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1 | INTRODUCTION

This paper is devoted to study the stabilization of degenerate equations of waves type with drift and with a small singular
perturbation through a linear boundary feedback. To be more precise, we consider the following problem:

Vi = A0y = b)yx = 75y =0, (LX) € Q.

w1, 0) = 0, t>0,
y(O, x) = J’O(x), yt(07 x) = YI(X), X € (0’ 1)’
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where Q = (0, +0) X (0,1),a,b € C°[0, 1], with a > 0 on (0, 1], a(0) = 0 and S € L'(0,1).! In the boundary term, we take
f > 0 and 7 is the well-known absolutely continuous weight function defined by

X

n(x) :=exp /%ds , x €[0,1], (1.2)

1

2

introduced by Feller several years ago [1]. As usual (see, e.g. [2]), we find that # € C°[0,1] N C'(0, 1] is a strictly positive
function and it can be extended to a function of class C'[0, 1] when b degenerates at 0 not slower than a (for instance, if
a(x) = xX and b(x) = x", h > K).

The fact that a(0) = 0 introduces a lack of ellipticity in the spatial operator and for this reason the equation is degenerate.
Degenerate equations have attracted great attention in the last decades, since they appear in several applied contexts,
such as physics [3], biology [4, 5], mathematical finance [6], climatology [7], and image processing ([8]). In particular,
degenerate parabolic equations have been object of an intensive research in the last two decades [9-18], mainly from
the point of view of null controllability, in general obtained by new Carleman estimates. Problems in presence of both a
degeneracy and a singularity have been considered, as well [19-25].

A much less studied situation is the one of waves-type equations admitting a degeneracy term [26-32] or a singular
term [33, 34], for which the authors prove controllability or (exponential) stability results.

As far as we know, for waves-type equations admitting simultaneously degeneracy and singularity, only controllability
problems have been faced (see the recent papers [35-37]), while nothing has been done for stability. For this reason, in
this paper, we focus on such a problem, proving that (1.1) permits boundary stabilization, provided that the singular term
has a small coefficient (see Theorem 3.2). Hence, we may regard this result as a perturbation of the related one in Fragnelli
et al. [36]. However, the presence of the singular term éu introduces several difficulties, which let us treat only the case
of a function d with weak degeneracy, according to the definition below.

Definition 1. A function gis weakly degenerate at 0, (WD) for short, ifg € C°[0, 1]nC*(0, 1] is such thatg(0) = 0,g > 0
on (0, 1] and, if

/
sup Xlgl =K, (1.3)
xe©1] &X)

then K, € (0,1).
Definition 2. A function g is strongly degenerate at 0, (SD) for short, if g € C'[0, 1] is such that g(0) = 0,g > 0 on
(0,1], and in (1.3), we have K, € [1, 2).

Referring to Theorem 3.2 for the precise assumptions and statement, a flavor of our exponential stability result is the
following:
If A issmall and a, b are not too degenerate, then
the energy of the solution to (1.1) converges exponentially to 0 as time diverges.

A case covered by our study is the one in which the equation in (1.1) is
« p Ao
Vit =X Yo = pX"yx — —y = 0.
x7
In this case, we have exponential stability provided that
>0, f>a—-1, 2—a—2y >2u and A small enough.

The paper is organized as follows. In Section 2, we give the functional setting and some technical tools that we will use in
the rest of the paper, together with the existence of solutions. In Section 3, we introduce the energy associated to a solution
of the problem and, by a multiplier method, we show that it decays exponentially as time diverges. In the Appendix A,
we prove the existence theorem stated in Section 2.

If a(x) = xX,K > 0, we can consider b(x) = x" forany h > K — 1.
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2 | PRELIMINARY RESULTS AND WELL POSEDNESS

In this section, we introduce the functional setting needed to face our problem, and then we give some preliminary results
about the function spaces we treat, and finally, we prove the well posedness result.
Following Fragnelli et al. [36], we start assuming a very modest requirement.

Hypothesis 1. The functions a,b,d € C°[0, 1] are such that

1. g e L1(0,1),
2. a(0)=d(0)=0,a,d>00n(0,1],
3. thereexist K1, K, € (0,2) such that the functions

xk
— 2.4
> @ (2.4)
and
xK
2.5
X e (2.5)
are nondecreasing in a right neighborhood of x = 0.
Remark 1. If a is (WD) or (SD), then (1.3) implies that the function
'
X % is nondecreasing in (0, 1] for all y > K,. (2.6)
In particular, (2.4) holds and
v .
Yo 2.7)
a(x)
for all y > K,, where
_ b|| e
_ Mll=a )
a(1)
Moreover,
X _o (2.9)
=0 a0 '
forally > K,.
Analogously, if d is (WD) or (SD), then
X" is nond ing in (0, 1 (2.10)
X % is nondecreasing in (0, 1] .
for ally > K; and
x}’
(2.11)

M a0 =
for all y > Kj.

Remark 2. Concerning the notation, we will use K; (K, respectively) when Hypothesis 1 holds, and K, (K,
respectively) when the global degeneracy conditions (WD) or (SD) hold true.

Now set

o) i= 29 1],

a
ne)’

and consider, as in Fragnelli and Mugnai [38], the following Hilbert spaces with the related inner products:

1

1
2
L*(0,1) :=du € L*0,1) /”—dx<oo , (u, V)1 :=/uv1dx
- o 4 o
0 0
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for every u,v € L7 (0,1) and

1
H'(0,1) :=L3(0,1)nH"(0,1), (u,v);1 1= (u,v): +/nu’v’dx

0

for every u,v € H i (0,1). The previous inner products obviously induce the related norms

c

1

1
2
u
= [ v and =l + [ nva
o 0 [ [

0

Moreover, consider the space
Hllo(o, 1) := {u €H}(0,1) : u(0) = o}

endowed with the same inner product and norm of H 11 (0,1). Clearly, thanks to (2.4), and (2.5),ifu € H 11 (0, 1), then

o

one can estimate the two integrals f ¥ dx and / ¥ dx with the norm of '. Indeed, as in Boutaayamou et al. [30] and in
Fragnelli et al. [36], the following Hardy—Pomcare type inequalities hold.

