2
xdxdt

+ 𝜆

2 ∫
Qs

(
1 − x(a′ − b)

a
− xd′

d

)
𝑦2

𝜎d
dxdt.

(3.33)

Moreover, using the boundary conditions and Lemma 1, we have that

lim
x→0

x
𝜎
𝑦2

t (t, x) = lim
x→0

x
a
𝜂𝑦2

t (t, x) = 0,

lim
x→0

x𝜂𝑦2
x(t, x) = 0

and

𝜆

T

∫
0

[
𝑦2 x

𝜎d

]x=1

x=0
= 𝜆

𝜎(1)d(1)

T

∫
0

𝑦2(t, 1)dt.

Hence, (3.33) multiplied by 2 gives (3.32). □

Proposition 4. Assume Hypothesis 3 and let 𝑦 be a classical solution of (1.1). Then, for all T > s > 0, we have

(B.T.) = ∫
Qs

(
1 −

x
(

a′ − b
)

a
+ Ka

2

)
1
𝜎
𝑦2

t dxdt + ∫
Qs

(
1 − x b

a
− Ka

2

)
𝜂𝑦2

xdxdt

+ 𝜆∫
Qs

(
1 −

x
(

a′ − b
)

a
− xd′

d
+ Ka

2

)
𝑦2

𝜎d
dxdt,

(3.34)

where

(B.T.) =

1

∫
0

[
−2 x𝑦x𝑦t

𝜎
+ Ka

2
𝑦𝑦t

𝜎

]t=T

t=s
dx

+

T

∫
s

[
1
𝜎
𝑦2

t + 𝜂𝑦2
x −

Ka

2
𝜂𝑦x𝑦 +

𝜆

𝜎d
𝑦2

]
(t, 1)dt.

(3.35)

Proof. Multiplying the equation in (1.1) by 𝑦

𝜎
and integrating over Qs, we have

0 = ∫
Qs

(
−
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt +

1

∫
0

[
𝑦𝑦t

𝜎

]t=T

t=s
dx −

T

∫
s

[𝜂𝑦x𝑦]x=1
x=0 dt. (3.36)

Using the boundary conditions and the fact that 𝑦 is a classical solution of (1.1), one has

T

∫
s

[𝜂𝑦x𝑦]x=1
x=0 dt =

T

∫
s

[𝜂𝑦x𝑦] (t, 1)dt;
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thus, multiplying (3.36) by −Ka
2

, we obtain

0 = −Ka

2 ∫
Qs

(
−
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt − Ka

2

1

∫
0

[
𝑦𝑦t

𝜎

]t=T

t=s
dx + Ka

2

T

∫
s

[𝜂𝑦x𝑦] (t, 1)dt. (3.37)

Summing (3.37) and (3.32), we get the claim. □

Now, define

1𝜺 ∶=

{
1, 𝜆 ≤ 0,
𝜀, 𝜆 = 1−𝜀

CHP
.

(3.38)

The following result holds:

Proposition 5. Assume Hypothesis 3, 𝛽 ≥ 0 and let 𝑦 be a classical solution of (1.1). Then, there exists 1𝜺 ∈ (0, 1], such
that for any T > s > 0 and 𝛿 > 0, we have

T

∫
s

𝑦2(t, 1)dt ≤
(

2
1𝜺

(
1 +

C̃HPC2
𝜆

1𝜺 min2
[0,1] 𝜂

)
+ 1

2𝛿
+ 1

2𝛿
(C̃HP + max

[0,1]
𝜂)C4

𝜆

)
E𝑦(s)

+ 𝛿

1𝜺

(
1 + 1

1𝜺 min2
[0,1] 𝜂

C2
𝜆

) T

∫
s

E𝑦(t)dt,

(3.39)

where C𝜆 is as in (2.21).

Proof. The proof is similar to the one of proposition 3.3 in Fragnelli and Mugnai [38], so we will be sketchy. Fix
t ∈ [s,T], set 𝛾 = 𝑦(t, 1) and let z = z(t, ·) be the unique solution of

1

∫
0

𝜂z′𝜙′dx − 𝜆

1

∫
0

z𝜙
𝜎d

dx + 𝛽z(1)𝜙(1) = 𝛾𝜙(1), ∀ 𝜙 ∈ H1
1
𝜎
,0
(0, 1).

By Proposition 2, z(t, ·) ∈ D(A𝜆) for all t and solves

{
A𝜆z = 0,
𝜂zx(t, 1) + 𝛽z(t, 1) = 𝛾.