Proposition 1. Assume Hypothesis 1. Then, there exists C > 0 such that forallu € H i 0(0, 1),

1 1
/ w2 Ldx <cC / (W' )?dx. (2.12)
(o3
0 0
Moreover, if K1 + K, <2andu € H 11 o \/”_d (0, 1) and there exists a positive constant C > 0 such that
1 1
/ ”—d <C / (' (x))2dx. (2.13)
0 0
Let
Cup and Cpp be the best constants in (2.12) and (2.13), (2.14)

respectively. Clearly, Crjp < Cppmax(oijdmaxo ;5. Moreover, under an additional assumption on A, one can consider a
different norm on H} 0(0, 1). Assume the following:

Hypothesis 2. The constant A € R~ {0} is such that

A< L (2.15)

Cup’

Observe that it is not restrictive to assume 4 # 0, since in Fragnelli and Mugnai [38], the case 4 = 0 is considered.
If K; + K> < 2 and if Hypotheses 1 and 2 hold, then one can consider on H 11 0(0, 1) also the inner product

1 1
(U, v)1 1= (u,v)1 +/;1uvdx A/ L
v od’

0 0

which induces the norm

Julf? =l + /(u)zdx /1/—

85U8017 SUOLULLIOD BA 1810 3ceoldde ayy Aq pausenob afe ssoile VO ‘8sn Jo se|ni Joj Afeid8UlUO A8]IAA UO (SUORIPUOD-PUR-SLUBI/LI0O" AB | IM"Ae.q) | U JUO//:SdNL) SUORIPUOD pUe SWwie | 8U18eS *[5202/c0/60] Uo AkiqiTauliuo A8|1m eiosnL [ea Ipms 11ea AluN AQ £6S0T BUIL/ZOOT 0T/I0P/LI00 A3 IM AeIq 1 Ul |UO//Sdny WOy papeojumod ‘t ‘G202 ‘9. T660T



5090 Wl LEY FRAGNELLI ET AL.

forallu,ve H i 0(0, 1). In particular, setting

1
uw@:=/m¥w:
0

and
1

nw@:=/hm¥w
0

forallu e H i 0(0’ 1), one has the following equivalence thanks to Proposition 1:
Corollary 1. Assume Hypotheses 1 and 2. If Ky + K, < 2, then the norms || - ||, 1, || - |1, || - |10 and || - ||1,« are equivalent
inH} ,0.1).
Now define the operator
Ay :=ay’ +by =o(ny’) (2.16)
for all y € D(A), where D(A) is the Hilbert space

D@A)=H? (0,1) := {u €H, (0,1) ’ AueLzl(O,l)},

with inner product
(U, v), 1 1= (u,v); 1 + (Au, Av)1
or

(U, v)y 1= (u,v); + (Au,Av)i.

In the rest of the paper, the next lemma is crucial; since its proof is similar to the one of Fragnelli et al. [36, lemma 3.2],
we omit it.

Lemma 1. Assume Hypothesis 1.

1. IfyeDA)andu € H! 0(0, 1), then lir% ux)y' (x) = 0.
1 e

2. Ifue H' (0,1), thenlim Zu?(x) = 0.

;,O x—0 a
3. IfueH; ,(0.1) and K; + K, < 2, then 1iqu0;‘—du2(x) =0.
4. Ifu € H:(0,1), then lim £ 12(x) = 0.

> x—0 ad
5. Ifu € D(A), then liné X2’ (x))? = 0.

X—
6. Ifu € D(A), K; <1, then lir% x(' (x))? = 0.
X—>
7. Ifu € D(A), Ky > 1and 2 € L(0, 1), then lim x(u'(x))? = 0.
X—

Thanks to the first point of the previous lemma one has the following integration by parts

Lemma 2 (Fragnelli and Mugnai [38, lemma 2.1]). Assume Hypothesis 1. Ifu € H21 0(0, 1 andv e Hll 0(0, 1), then

1

(Au,v)1 = —/nu’v’dx+ [qu'v](1).

0

Now, define

Au :=Au+/1% (2.17)
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forallu € DA,) := {u € H} 0.1t Aue L3 (0, 1)}. Clearly, D(A;) C D(A); anyway, if K, < 1, we have g € L*(0,1),
and so ’ ’

D(A) = D(Aj);

however, in general, such an inequality does not hold, unless K; + 2K, < 2 [36]. Moreover, by Lemma 2, one has that if
Hypothesis 1 is satisfied, then

1 1
(Au,v)1 = —/nu’v’dx+ﬂ/ u—;dx+ [nu'v](1) (2.18)
o o
0 0

forallu € H2 (0 andv e H, 1 (0 1). Thus, thanks to the new operator (A;, D(A;)), one can prove the next existence

and regularlty results whose proof being standard, is postponed to the Appendix A.
Theorem 2.1. Assume Hypotheses 1 and 2 with Ky + 2K, < 2.If (yo0,y') € H 1 O(O, 1) X L3 (0,1), then there exists a

o

unique mild solution

yecC <[0, +00); L7 (0, 1)> nc ([0, +oo); H) (0, 1))

o

of (1.1) that depends continuously on the initial data (yo, y1). Moreover, if (yo, y1) € H2l 0(O, 1) x Hll 0(0, 1), then the

solution y is classical, in the sense that

y € C? <[0, +00); L3 (0, 1)> nCt <[o, +oo); H) (0, 1)) N C ([0, +00); D(A,))

o

and the equation of (1.1) holds for all t > 0.

Observe that the assumption Kj +2K, < 2 implies K; < 1. This assumption is also crucial to prove the second part of the
next variational result. The case that corresponds to a singular being strongly degenerate with K; > 1 is an open problem.
The next preliminary result will be crucial for the following.

Proposition 2. Assume Hypotheses 1 and 2 and for § > 0 define

1 1
el i= [ n@Pas=a [ Zdvs pr)
0 0
forallz EH1 (O 1). Then the norms ||| - |11, || - ||1 |- |- |l,e and || - ||1.0 are equivalent in H1 (O 1). Moreover,
foreveryy € R the variational problem
1 1
/nz ¢'dx — ,1/ =+ fz(p(1) = y¢(1), ¥ ¢ € H, (0,1) (2.19)
0 0

admits a unique solution Z € H! 0(0, 1), which satisfies the estimates
1ZI113 < y*C3 and ||1Z))3 < <CHP + 1}(1)&}@) y*cs, (2.20)

where Cyp, Cyp are the best Hardy-Poincaré constants from Proposition 1 and

L, 1<0,

\ /minz -

[0.1]

C, = . X (2.21)
o ie(on).
£minn Cyp

[0.1]
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5092 Wl LEY FRAGNELLI ET AL.
where € € (0, 1) is such that
1—¢
A= . (2.22)
Cup
In addition, if Ky + 2K, < 2, then Z € D(A;) and solves
—A,Z =0,
2.23
{ nZ'()+pZ(1) =y. (2.23)
Proof. To prove the equivalence among the norms, it is sufficient to prove that ||| - |||; and || - |]1.. are equivalent,
thanks to Corollary 1. Now, if 4 < 0, it is clear that for allz € H i 0(0, 1)
1
lzlls , < ———1llzll13.
mln[o’l]}’]
Ifie (O, %) we start fixing € as indicated in (2.22). Hence, for allz € H ! O(O, 1), one has
HP )
1 1 1
2
/ N — A / Sdrze / 1 (2.24)
o
0 0 0
and so
1
2112, < ———111zlII?
Emln[o,l]ﬂ
forallz e H 1 0(0, 1). In conclusion, we have
1Zll10 < Calllzll]1s (2.25)
where C; is as in (2.21). Now, we prove that there exists C > 0 such that
1zl < Clizll3,
forallze H 1 0(0, 1). First of all, observe that
1
j2(1)] = / Zdt] < Izl (2.26)
0

forallz € Hi,o(o’ 1). Now let A > 0. Clearly, ifz € Hll,O(O, 1), from (2.26), we get
2 < 2
zll7 < (r[ré%m + ﬂ) Izl -

On the other hand, if A < 0O and z € H} O(O, 1), by (2.26), we get

1
11zI11; < A = AChp) max / (@)?dx + pz*(1) < (1 — AChp) maxy + Pzl -
0

Thus, the two norms are equivalent.
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Now, consider the bilinear and symmetric form A : H i O(O, 1)xH i 0(O, 1) — R, given by

1 1
Az ¢) = / n? ¢ dx — A i—ch + pz()p(1)
0 0

forallz,¢p € H 11 70(0, 1). Clearly, A is coercive and continuous. Indeed, by Corollary 1

1

1 1
2 2
Az2) = / n(@)dx — A / Ldx+ p2(1) 2 / n(@)dx— 2 / x> izl (2.27)
0 0 0

0

1

if A <0, and
Az.2) > (1 — iCpp) |IzlI} .. (2.28)

ifAe (0, CL ) Moreover, by the Holder inequality and (2.26),

HP

1 1

NG [z ias= i [|2]dvs paiion < (- acum mas n+5) lelh ol
0 0

if 1 <0,and
[AZ, )| < (2 max n+ P)lIzll1ollPll10,
x€[01]
. 1
ifAe (0, CHP>'

Now, consider the linear functional £ : H 11 0(0, 1) —» R defined as

L(¢) = re(D),

forevery¢p € H i 0(0, 1). Clearly, L is continuous and linear. Thus, by the Lax-Milgram theorem, there exists a unique
solution Z € H! (0,1) of

NZ,p) = L() (2.29)
forall ¢ € H} ,(0.1).In particular,

1

1

2

NZI12 = AZ,2) = / n(Z')dx — 4 / %dx +BZX1) = L(Z) = yZ (D). (2.30)
0 0

By (2.25) and (2.26), we have that for all z € H} ,(0. 1)

1z < |1zl < Calllzllh (2.31)

and by (2.30),
HIZIIIE = rZQ) < I ICAHIZI s
thus,
NZIl < lrICs,
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which proves the first part of (2.20). Moreover, by Proposition 1, (2.25) and (2.31), we have
1ZI3 <1215, < (CHP +r[r(}a1>]<n> 13, < <C‘Hp +I}3E}§“7> CHNZI
<|(Cuyp+ max 7 y2C4,
- [0.1] A

thus concluding the validity of (2.20).
Now, assume K; +2K, < 2. We will prove that Z € H 21 0(0, 1) and solves (2.23). To this aim, we consider again (2.29).