(3.40)

As in Fragnelli and Mugnai [38], we multiply the equation in (1.1) by z
𝜎

and integrate over Qs. Then, applying
Lemma 1, we have (notice that zt ∈ L2

1
𝜎

(0, 1) by (2.20))

1

∫
0

[
𝑦t

z
𝜎

]t=T

t=s
dx − ∫

Qs

𝑦t
zt

𝜎
dxdt − 𝜆∫

Qs

𝑦

𝜎d
zdxdt =

T

∫
s

𝜂𝑦x(t, 1)z(1)dt − ∫
Qs

𝜂𝑦xzxdxdt. (3.41)

Multiplying the equation in (3.40) by 𝑦

𝜎
, integrating on Qs and using the boundary conditions, one has

T

∫
s

(𝛾 − 𝛽z(t, 1))𝑦(t, 1)dt = ∫
Qs

𝜂zx𝑦xdxdt − 𝜆∫
Qs

𝑦

𝜎d
zdxdt.
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Substituting in (3.41) and recalling that 𝑦 solves (1.1), so that, in particular, 𝜂𝑦x(t, 1)+𝛽𝑦(t, 1) = −𝑦t(t, 1), and 𝛾 = 𝑦(t, 1),
we have

T

∫
s

𝑦2(t, 1)dt = ∫
Qs

𝑦tzt

𝜎
dxdt −

T

∫
s

(𝑦tz)(t, 1)dt −

1

∫
0

[
𝑦tz
𝜎

]t=T

t=s
dx. (3.42)

Hence, to estimate
T∫
s
𝑦2(t, 1)dt, we have to consider the right-hand-side (3.42). As a first step, observe that, if 𝜆 ≤ 0,

then

1
2

1

∫
0

( 1
𝜎
𝑦2

t (t, x) + 𝜂𝑦2
x(t, x)

)
dx ≤ E𝑦(t)

for all t ∈ [s,T]. If 𝜆 ∈
(

0, 1
CHP

)
and 𝜀 ∈ (0, 1) is as in (2.22), we obtain (2.24), which implies that

2E𝑦(t) ≥ 𝜀

1

∫
0

𝜂𝑦2
x(t, x)dx +

1

∫
0

𝑦2
t (t, x)
𝜎(x)

dx + 𝛽𝑦2(t, 1)

≥ 𝜀

⎛⎜⎜⎝
1

∫
0

𝜂𝑦2
x(t, x)dx +

1

∫
0

𝑦2
t (t, x)
𝜎(x)

dx
⎞⎟⎟⎠ + 𝛽𝑦2(t, 1);

in particular,

1
2

1

∫
0

( 1
𝜎
𝑦2

t (t, x) + 𝜂𝑦2
x(t, x)

)
dx ≤ 1

𝜀
E𝑦(t)

for all t ≥ 0.
Hence, for all considered 𝜆 and all t > 0, we have

1
2

1

∫
0

( 1
𝜎
𝑦2

t (t, x) + 𝜂𝑦2
x(t, x)

)
dx ≤ 1

1𝜺

E𝑦(t) (3.43)

and

1
2
𝑦2(t, 1) = 1

2

⎛⎜⎜⎝
1

∫
0

𝑦x(t, x)dx
⎞⎟⎟⎠

2

≤ 1
2

1

∫
0

𝑦2
x(t, x)dx ≤ 1

2
1

min[0,1]𝜂

1

∫
0

(𝜂𝑦2
x)(t, x)dx ≤ 1

1𝜺 min[0,1]𝜂
E𝑦(t). (3.44)

Let us start estimating the third term in (3.42). To this aim, observe that

1

∫
0

(𝜂z2
x) ≤ 1

1𝜺

|||z|||2
1 (3.45)
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by (2.27) and (2.28). Hence, applying Proposition 1, (3.45), (2.20), (3.43), and (3.44), Theorem 3.1, and recalling that
𝛾 = 𝑦(t, 1), we have

1

∫
0

||||𝑦tz
𝜎

(𝜏, x)
|||| dx ≤ 1

2

1

∫
0

𝑦2
t (𝜏, x)
𝜎

dx + 1
2

1

∫
0

z2(𝜏, x)
𝜎

dx

≤ 1
2

1

∫
0

𝑦2
t (𝜏, x)
𝜎

dx + 1
2 min[0,1]𝜂

C̃HP

1

∫
0

(𝜂z2
x)(𝜏, x)dx

≤ 1
2

1

∫
0

𝑦2
t (𝜏, x)
𝜎

dx +
C̃HPC2

𝜆

1𝜺2 min[0,1]𝜂
𝑦2(t, 1)