Since it is true for every ¢p € H 11’0(0, 1), it holds in partincular for every ¢ € C (0, 1), so that

1 1 1 1
/rﬂ’d)'—/l/%=0V¢EC§°(O,1)<=)/nZ’¢’=/I/% Y ¢ € CX0,1).
0 0 0 0

Hence,
nz'y = —/l% a.e.in (0,1) < —-oc(nZ'y - Ag =0 a.e.in (0,1)
[0}
andsoA;Z € LZl (0,1). Thanks to the assumption K; + 2K, < 2, one has that % e L2l (0,1). Hence, AZ € L21 (0,1) and
soZ € D(4;). ’ ’
Finally, coming back to (2.29), we have by (2.18)

1

1
Z
/'IZ'¢>'dx - /1/ 6—(st +BZ(D)p(1) = yp(1) = (1Z'$)(1) + Z(M)$(1) = y(1)
0

0

forall ¢ € H} ,(0. 1) Thus, we obtain
(Z) + pZQ1) =v;
hence, Z solves (2.23). O

Remark 3. The previous result is similar to the one given in Fragnelli and Mugnai [38, proposition 2.2], but here, the
presence of the singular term makes the situation more involved, and requires the condition K; + 2K, < 2.

3 | STABILITY RESULT

In this section, we prove the main result of this paper when a and d are (WD) or (SD). To this aim, if y is a mild solution
of (1.1), we consider its energy given by

1

_1 15 2 A 2
E,(t) = > /(Gy,(t,X)+nyx(t,x) il (t,x)>dX+ﬂy t1)], t=>0,
0

and we prove that it decreases exponentially under suitable assumptions. In particular, we collect all the previous
assumptions in the following one:

Hypothesis 3. Assume that

the functions a and d are (WD) or (SD),
b € C°[0,1] is such that g e L1(0,1),
K, +2K; <2,

ifKy > 1, then ";” e L>(0,1)

A<

Crp’

“oR Wb~
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We remark that the condition x;b € L*(0,1) is automatically verified if K, < 1 by (2.7). Moreover, we recall that the

condition K, + 2K; < 2 (which specifies the previous K; + 2K, < 2) implies that d cannot be (SD). Under the previous
hypotheses, one can prove the next result

Theorem 3.1. Assume Hypothesis 3 and let y be a classical solution of (1.1). Then the energy is nonincreasing and

dE, (1)

=—y(t,1)?% t > 0.
dt n(t, 1)

Proof. By multiplying the equation by , integrating over (0, 1) and using the boundary conditions, one has

1

1 1
1 [d(¥ A
0= > / T (—’) dx — n(L)yx(t, Dy(t, 1) + / NYxYocdx — / — yyrdx.
c od
0 0

0

Thus,
! 2
= li 3 2 A d
=3dr /<6+f1yx prh )dx+ﬂY(t1) + Y1) = y(t)+yl(t1)
0
Hence, the conclusion follows. O

Now, our aim is to estimate the energy at time ¢ > 0, E,(¢), in terms of the energy at time ¢t = 0, E,(0). To do that, we
start with the following:

Proposition 3. Assume Hypothesis 3 and let y be a classical solution of (1.1). Then, forall T > s > 0

1 T T r
nyYt _ 1 2 B 5 ~ 1 ,
0=2 / s =) / y; (&, Ddt — n(1) / ye(t, Ddt sdD / YA(t, 1)dt
0 s s o

b, x(a'=b)\ 1 :
snoidvdi+ [ (1= ——— ) Lyavdi+ [ nyide (3.32)
[0}

Qs Qs Q

x(@ —-b) xd
af (=22 Y i,
* / ( a d > od

where Qs 1= (s, T) X (0,1).

Proof. Take any T > s > 0; then, multiplying the equation of (1.1) by =, integrating over Q; and recalling (2.16), we
have, after some integration by parts,

0= / 20OV e — / X(7ye) yedxdt — A / xy—cy;‘dxdt

c o
Q_S QS
T

- (o] e f (2

N

1 ' 2 x=1
—5/[xr/yx]x odt+ = /(xn) yxdxdt——/

A od —x(c'd + ad )\
+2/< od? )ydxdt.

QS
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Recalling the definitions of # and o, we finally find

1 T T
Oz/[xyxyt ’— __/[ *= t——/[x 2]x=1dt—£/ xyZXIdt
(s ’7Yx x=0 Ud
0 N N
x(a'-b
l/xnbyxdxdt+ /<1—¥> lyfdxdt+1/nyxdxdt
2 2 a c 2
Qs Qx Qx

A x(@ —b) xd
2 | Sl AN A
+z/< a d )mdx‘h

Moreover, using the boundary conditions and Lemma 1, we have that

lim Zy2(2,x) = lim Zpy2(t,x) = 0
x-0 o x=0 q

lim xny2(t,x) =0
x—0

and
T

T
__ 4 2
/1/ odly=0 o(1)d(1) /y (¢, 1ydt.
0

0
Hence, (3.33) multiplied by 2 gives (3.32).

Proposition 4. Assume Hypothesis 3 and let y be a classical solution of (1.1). Then, forall T > s > 0, we have

'—b
(B.T.>=/<1—M+Ii> 1 2dxdt+/<1_x9_’i> Vdxdt
a 2 a 2

Q, Qs
x(a' —b ' 2
+,1/ 1—¥—ﬁ+& Y v,
a d od
Qs
where
1
=T
(B.T) / [ Syt Ka yyt] dx
c 2 o |,
0

T

1 K, A
+/ [;yf+ny§ S Y+ —y ] (t, Dydt.

N
Proof. Multiplying the equation in (1.1) by f and integrating over Q;, we have

1

0=/< y e l—d>dxdt+/[y—y[] dx — /[nyxy]x Ldt,
0

Qs

Using the boundary conditions and the fact that y is a classical solution of (1.1), one has

T T
/ [yxylsy dt = / [nyxy] (¢, Ddt;
N N

(3.33)

(3.34)

(3.35)

(3.36)
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thus, multiplying (3.36) by —%, we obtain

1 T
2 2
0= —&/ _2 +ny? - 22 ) dxdt - Ii/ [yyt] dx + Ko / [nyxy] (8, 1)dt. (3.37)
2 o od 2 o li=s 2
Qs 0 s
Summing (3.37) and (3.32), we get the claim. O
Now, define
1, 1<0,
Loi=9q , 5ol (3.38)
CHP

The following result holds:
Proposition 5. Assume Hypothesis 3, f > 0 and let y be a classical solution of (1.1). Then, there exists 1. € (0, 1], such
that forany T > s > 0 and 6 > 0, we have

T

CppC?
/yz(t, 1dt < 2 1+ —2/1 + i + _(CHP + max 1’])C4 E\(s)
1. 1. minj, ;7 26

N

. (3.39)

+ 21+ ——c / E,(tdt,
1. 1. ming, ;1

N

where C, is as in (2.21).

Proof. The proof is similar to the one of proposition 3.3 in Fragnelli and Mugnai [38], so we will be sketchy. Fix
te[s,T],sety = y(t,1) and let z = z(t, -) be the unique solution of

1 1
/'IZ'd)'dx - /1/ Z(de + pz(Dp(1) =yd(1), V¢ € Hl (01
0 0

By Proposition 2, z(¢,-) € D(A,) for all ¢ and solves

A;z=0,
{ nzx(t, 1) + pz(t,1) = y. (3.40)

As in Fragnelli and Mugnai [38], we multiply the equation in (1.1) by f and integrate over Q;. Then, applying
Lemma 1, we have (notice that z; € L3 (0, 1) by (2.20))

o

T

/[y, dx /y,—dxdt— /Ldzdxdt:/nyx(t,l)z(l)dt—/ﬂyxzxdxdt. (3.41)
t=s (2

s s Q;

Multiplying the equation in (3.40) by f, integrating on Q, and using the boundary conditions, one has

/ (y — Pz(t, D)y(t, Ddt = / NZeyydxdt — A / a_dedth'
s Q Q
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Substituting in (3.41) and recalling that y solves (1.1), so that, in particular, ny,(t, 1)+ py(t, 1) = —y,(t, 1),and y = y(t, 1),
we have

T 1
/ VAt 1)dt = / Y2 gedt — / (v, 1)dt — / [y?fz][ dx. (3.42)
N Qq 0

T
Hence, to estimate f ¥*(t, 1)dt, we have to consider the right-hand-side (3.42). As a first step, observe that, if A < 0,

N

then

1

/ V() + ) ) dx < Ey(0)

0

N

forallt e [s,T].If A € (O, CL> and € € (0,1) is as in (2.22), we obtain (2.24), which implies that

1 1
2
2E,() > € / ny2A(t, x)dx + / o ‘(t’x)dx+ﬁy2(r, 1)
0 0 ()
1

1
2
>e /nyi(t,X)dX+/yt(t’x)dx + Byt 1);
o(x)

0 0

in particular,

1

/ =Yi(t,X) + nyx(t, x)) dx < 1 ()

0

DN | =

forallt > 0.
Hence, for all considered A and all ¢t > 0, we have

1

1 1 1
> / (So2e0 +mi) de < ZEy(0) (3.43)
2 o 15
0
and
1 2 1
12(t1)—1/ (t, x)dx <1/ 2txode < 1 — 1 /( 2 tx0dx < —F.(1) (3.44)
2y ’ - 2 Pl -2 Yx 2m1n0 11 7% 1 mingo 1117 yer )
0 0
Let us start estimating the third term in (3.42). To this aim, observe that
2 1 2
/(nzx) < 1—|IIz|II1 (3.45)
£
0
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by (2.27) and (2.28). Hence, applying Proposition 1, (3.45), (2.20), (3.43), and (3.44), Theorem 3.1, and recalling that

y = y(t, 1), we have
1
/ 'y—tZ(T,X)
(o}
0

o o

1 1
2(1,X 2
dxsl/y[( )dx+1/z(r,x)dx
2 2
0 0

1

1
2(1,X .
s%/y‘(r D+ — L ch/(nz§)<r,x>dx
0

(o2 2 mil’l[o’l]i’]
0

1 ~
(7, X CpC?
<1/y‘( )dx+ 74 2401

-2 o 1.2 min[oJ]n
0
2 2

Lp o+ CwCi g 0
Loy, wms
15 v 152(min[0’1];1)2 g

1 CupC?
<1+ —= |E«®
1, 1.(ming 1y7)

for all = € [s, T]. Here C, is the constant defined in (2.21). Thus, again by Theorem 3.1, we have

IA

1

t=T éHpCZ
/ [y_fz] dx| < 2 1+——4 E\(s). (3.46)
O lt=s Ie le(l’nln[o,l]ﬂ)2

0

Now, consider the second term in (3.42). Then, for any 6 > 0, we have

T

T T
/ |(ve2)(E, D]dE < % / i, l)dt+g / 2*(t, Ddt. (3.47)

N

Starting as in (3.44), by (2.20), (3.45), and (3.44), we have

1
15 min[o,lm

2 2
2.—2 CAEy(t).
1, ming, 7

1
1
21 < — / (1, 9dx < Nl
0

min[o,lm

1

<———CH(L) <
1, ming 1197

Thus, by Theorem 3.1, we have

T T

T
/I(ytz)(t, Dldt < %/yf(t, l)dt+g/zz(t, Dt

N N
T d T
¢
<1 O 51 c? / E,(t)dt (3.48)

26 dt 152 min[zo,u n

s
T

Ey(s
B9 o ci/Ey(t)dt.
26 1.2 ming) ;7
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Finally, we estimate f 2% dxdt. To this aim, consider again (3.40) and differentiate with respect to . Then
Q(‘

{ _U(WZDC)X - /1% =0,
nZpc(t, 1) + Pz,(t, 1) =y, = yi(L, 1).