≤ 1
1𝜺

E𝑦(𝜏) +
C̃HPC2

𝜆

1𝜺
2(min[0,1]𝜂)2

E𝑦(t)

≤ 1
1𝜺

(
1 +

C̃HPC2
𝜆

1𝜺(min[0,1]𝜂)2

)
E𝑦(s)

for all 𝜏 ∈ [s,T]. Here C𝜆 is the constant defined in (2.21). Thus, again by Theorem 3.1, we have

|||||||
1

∫
0

[
𝑦tz
𝜎

]t=T

t=s
dx

||||||| ≤
2
1𝜺

(
1 +

C̃HPC2
𝜆

1𝜺(min[0,1]𝜂)2

)
E𝑦(s). (3.46)

Now, consider the second term in (3.42). Then, for any 𝛿 > 0, we have

T

∫
s

|(𝑦tz)(t, 1)|dt ≤ 1
2𝛿

T

∫
s

𝑦2
t (t, 1)dt + 𝛿

2

T

∫
s

z2(t, 1)dt. (3.47)

Starting as in (3.44), by (2.20), (3.45), and (3.44), we have

z2(t, 1) ≤ 1
min[0,1]𝜂

1

∫
0

(𝜂z2
x)(t, x)dx ≤ 1

1𝜺 min[0,1]𝜂
|||z|||2

1

≤ 1
1𝜺 min[0,1]𝜂

C2
𝜆
𝑦2(t, 1) ≤ 2

1𝜺
2 min2

[0,1] 𝜂
C2
𝜆
E𝑦(t).

Thus, by Theorem 3.1, we have

T

∫
s

|(𝑦tz)(t, 1)|dt ≤ 1
2𝛿

T

∫
s

𝑦2
t (t, 1)dt + 𝛿

2

T

∫
s

z2(t, 1)dt

≤ − 1
2𝛿

T

∫
s

dE𝑦(t)
dt

dt + 𝛿
1

1𝜺
2 min2

[0,1] 𝜂
C2
𝜆

T

∫
s

E𝑦(t)dt

≤ E𝑦(s)
2𝛿

+ 𝛿
1

1𝜺
2 min2

[0,1] 𝜂
C2
𝜆

T

∫
s

E𝑦(t)dt.

(3.48)
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Finally, we estimate ∫
Qs

𝑦tzt
𝜎

dxdt. To this aim, consider again (3.40) and differentiate with respect to t. Then

{ −𝜎(𝜂ztx)x − 𝜆
zt
d
= 0,

𝜂ztx(t, 1) + 𝛽zt(t, 1) = 𝛾t = 𝑦t(t, 1).

By (2.20), zt satisfies the estimates

|||zt|||2
1 ≤ C2

𝜆
𝑦2

t (t, 1) and ||zt||2
1
𝜎

≤
(

C̃HP + max
[0,1]

𝜂

)
C4
𝜆
𝑦2

t (t, 1).

Thus, by (3.43) and Theorem 3.1, we find

∫
Qs

||||𝑦tzt

𝜎

|||| dxdt ≤ 𝛿

2 ∫
Qs

𝑦2
t

𝜎
dxdt + 1

2𝛿 ∫
Qs

z2
t

𝜎
dxdt

≤ 𝛿

1𝜺

T

∫
s

E𝑦(t)dt + 1
2𝛿

(
C̃HP + max

[0,1]
𝜂

)
C4
𝜆

T

∫
s

𝑦2
t (t, 1)dt

= 𝛿

1𝜺

T

∫
s

E𝑦(t)dt − 1
2𝛿

(
C̃HP + max

[0,1]
𝜂

)
C4
𝜆

T

∫
s

dE𝑦(t)
dt

dt

≤ 𝛿

1𝜺

T

∫
s

E𝑦(t)dt + 1
2𝛿

(
C̃HP + max

[0,1]
𝜂

)
C4
𝜆
E𝑦(s).

(3.49)

Hence, going back to (3.42), by (3.49), (3.48), and (3.46), we get

T

∫
s

𝑦2(t, 1)dt ≤
(

2
1𝜺

+ 2
1𝜺

2

C̃HPC2
𝜆

min2
[0,1] 𝜂

+ 1
2𝛿

+ 1
2𝛿

(C̃HP + max
[0,1]

𝜂)C4
𝜆

)
E𝑦(s)

+ 𝛿

1𝜺

(
1 + 1

1𝜺 min2
[0,1] 𝜂

C2
𝜆

) T

∫
s

E𝑦(t)dt,

as claimed. □

As in Fragnelli and Mugnai [38], we assume an additional hypothesis on functions a and b. Clearly, this assumption is
stronger with respect to the one in Fragnelli and Mugnai [38] since here, we have also a singular term to manage.

Hypothesis 4. Hypothesis 3 holds and there exists 𝜀0 > 0 such that (2 − Ka − 2Kd)a − 2x|b| ≥ 𝜀0a for every x ∈ [0, 1].

Proposition 6. Assume Hypothesis 4 and let 𝑦 be a classical solution of (1.1). Then, for any T > s > 0:

𝜀0

2 ∫
Qs

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt ≤

(
2Θ + 1

𝜎(1)
+ 1

𝜂(1)
+ 𝛽

𝜂(1)
+ Ka

4

)
E𝑦(s)

+
(

𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4
+ 𝜆

𝜎(1)d(1)

) T

∫
s

𝑦2(t, 1)dt,

(3.50)
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if 𝜆 ≥ 0, and

𝜀0

2 ∫
Qs

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt ≤

(
2Θ + 1

𝜎(1)
+ 1

𝜂(1)
+ 𝛽

𝜂(1)
+ Ka

4

)
E𝑦(s)

+
(

𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4

) T

∫
s

𝑦2(t, 1)dt

− 2𝜆CHP

(
1 + 3

2
Ka + Kd + M

) T

∫
s

E𝑦(t)dt.,

(3.51)

if 𝜆 < 0. Here,

Θ ∶= 2
1𝜺

max
{

1
a(1)

+ KaC̃HP

4 min[0,1]𝜂
, 1 + Ka

4

}
, (3.52)

1𝜺 is given in (3.38) and

M ∶=

{ M̃, Ka ≤ 1,‖‖‖ xb
a
‖‖‖L∞(0,1)

, Ka > 1,

where M̃ is defined in (2.8).

Proof. Thanks to Hypothesis 4, we have

1 − x(a′ − b)
a

+ Ka

2
≥ (2 − Ka − 2Kd)a + 2Kda − 2x|b|

2a
≥ 𝜀0

2
+ Kd >

𝜀0

2
,

1 − x b
a
− Ka

2
≥ (2 − Ka − 2Kd)a + 2Kda − 2x|b|

2a
≥ 𝜀0

2
+ Kd >

𝜀0

2
,

1 −
x
(

a′ − b
)

a
− xd′

d
+ Ka

2
≥ (2 − 2Ka)a − 2x|b| + Kaa − 2Kda

2a
≥ 𝜀0

2
.

(3.53)

Now, we distinguish between the case 𝜆 ≥ 0 and 𝜆 < 0.
Case 𝝀≥ 0. In this case, the distributed terms in (3.34) can be estimated from below in the following way:

∫
Qs

(
1 −

x
(

a′ − b
)

a
+ Ka

2

)
1
𝜎
𝑦2

t dxdt + ∫
Qs

(
1 − x b

a
− Ka

2

)
𝜂𝑦2

xdxdt

+ 𝜆∫
Qs

(
1 −

x
(

a′ − b
)

a
− xd′

d
+ Ka

2

)
𝑦2

𝜎d
dxdt

≥ 𝜀0

2 ∫
Qs

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt.

(3.54)

Now, we estimate the boundary terms in (3.35) from above. First of all, consider the term

1

∫
0

(
−2x𝑦x𝑦t

𝜎
+ Ka

2
𝑦𝑦t

𝜎

)
(𝜏, x)dx
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for all 𝜏 ∈ [s,T]. By (2.6), one has that x2

a(x)
≤ 1

a(1)
; using this fact together with Proposition 1 and (3.43), one has

1

∫
0

(
−2x𝑦x𝑦t

𝜎
+ Ka

2
𝑦𝑦t

𝜎

)
(𝜏, x)dx

≤
1

∫
0

x2𝑦2
x𝜂

a
(𝜏, x)dx +

1

∫
0

𝑦2
t

𝜎
(𝜏, x)dx + Ka

4

1

∫
0

𝑦2
t

𝜎
(𝜏, x)dx + Ka

4

1

∫
0

𝑦2

𝜎
(𝜏, x)dx

≤ 1
a(1)

1

∫
0

𝜂𝑦2
x(𝜏, x)dx +

(
1 + Ka

4

) 1

∫
0

𝑦2
t

𝜎
(𝜏, x)dx + KaC̃HP

4 min[0,1]𝜂

1

∫
0

𝜂𝑦2
x(𝜏, x)dx

≤ 2
1𝜺

max
{

1
a(1)