By (2.20), z; satisfies the estimates

c

llzel117 < C3¥7(t, 1) and ||z |13 < <CHP+I[I(1)%(’7> Cy2(t, D).

Thus, by (3.43) and Theorem 3.1, we find

2 2
Ve
/ dxdtsé/&dxdwi/—fdxdr
2 o 26 c
Qy QS
T

Qs
T
<3/E(t)dt+l Crp + max C4/ 2t 1)dt
> 15 y 25 HP [0.1] n y yt s
N

Vit
(o

r (3.49)
_ 1 4 dEy(t)
= / y(t)dt <CHP + IE(l)?ﬁ(n) C/l/ i dt
N
1 ([~ 4
< = / (t)dt+ — <CHP + Ig&:ﬁ(n) CIEy(s).
Hence, going back to (3.42), by (3.49), (3.48), and (3.46), we get
y C C'
2 2 HP 1 1 =
(t, dt < —+——+—+—C + C; |E
/y (&, Ddt < (15 17 min2, 5 | 25 25( HP r{ggfﬂ) | Ex(®)
N
T
+ (14 +Cﬁ /Ey(t)dt,
1, 1, mingy,, 1 :
as claimed. O

As in Fragnelli and Mugnai [38], we assume an additional hypothesis on functions a and b. Clearly, this assumption is
stronger with respect to the one in Fragnelli and Mugnai [38] since here, we have also a singular term to manage.

Hypothesis 4. Hypothesis 3 holds and there exists e > 0 such that (2 — K, — 2K)a — 2x|b| > goa for every x € [0, 1].

Proposition 6. Assume Hypothesis 4 and let y be a classical solution of (1.1). Then, forany T > s > 0:

2 o) M) n@)

P K
- <n(1) -

& ( _A_d)dxdtg(2@+L+L+i+£)m
Qs

; (3.50)

+ b + K + L) /yz(t,l)dt,
N

n) 4 o(l)d@d)
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if A>0,and
e [(%, . P 1,1 B K
2/<O_+nyx Aod>dxdts<2®+a(1)+n(1)+n(1)+ 4>Ey(S)
QS
i T
ﬂ Kaﬂ ﬂ Ka /2
b2 £ e t, 1)dt 3.51
(11(1) 2 T 4> e —
T

—24Cnp (1+ %Ka +Kq+M) / E,(t)dt.,

S
if A < 0. Here,

2 1 K,Crp

®:=—max{—+—. 1+
1, a(l) 4 mingn

I

3 (352)

1. is given in (3.38) and

M, K, <1,
M= ]2 Ky > 1,
L*>(0,1)

a

where M is defined in (2.8).

Proof. Thanks to Hypothesis 4, we have

’r_ _ _ —
_ x(a b)+I&Z(2 Ko = 2Kg)a + 2Kqa 2X|b|>£_o+Kd>@’

1 >
a 2 2a 2 2

K, . 2—-K,; —2Ky)a +2K4a —2x|b| _ &g €9
— > > —+K;> —_—, .
2 = 2a =2 T (3.53)

x(a'=b) x@ K, (2-2K)a—2x|b|+Kasa—2Ksa _ &
1-— X Jay > 2
a d 2 2a 2

1—xé—
a

Now, we distinguish between the case 4 > 0 and 4 < 0.
Case 4 > 0. In this case, the distributed terms in (3.34) can be estimated from below in the following way:

x(a' —b
/(1—(—)+&> lyfdxdt+/<1—xé—&> ny2dxdt
a 2 Jo a 2

Q Qs
x(@'-b) xa K\
QS
€ > y?
> =+ 2 _ 1= | dxdt.
-2 /<0' +Yx 0'd>

Now, we estimate the boundary terms in (3.35) from above. First of all, consider the term

[ (2224 B2 s
c 2 o
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for all r € [s, T]. By (2.6), one has tha ; using this fact together with Proposition 1 and (3.43), one has

(1)

1
/< PV 2ayyx)(x)dx
0

1 1 1 1
2 2 2 2
g/ "z, )dx+/—(1 x)dx+£/£(r,x)dx+&/y—(r,x)dx
4 o 4 o
0 0 0 0

1 1
2 ~
1 2 K, Y; K,Cuyp )
— ,X)dx 1+ — —(r,x)dx + ————— ,X)dx
a(l)/nyx(r X) +< + 1 >/ cf(r X) +4m1n[031];1/'7yX(T X)
0 0 0

K,C K,
imax L+ﬂ’1+_" E, (1)
1. a(l) 4 minyn 4

for all = € [s, T]. In particular,

=T

1
/ [<—2xM + Iﬁ&) (T,x)dx] < 20E,(s), (3.55)
o 2 o
0

T=§

where O is defined in (3.52). By (3.34), (3.54) and the previous inequality, we get

T
Y > K,
%0 (_t + nyx y_d> dxdt < 20E,(s) + / 1 y, + nyx - 7’1ny + iy ] (t, D)dt. (3.56)
(o2
QS s
As Fragnelli and Mugnai [38, equation (3.22)], one can prove that
T
1 2 Ka ﬂ 2 1 1 ﬁ Ka
+ + — EDdt< | —+ —+ —+ — | (E,)(5) —E(T
/ [ Vi +nyi— 5 MWy + —y ] 1 <6(1) RO (Ey(s) = Ey(T))

N

. (3.57)

2
+<ﬂ N ﬁ+i+&+L>/y2(t,1)dt.

n 2 n@ 4 oD)dd)

Hence, by (3.55), (3.56), and (3.57), we have

) Vi y
— + — A— | dxdt
2 ( s O'd)