+ KaC̃HP

4 min[0,1]𝜂
, 1 + Ka

4

}
E𝑦(𝜏)

for all 𝜏 ∈ [s,T]. In particular,

1

∫
0

[(
−2x𝑦x𝑦t

𝜎
+ Ka

2
𝑦𝑦t

𝜎

)
(𝜏, x)dx

]𝜏=T

𝜏=s
≤ 2ΘE𝑦(s), (3.55)

where Θ is defined in (3.52). By (3.34), (3.54) and the previous inequality, we get

𝜀0

2 ∫
Qs

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt ≤ 2ΘE𝑦(s) +

T

∫
s

[
1
𝜎
𝑦2

t + 𝜂𝑦2
x −

Ka

2
𝜂𝑦x𝑦 +

𝜆

𝜎d
𝑦2

]
(t, 1)dt. (3.56)

As Fragnelli and Mugnai [38, equation (3.22)], one can prove that

T

∫
s

[
1
𝜎
𝑦2

t + 𝜂𝑦2
x −

Ka

2
𝜂𝑦x𝑦 +

𝜆

𝜎d
𝑦2

]
(t, 1)dt ≤

(
1

𝜎(1)
+ 1

𝜂(1)
+ 𝛽

𝜂(1)
+ Ka

4

)
(E𝑦(s) − E𝑦(T))

+
(

𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4
+ 𝜆

𝜎(1)d(1)

) T

∫
s

𝑦2(t, 1)dt.

(3.57)

Hence, by (3.55), (3.56), and (3.57), we have

𝜀0

2 ∫
Qs

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt

≤
(

2Θ + 1
𝜎(1)

+ 1
𝜂(1)

+ 𝛽

𝜂(1)
+ Ka

4

)
E𝑦(s)

+
(

𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4
+ 𝜆

𝜎(1)d(1)

) T

∫
s

𝑦2(t, 1)dt,

as claimed.
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Case 𝝀≤ 0. In this case, by definition of energy, one has

−𝜆∫
Qs

𝑦2

𝜎d
dxdt ≤ −2𝜆CHP

T

∫
s

E𝑦(t)dt; 2

thus, by (3.53), (3.34), and by2 estimating the boundary terms as in the previous case (with the exception that in (3.57)
the term with 𝜆 disappears), we find

𝜀0

2 ∫
Qs

(
𝑦2

t

𝜎
+ 𝜂𝑦2

x − 𝜆
𝑦2

𝜎d

)
dxdt ≤ ∫

Qs

(
1 −

x
(

a′ − b
)

a
+ Ka

2

)
1
𝜎
𝑦2

t dxdt + ∫
Qs

(
1 − x b

a
− Ka

2

)
𝜂𝑦2

xdxdt

≤
1

∫
0

[(
−2x𝑦x𝑦t

𝜎
+ Ka

2
𝑦𝑦t

𝜎

)
(𝜏, x)dx

]𝜏=T

𝜏=s
+

T

∫
s

[
1
𝜎
𝑦2

t + 𝜂𝑦2
x −

Ka

2
𝜂𝑦x𝑦 +

𝜆

𝜎d
𝑦2

]
(t, 1)dt

− 𝜆∫
Qs

(
1 −

x
(

a′ − b
)

a
− xd′

d
+ Ka

2

)
𝑦2

𝜎d
dxdt

≤
(

2Θ + 1
𝜎(1)

+ 1
𝜂(1)

+ 𝛽

𝜂(1)
+ Ka

4

)
E𝑦(s) +

(
𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4

) T

∫
s

𝑦2(t, 1)dt

− 2𝜆CHP

(
1 + 3

2
Ka + Kd + M

) T

∫
s

E𝑦(t)dt.

Our proof is then concluded. □

As a consequence of Propositions 5 and 6, we have the main result of the paper. As a first step, define

C1 ∶= 2Θ + 1
𝜎(1)

+ 1
𝜂(1)

+ 𝛽

𝜂(1)
+ Ka

4
,

C2 ∶=
⎧⎪⎨⎪⎩

𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4
+ 𝛽𝜀0

2
+ 𝜆

𝜎(1)d(1)
, 𝜆 ≥ 0,

𝛽2

𝜂(1)
+ Ka𝛽

2
+ 𝛽

𝜂(1)
+ Ka

4
+ 𝛽𝜀0

2
, 𝜆 < 0,

C3 ∶= 2
1𝜺

+ 2
1𝜺

2 min2
[0,1] 𝜂

C̃HPC2
𝜆
+ 1

2𝛿
+ 1

2𝛿

(
C̃HP + max

[0,1]
𝜂

)
C4
𝜆

and

C4 ∶= 1
1𝜺

(
1 + 1

1𝜺 min2
[0,1] 𝜂

C2
𝜆

)
where 𝛿 > 0.

Theorem 3.2. Assume Hypothesis 4 and if 𝜆 < 0, then 𝜆 ∈

(
− 𝜀0

2CHP

(
1+ 3

2
Ka+Kd+M

) , 0
)

. Let 𝑦 be a mild solution of (1.1).

Then, for all t ≥  and for all 𝛿 ∈ (0, 𝛿0),

E𝑦(t) ≤ E𝑦(0)e1− t
 , (3.58)

2Of course, a straightforward estimate could be −𝜆∫Qs

𝑦2

𝜎d
dxdt ≤ 2 ∫ T

s E𝑦(t)dt, but we could not manage such a term in Theorem 3.2.
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where 𝛿0 ∶= min

{
𝜀0

C2C4
,
𝜀0+2𝜆HP

(
1+ 3

2
Ka+Kd+M

)
C2C4

}
and

 ∶=

⎧⎪⎪⎨⎪⎪⎩
C1+C2C3

𝜀0−C2C4𝛿
, 𝜆 ∈

[
0, 1

CHP

)
,

C1+C2C3

𝜀0−C2C4𝛿+2𝜆CHP

(
1+ 3

2
Ka+Kd+M

) , 𝜆 ∈

(
− 𝜀0

2CHP

(
1+ 3

2
Ka+Kd+M

) , 0
)
.

(3.59)

Proof. As usual, let us start assuming that 𝑦 is a classical solution. If 𝑦 is the mild solution associated to the initial data
(𝑦0, 𝑦1) ∈ 0, consider a sequence {(𝑦n

0 , 𝑦
n
1)}n∈N ∈ D() that approximate (𝑦0, 𝑦1) and let 𝑦n be the classical solution

of (1.1) associated to (𝑦n
0 , 𝑦

n
1). With standard estimates coming from Theorem A.1, we can pass to the limit in (3.58)

written for 𝑦n and obtain the desired result. So, let 𝑦 be a classical solution.
As a first step assume 𝜆 ≥ 0. By (3.50) and (3.39), recalling the definition of E𝑦, we have

𝜀0

T

∫
s

E𝑦(t)dt ≤ C1E𝑦(s) + C2

T

∫
s

𝑦2(t, 1)dt

≤ (C1 + C2C3)E𝑦(s) + C2C4𝛿

T

∫
s

E𝑦(t)dt.

Hence,

[𝜀0 − C2C4𝛿]

T

∫
s

E𝑦(t)dt ≤ (C1 + C2C3)E𝑦(s).

Choosing 𝛿 ∈
(

0, 𝜀0
C2C4

)
, we have

T

∫
s

E𝑦(t)dt ≤ C1 + C2C3

𝜀0 − C2C4𝛿
E𝑦(s)

for all s ∈ [0,+∞). Thus, we can apply Fragnelli and Mugnai [38, lemma 3.1] obtaining

E𝑦(t) ≤ E𝑦(0)e1− t
 ,

for all t ∈ [,+∞), where  is as in the first line of (3.59).
If 𝜆 < 0, then from (3.51) and (3.39), we get

𝜀0

T

∫
s

E𝑦(t)dt ≤ C1E𝑦(s) + C2

T

∫
s

𝑦2(t, 1)dt − 2𝜆CHP

(
1 + 3

2
Ka + Kd + M

) T

∫
s

E𝑦(t)dt

≤ (C1 + C2C3)E𝑦(s) + C2C4𝛿

T

∫
s

E𝑦(t)dt − 2𝜆CHP

(
1 + 3

2
Ka + Kd + M

) T

∫
s

E𝑦(t)dt.

Hence, [
𝜀0 − C2C4𝛿 + 2𝜆CHP

(
1 + 3

2
Ka + Kd + M

)] T

∫
s

E𝑦(t)dt ≤ (C1 + C2C3)E𝑦(s).

Proceeding as before, with the choices of 𝜆 and 𝛿 in the statement of the theorem, one has the claim. □
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Remark 4. We notice that the condition on 𝜆 given in Theorem 3.2 is strictly related to the one given in Fragnelli et al.
[36] for the null controllability result.
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APPENDIX A

For the readers' convenience, in this section, we prove some results used throughout the previous sections.