QS

1 1 B K,
(04 S+ a5 B
T

2
+<ﬁ_+K +L+I&+L>/y2(t,l)dt,
n(1)

n) 4 o(Ddd)

as claimed.
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Case 4 < 0. In this case, by definition of energy, one has
T
y2
-2 / —ddxdt < —2ACpp / E,(tdt;?
[0}
QS S

thus, by (3.53), (3.34), and by? estimating the boundary terms as in the previous case (with the exception that in (3.57)
the term with A disappears), we find

2 2 "'—b
€0 M 2 y x(a ) Ke\1, / b K,
= s . r< 1-— 2422 )= t 1-x——=2 t
> <6+ Vi /lad)dxd_/( " +2 Uytdxd+ xa > nyzdxd
Qs Q Q
1 ey T
</ iE
0 =S N

x(a' =b ' 2
_,1/ 1_¥_)ﬂ+& Y dxdt
a d 2 ) od
Q

s

(—ZxM Kayy[>( ,x)dx
c 2

1 K, A
=y +nyi— 7nyxy+ — ] (¢, dt

T

1,1, K oKl P K [
S<2®+0(1)+n(1)+n(1)+ 4> y()+< (1)+ 5 +’1(1)+ 4>/y(t,1)dt

N
T

—24Cpp (1+ %Ka +Kq+M) / E,(t)dt.

N

Our proof is then concluded. O

As a consequence of Propositions 5 and 6, we have the main result of the paper. As a first step, define

K,
=2+ L P K
o) n@M n@) 4
ya K/i ) pey i S
c, ey + (1)+ + T2 T omay 420
2
ﬁ—+K"ﬁ+/’+K+’j 1<0,

n(1) 2 n(1) 4

2 2 ~ 1 1 [~
Cyi=—+—"—CpC>+ —=+— (Cp + cs
YL T 1min g T 25 T 25 < P %ﬁ?") A
[0,1]
and
OPELY PP S
1, 1, miny, ;1
where 6 > 0.
Theorem 3.2. Assume Hypothesis 4 and if A < 0, then A € <—f—° 0>. Let y be a mild solution of (1.1).
2Cup (142K, +K,+M )
Then, for all t > M and forall 6 € (0, 6y),
Ey(t) < Ey(0)e' ™, (3.58)

20f course, a straightforward estimate could be —4 /Q 2 dxdt <2 / E,(t)dt, but we could not manage such a term in Theorem 3.2.
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WILEY
) o eo+2pp (14 2K, +K4M )
where &y := min X oC and
2%4 2%4
C,+G,C 1
s refog).
0 2%4 HP
M = (3.59)
C1+C,Cy rel - £o 0
’ N .

eo—czc45+2/1cm,(1+§Ka+Kd+M) 2CHP(1+§KG+Kd+M>

Proof. Asusual, let us start assuming that y is a classical solution. If y is the mild solution associated to the initial data
(30, ¥1) € Ho, consider a sequence {(yy, ) }nen € D(A) that approximate (yo, y1) and let y" be the classical solution
of (1.1) associated to (yj, y}). With standard estimates coming from Theorem A.1, we can pass to the limit in (3.58)
written for y" and obtain the desired result. So, let y be a classical solution.

As a first step assume 4 > 0. By (3.50) and (3.39), recalling the definition of E,, we have

T T
€0 / E,()dt < C1Ey(s) + C» / yA(t, 1)dt
N N

T

< (Cy + CoC3)E,(5) + CoC4d / E,(tdt.

N

Hence,

T
[e0 — C2C4d] /Ey(t)dt < (Cr+ GGE ().

Choosing 6 € (O, CE—"C) , we have
T

C1 + CCs
E,(dt< ———=—-F
/ y(Bdt < g9 — CC40 »8)

N

for all s € [0, +o0). Thus, we can apply Fragnelli and Mugnai [38, lemma 3.1] obtaining
Ey(t) < By(0)e' ™,

for all t € [M, +0), where M is as in the first line of (3.59).
If A < 0, then from (3.51) and (3.39), we get

T T T

€0 / E,(H)dt < C1E,(s) + C, / yA(t,1)dt — 2ACpp (1 + %Ka + Ky +M> / E,(t)dt

s N s
T T

< (€1 + C1C3)E,(s) + C2C4 / E,(dt — 2ACyp (1 + %Ka T K+ M) / E,(tdt.

N N

Hence,
T

[go — C,C48 + 2ACup (1 + %Ka + K+ M)] / E,(0dt < (C) + C:C3)E,(s).
N

Proceeding as before, with the choices of 4 and 6 in the statement of the theorem, one has the claim. O
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Remark 4. We notice that the condition on A given in Theorem 3.2 is strictly related to the one given in Fragnelli et al.
[36] for the null controllability result.
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APPENDIX A

For the readers’ convenience, in this section, we prove some results used throughout the previous sections.

A.1 | Proof of Theorem 2.1

In order to prove Theorem 2.1, we introduce the Hilbert space

Mo :=H; (0,1)xL3(0,1), (A1)
endowed with the inner product
1 1 1
I I .1 uil ~
((u,v), (@, V), :=/u 7} dx+/vv—dx— /1/ —ddx+ﬂu(1)u(1)
o (o2
0 0 0

for every (u,v), (i1, 7)) € Hy, which induces the norm

1

1 1
2
w13, :=/(u’)2dx+/v21dx—,1/”—dx+/3u2(1).
0 c od
0 0

0

Observe that if u € H; 0(0, 1), then u is continuous, so that u(1) is well defined. Moreover, being n € C°[0,1] n C(0,1]

and bounded away from 0, the norm ||(u, v)||§{ is equivalent to
0

1 1 1
2
[l (u, v)|I2 :=/n(u’)2dx+/v2§dx—,1/:—ddx+/3u2(1), u,v) € Ho.
0 0 0

Obviously, to such a norm, we associate the inner product

1

1
(), (i, D)) :=/nu’a'dx+/vf;1dx—/1 M—de+ﬁu(1)ﬁ(1),
o (o2
0

0

1

0

which we will use from now on, being more convenient for our treatment.
In order to study the well posedness of (1.1), we introduce the matrix operator (A, D(A)) given by