A.1 Proof of Theorem 2.1

In order to prove Theorem 2.1, we introduce the Hilbert space

0 ∶= H1
1
𝜎
,0
(0, 1) × L2

1
𝜎

(0, 1), (A1)

endowed with the inner product

⟨(u, v), (ũ, ṽ)⟩0 ∶=

1

∫
0

u′ũ′dx +

1

∫
0

vṽ 1
𝜎

dx − 𝜆

1

∫
0

uũ
𝜎d

dx + 𝛽u(1)ũ(1)

for every (u, v), (ũ, ṽ) ∈ 0, which induces the norm

||(u, v)||20
∶=

1

∫
0

(u′)2dx +

1

∫
0

v2 1
𝜎

dx − 𝜆

1

∫
0

u2

𝜎d
dx + 𝛽u2(1).

Observe that if u ∈ H1
1
𝜎
,0
(0, 1), then u is continuous, so that u(1) is well defined. Moreover, being 𝜂 ∈ C0[0, 1] ∩ C1(0, 1]

and bounded away from 0, the norm ||(u, v)||20
is equivalent to

||(u, v)||2
1 ∶=

1

∫
0

𝜂(u′)2dx +

1

∫
0

v2 1
𝜎

dx − 𝜆

1

∫
0

u2

𝜎d
dx + 𝛽u2(1), (u, v) ∈ 0.

Obviously, to such a norm, we associate the inner product

⟨(u, v), (ũ, ṽ)⟩1 ∶=

1

∫
0

𝜂u′ũ′dx +

1

∫
0

vṽ 1
𝜎

dx − 𝜆

1

∫
0

uũ
𝜎d

dx + 𝛽u(1)ũ(1),

which we will use from now on, being more convenient for our treatment.
In order to study the well posedness of (1.1), we introduce the matrix operator (,D()) given by

 ∶=
(

0 Id
A𝜆 0

)
,

D() ∶=
{
(u, v) ∈ D(A𝜆) × H1

1
𝜎
,0
(0, 1) ∶ 𝜂u′(1) + v(1) + 𝛽u(1) = 0

}
⊂ 0,

where (A𝜆,D(A𝜆)) is defined in (2.17). In this way, we can rewrite (1.1) as the Cauchy problem{ .(t) = (t), t ≥ 0,
(0) = 0,

(A2)

with
(t) ∶=

(
𝑦

𝑦t

)
and 0 ∶=

(
𝑦0

T
𝑦1

T

)
.

Theorem A.1. Assume Hypotheses 1 and 2 and let Ka +2Kd ≤ 2. Then the operator (,D()) is nonpositive with dense
domain and generates a contraction semigroup (S(t))t≥0.
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Proof. The proof is based on Engel and Nagel [39, Corollary 3.20]. According to this result, it is sufficient to prove
that  ∶ D() → 0 is dissipative and I − is surjective.
 is dissipative: take (u, v) ∈ D(). Then (u, v) ∈ H2

1
𝜎
,0
(0, 1) × H1

1
𝜎
,0
(0, 1), and so Lemma 2 holds. Hence,

⟨(u, v), (u, v)⟩0 = ⟨(v,A𝜆u), (u, v)⟩0

=

1

∫
0

𝜂u′v′dx +

1

∫
0

vA𝜆u 1
𝜎

dx − 𝜆

1

∫
0

uv
𝜎d

dx + 𝛽u(1)v(1)

=

1

∫
0

𝜂u′v′dx −

1

∫
0

𝜂u′v′dx + [𝜂u′v](1) + 𝜆

1

∫
0

uv
𝜎d

dx − 𝜆

1

∫
0

uv
𝜎d

dx

+ 𝛽u(1)v(1) = −v2(1) ≤ 0.

I − is surjective: take (𝑓, g) ∈ 0 = H1
1
𝜎
,0
(0, 1) ×L2

1
𝜎

(0, 1). We have to prove that there exists (u, v) ∈ D() such that

(I −)
(

u
v

)
=

(
𝑓

g

)
⇐⇒

{
v = u − 𝑓,

−A𝜆u + u = 𝑓 + g. (A3)

Thus, define F ∶ H1
1
𝜎
,0
(0, 1) → R as

F(z) =

1

∫
0

(𝑓 + g)z 1
𝜎

dx + z(1)𝑓 (1).