Aie 0 Id
T (Aﬁ 0 )
D(A) := {(u, v) € D(A;) x H} ,0.1) ' (1) +v(1) + pul) = o} C Ho,

where (A, D(A,)) is defined in (2.17). In this way, we can rewrite (1.1) as the Cauchy problem

A2
Y(0) = W, (A2)

0
Y(t) 1= <y> and Y, :=<y{>.
Vi Yr

Theorem A.1. Assume Hypotheses 1 and 2 and let K, + 2K, < 2. Then the operator (A, D(.A)) is nonpositive with dense
domain and generates a contraction semigroup (S(t))s>o-

{ Yty = AV, t >0,

with
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Proof. The proof is based on Engel and Nagel [39, Corollary 3.20]. According to this result, it is sufficient to prove
that A : D(A) — H, is dissipative and I — A is surjective.
A is dissipative: take (u,v) € D(A). Then (u,v) € Hi 0(0, 1)xXH i O(O, 1), and so Lemma 2 holds. Hence,

(A, v), @, V)n, = (v, AW, (U, V)x,

1 1 1
=/;1u’v’dx+/vAﬁuldx—/l ﬂdx+ﬂu(1)v(1)
c od

0 0 0

1 1 1 1
=/nu’v’dx—/nu’v’dx+[11u'v](1)+/l Waix—1 [ Yax

od od
0 0 0 0

+ pu(Lv(1) = —v*(1) < 0.

I — A is surjective: take (f,g) € Ho = H 11 0(0, 1) ><L2l (0,1). We have to prove that there exists (u,v) € D(.A) such that

c

u\ _(f v=u-f,
(I_A)<V>_<g)(:){—Aiu+u=f+g_ (A3)
Thus, define F : H} ,(0.1) > Ras

1
F@=/U49%a+wvm.
0

Obviously, F € H 210(0, 1), the dual space of H} ,(0.1) with respect to the pivot space L7 (0, 1). Now, introduce the

bilinear form L : lel .00 )X H} .. 1)-R givian by

1 1 1
L(u,2) :=/uz§dx+/nu’z’dx—/1/%dx+(ﬁ+1)u(1)z(1)
0 0 0

forallu,ze H 11 0(O, 1). Clearly, L(u, z) is coercive: indeed, for all u € H 11 O(O, 1), we have

1 1 1
u? N2 u? 2
L(u,u):/;dx+/n(u)dx—/l/6—ddx+(ﬂ+1)u ¢))
0 0
1

0
1

u_2 IN2 v — 2
> [ Zdxt [ nw)idx= ul?,.
0 :

0

if A < 0. On the other hand, if A € (0, Cyp) then

1 1

2

L(u, u) > / Sdx+(1- iCHp)/n(u’)zdx > (1= ACpp)llull? ,

o B
0 0

by (2.13). Moreover, L(u, z) is continuous: indeed, using again (2.13), one has

[L(u,2)| < ||”||L21(0,1)||Z||L2l(0,1)

o c

+ (Inllz=0.1) + (A7l e 0,1y Crp + (B + 1))”1",”LZ(O,I)”Z/”LZ(O,D
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forallu,z € Hll 0(0, 1), being

1
lu(D)| < / [u' (o)ldx < U’ ll20.)
0

(analogously for z(1)), and the conclusion follows.
As a consequence, by the Lax-Milgram The, there exists a unique solution u € H 1 0(O, 1) of

c

L(u,z) = F(z) forall z€ H; (0,1),

namely
1 1 1 1

/ u;zdx + / nu'z dx — /1/ %dx + (B + Du(l)z(1) = /(f +g)z§dx +z(M) () (A4)
0 0 0 0
forallz € H} ,(0. 1)

Now, take v 1= u — f;thenv e H 1 0(0, 1). We will prove that (u,v) € D(A) and solves (A3). To begin with, (A4)
holds for every z € C(0, 1). Thus, wé have

1

1
. _ uy, 1
/nuzdx—/(f+g u+/1d)z6dx
0

0

for every z € C2(0,1). Hence, —(nu') = (f +g—u+ /l%) i a.e.in (0,1), i.e. —o(qu’) = <f +g—u+ /13) a.e. in
(0,1). In particular, A,u = Au + /13 =—(f+g—uw e L2l (0,1). Moreover, using the assumption K, + 2K; < 2, one
has that g S LZl (0,1); thus u € D(A;). Coming back to (Azl) and thanks to Lemma 2, one has

1 1
- / a(nu’)’zidx + (qu'2)(D) + (B + Du)z(1) = / (f +g-u+ i%) Z§dx +z()f(D)
0 0

and
(u'2)(1) + (B + Du(l)z(1) = z(1) £ (1)
forall z € Hj ,(0. 1), since —o(qu’) = (f +g—u+ Ag) a.e. in (0,1). Hence, n(1)u’(1) + (f + Du(1) — f(1) = 0.
Recalling that v =u — f,one has
n(Du’'(1) + pu(l) +v(1) = 0.

In conclusion, (u,v) € D(A) and (A3) holds. O

As usual in semigroup theory, the mild solution of (A2) obtained above can be more regular: if Jy € D(A), then the
solution is classical, in the sense that ¥ € C([0, +o0); Hy) N C([0, +00); D(.A)) and the equation in (1.1) holds for all ¢ > 0.

Hence, as in Alabau-Boussouira et al. [27, corollary 4.2] or in Bensoussan et al. [40, proposition 3.15], one can deduce
Theorem 2.1.
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