Obviously, F ∈ H−1
1
𝜎
,0
(0, 1), the dual space of H1

1
𝜎
,0
(0, 1) with respect to the pivot space L2

1
𝜎

(0, 1). Now, introduce the

bilinear form L ∶ H1
1
𝜎
,0
(0, 1) × H1

1
𝜎
,0
(0, 1) → R given by

L(u, z) ∶=

1

∫
0

uz 1
𝜎

dx +

1

∫
0

𝜂u′z′dx − 𝜆

1

∫
0

uz
𝜎d

dx + (𝛽 + 1)u(1)z(1)

for all u, z ∈ H1
1
𝜎
,0
(0, 1). Clearly, L(u, z) is coercive: indeed, for all u ∈ H1

1
𝜎
,0
(0, 1), we have

L(u,u) =

1

∫
0

u2

𝜎
dx +

1

∫
0

𝜂(u′)2dx − 𝜆

1

∫
0

u2

𝜎d
dx + (𝛽 + 1)u2(1)

≥
1

∫
0

u2

𝜎
dx +

1

∫
0

𝜂(u′)2dx = ||u||2
1, 1

𝜎

,

if 𝜆 ≤ 0. On the other hand, if 𝜆 ∈ (0,CHP) then

L(u,u) ≥
1

∫
0

u2

𝜎
dx + (1 − 𝜆CHP)

1

∫
0

𝜂(u′)2dx ≥ (1 − 𝜆CHP)||u||2
1, 1

𝜎

,

by (2.13). Moreover, L(u, z) is continuous: indeed, using again (2.13), one has

|L(u, z)| ≤ ||u||L2
1
𝜎

(0,1)||z||L2
1
𝜎

(0,1)

+ (||𝜂||L∞(0,1) + |𝜆|||𝜂||L∞(0,1)CHP + (𝛽 + 1))||u′||L2(0,1)||z′||L2(0,1)
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for all u, z ∈ H1
1
𝜎
,0
(0, 1), being

|u(1)| ≤ 1

∫
0

|u′(x)|dx ≤ ||u′||L2(0,1)

(analogously for z(1)), and the conclusion follows.
As a consequence, by the Lax–Milgram The, there exists a unique solution u ∈ H1

1
𝜎
,0
(0, 1) of

L(u, z) = F(z) for all z ∈ H1
1
𝜎
,0
(0, 1),

namely
1

∫
0

uz
𝜎

dx +

1

∫
0

𝜂u′z′dx − 𝜆

1

∫
0

uz
𝜎d

dx + (𝛽 + 1)u(1)z(1) =

1

∫
0

(𝑓 + g)z 1
𝜎

dx + z(1)𝑓 (1) (A4)

for all z ∈ H1
1
𝜎
,0
(0, 1).

Now, take v ∶= u − 𝑓 ; then v ∈ H1
1
𝜎
,0
(0, 1). We will prove that (u, v) ∈ D() and solves (A3). To begin with, (A4)

holds for every z ∈ C∞
c (0, 1). Thus, we have

1

∫
0

𝜂u′z′dx =

1

∫
0

(
𝑓 + g − u + 𝜆

u
d

)
z 1
𝜎

dx

for every z ∈ C∞
c (0, 1). Hence, −(𝜂u′)′ =

(
𝑓 + g − u + 𝜆

u
d

)
1
𝜎

a.e. in (0, 1), i.e. −𝜎(𝜂u′)′ =
(
𝑓 + g − u + 𝜆

u
d

)
a.e. in

(0, 1). In particular, A𝜆u = Au + 𝜆
u
d
= − (𝑓 + g − u) ∈ L2

1
𝜎

(0, 1). Moreover, using the assumption Ka + 2Kd ≤ 2, one

has that u
d
∈ L2

1
𝜎

(0, 1); thus u ∈ D(A𝜆). Coming back to (A4) and thanks to Lemma 2, one has

−

1

∫
0

𝜎(𝜂u′)′z 1
𝜎

dx + (𝜂u′z)(1) + (𝛽 + 1)u(1)z(1) =

1

∫
0

(
𝑓 + g − u + 𝜆

u
d

)
z 1
𝜎

dx + z(1)𝑓 (1)

and
(𝜂u′z)(1) + (𝛽 + 1)u(1)z(1) = z(1)𝑓 (1)

for all z ∈ H1
1
𝜎
,0
(0, 1), since −𝜎(𝜂u′)′ =

(
𝑓 + g − u + 𝜆

u
d

)
a.e. in (0, 1). Hence, 𝜂(1)u′(1) + (𝛽 + 1)u(1) − 𝑓 (1) = 0.

Recalling that v = u − 𝑓 , one has
𝜂(1)u′(1) + 𝛽u(1) + v(1) = 0.

In conclusion, (u, v) ∈ D() and (A3) holds. □

As usual in semigroup theory, the mild solution of (A2) obtained above can be more regular: if 0 ∈ D(), then the
solution is classical, in the sense that  ∈ C1([0,+∞);0)∩C([0,+∞);D()) and the equation in (1.1) holds for all t ≥ 0.
Hence, as in Alabau-Boussouira et al. [27, corollary 4.2] or in Bensoussan et al. [40, proposition 3.15], one can deduce
Theorem 2.1.
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